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We study the formation of classical singularities in generalized Brans-Dicke theories that are natural
extensions to Brans-Dicke where the kinetic term is modified by a new coupling function w(¢). We discuss
the asymptotic limit w(¢) — oo and show that the system generically does not approach general relativity.
Given the arbitrariness of @(¢), one can search for coupling functions chosen specifically to avoid classical
singularities. However, we prove that this is not the case. Homogeneous and spherically symmetric
collapsing objects form singularities for arbitrary coupling functions. On the other hand, expanding
cosmological scenarios are completely free of big rip type singularities. In an expanding universe, the scalar
field behaves at most as stiff matter, which makes these cosmological solutions asymptotically approach

general relativity.
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I. INTRODUCTION

In a recent paper, Alexander et al. [1] investigate possible
Higgs-like mechanisms to account for the emergence of
gravity in extensions to general relativity (GR). The main
idea is that symmetry restoration (breaking) could “turn
oft” (“turn on”) gravity. The authors argue that a possible
realization of this scenario is to identify the scalar field in
Brans-Dicke (BD) theory with the Higgs-like field that
undergoes symmetry restoration. At low curvature con-
figurations the system must conform to GR but at high
curvature regime a phase transition can drastically modify
the dynamics. In particular, one might wonder if this type of
Higgs-like mechanisms could dynamically avoid classical
singularities.

BD theory is an attempt to incorporate Mach’s principle
in a relativistic gravitational theory. This pioneer work by
C. Brans and R. H. Dicke [2] can be seen as a scalar-tensor
gravity theory where the extra scalar field is nonminimally
coupled to the Ricci scalar. This coupling introduces an
effective gravitational strength inversely proportional to
the scalar field, G ~ ¢~'. Recently, BD received much
attention due to its phenomenological applications in
cosmology [3-7]. The kinetic term associated with ¢
carries a constant dimensionless parameter wgp. In order
for BD to be consistent with solar system astronomical
experiments, the BD parameter must be large (wgp > 500
see [8]). Effectively, this constrains BD to be observatio-
nally indistinguishable from GR in the weak field limit.
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There are black hole solutions in BD [9-12], even
though not with exactly the same features as in GR, and
an analogue version of Birkhoff’s theorem that proves that
a static, spherically symmetric, asymptotically flat, vacuum
solution in the Jordan frame is uniquely characterized by
the Schwarzschild solution [13]. Thus, it is certain that BD
has singular solutions.

A straightforward generalization of BD is to promote @
to be a function of the scalar field as it is the case of
generalized Brans-Dicke theories (GBD). In fact, BD can
be seen as a particular example of GBD where the coupling
function is fixed to be a constant. GBD was first introduced
by Nordvedt [14], where he analyze the post-Newtonian
corrections to weak-field regime. Almost simultaneously,
Wagoner [15] also studied the weak-field limit considering
the predictions for classical tests as light propagation and
perihelion shift effects and the observable differences
between the scalar and tensor components in gravitational
waves.

Our goal in the present work is to analyze if GBD can
dynamically avoid the formation of singularities. For that we
shall discuss collapsing and cosmological solutions. In the
next section we briefly describe GBD theories and the
conditions for approaching the GR regime. In Sec. III we
discuss the necessary matching conditions and the geomet-
rical setting for our dynamic system. In Secs. [V and V we
analyze, respectively, the collapsing and cosmological sce-
narios and in Sec. VI we conclude with some final remarks.

II. GENERALIZED BRANS-DICKE THEORIES

The GBD theory describes a family of generalized
scalar-tensor theories. The action reads

© 2018 American Physical Society
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/dx4 [ < R—%va(pva )+me]. (1)

where x = (82G)~!. The scalar field has been normalized
such that for constant ¢ = 1 one recovers GR. For each
coupling function m(¢) one has a different modified gravity
theory.

The extra scalar degree of freedom motivates the use of
this framework to describe inflationary models. In 1989, La
and Steinhardt presented a new inflationary scenario, called
extended inflation [16-20], based on the original Brans-
Dicke theory. Using scalar-tensor theories of gravity with
canonical kinetic term, Acetta and Steinhardt [21] inves-
tigated inflationary models for an arbitrary function of
@ coupled to the Ricci scalar. Additionally, Barrow and
Maeda [22] used GBD theories (1) to model an inflationary
epoch. In contrast to pure BD framework, these last two
approaches were named hyperextended inflation [23-27].
Still in the context of cosmology, Barrow [28,29] used the
action (1) to study FLRW cosmological models. As already
pointed out, the widespread use of this modified theory of
gravity is due to its rich phenomenology, as seen by the
arbitrary character of w(¢), and the possible role that the
scalar field may play in these scenarios.

From the action (1), we can obtain the dynamic equa-
tions by varying it with respect to the metric and the scalar
field:
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G =—Tuw VoV =5 9, V0V o0
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with G,, = R, — % g R being the Einstein tensor. Taking

the trace of Eq. (2), we can rewrite Eq. (3) as:

Ce = <8ﬂT(’"> - d_a) Vaq)vago> , (4)
de

1
2w+ 3
where 7" is the trace of the matter energy-momentum
tensor.

By construction, the action is diffeomorphism invariant.
Since all variables are dynamic fields, one immediately has
conservation of energy-momentum. One can also directly
check that by taking the divergence of (2) and using (3)

v, Tmm =, (5)
In our analysis, the matter content is described by

conventional barotropic fluids with constant equation of
state

p={—-1p.  1=<y=<4/3 (6)

We shall also mention the relation between the Jordan
and Einstein frames. As described above, GBD is written
in the Jordan frame. As it is well known, a conformal
transformation in the metric [30,31] take us to the Einstein
frame where the action resembles the Einstein-Hilbert
action but with the scalar field now nonminimally coupled
to the matter fields. Some authors claim that GBD
(including the original BD) is conformally equivalent to
Einstein’s theory. However, there is an intense debate in the
literature concerning the physical equivalence of these two
frameworks [32-37].

The collapse of a scalar field within the scope of GR has
already been analyzed in the literature. For example, the
seminal work of Christodoulou [38] showed that a naked
singularity can occur in the spherical collapse of a scalar
field, while Choptuik [39] developed a numerical study for
a massless scalar field considering a family of solutions
with the property that a critical parameter, p*, indicates the
formation of black holes. Since then several works studied
the critical behavior and the properties of the gravitational
collapse of scalar fields [40—47].

In the present work we will concentrate only on the
avoidance or formation of singularities within GBD for
the gravitational collapse and cosmological scenarios.
Furthermore, in our case the scalar field is part of the
geometry and not a matter field, as considered in the works
mentioned above. The difference on the causal structure
and the critical behavior for a collapsing system in GBD is
a very interesting subject that we shall analyze in the future.

A. General relativity limit

The experimental success of GR compels any alternative
theory of gravity to look for a regime that is indistinguish-
able from GR. BD theory is an example where solutions
can be continuously deformed into GR solutions as one
makes the parameter wgp — oo0. In particular, it is argued
[8,48] that Solar System time-delay experiments sets a
lower bound of wgp > 500. A typical argument to support
that BD theory approaches GR in the wpp — oo goes as
follows [49]. The BD dynamics reads

TMM
Op=——*#* 7
¢ 20)BD+3 ()
8xT 1
Gv: ”y+_vvu{p_gy‘:'(p
u p (p< u u )

0] 1
+ ;D (V,,covyco gﬂuV“fﬂVacﬂ). (8)

When the parameter wgp > 1, Eq. (7) seems to show that
Og = O(wg}), hence
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where G is Newton’s gravitational constant. Equation (10)
goes to Finstein’s equations in the limit wgp — 0.
However, it has been shown [11,50-61] that several exact
solutions of BD theory do not tend to the corresponding GR
solution in the limit wpp — oo. The asymptotic behavior
differs from Eq. (9) decaying as

(p:éﬂo(\/a%). (11)

In this case the last term of Eq. (8) does not go to zero,
which breaks the GR limit. This feature is closely related
with the conformal invariance of the matter content.
Conformal invariance of BD theory, when considering
pure gravitational systems or with a traceless matter
content, implies that the action functional is invariant under
an one-parameter Abelian group of transformation that
changes the value of the parameter wgp. Faraoni has shown
[62] that the set of all BD theories connected by this
symmetry operation forms an equivalence class. Then,
conformal invariant rescale the BD parameter such that the
limit wpp — oo can also be seen as a parameter change
under the same equivalence class of theories. GR is clearly
not invariant under the action of this Abelian group and
therefore cannot be reached by the limit wgp — 0. Thus,
one should not simply assume that BD approaches GR for
very large values of the parameter wgp.

For GBD the situation is more involved since @ is no
longer a parameter but a function of the scalar field.
Furthermore, the scalar field dynamic equation (4) has
an extra term given by the derivative of the coupling
function with respect to the scalar field. This equation can
be recast as

T(m)
V2o +3°

The coupling function is arbitrary apart from some
boundary conditions. A necessary condition to have a
GR-like regime is that when ¢ approaches unit @ increases
boundlessly. Thus, Eq. (12) gives

V, (V2o +3Vie) = (12)

A i
[imVig = 1B+ 0(~), 13
P MY, prr S (co) (13)

where A* and B* do not depend on the scalar field. For
vanishing B* and constant @ one recovers Eq. (11).
However, the nontrivial dependence of the coupling func-
tion on the scalar field prevents establishing the asymptotic
behavior of the scalar field without specifying the coupling

Branch 11
9 € [1,0)

FIG. 1. Asymptotic behavior of the coupling function w(¢) that
preserve three physically reasonable conditions: gravitation
strength is always non-negative (¢ > 0); the coupling function
satisfies 2w + 3 > 0 in order to avoid the scalar field velocity
singularity; the system approach asymptotically the general
relativity regime for ¢ — 1.

function. Notwithstanding, Eq. (13) suffices to show that
the last term of Eq. (2) does not vanish in the corresponding
limit. Furthermore, this result does not depend on the nature
of the matter content inasmuch as the dominant term on the
right-hand side of Eq. (4) is the derivative of the coupling
function with respect to the scalar field.

For a FLRW spacetime, Egs. (12) and (13) are ordinary
time differential equations. While @ — oo the scalar field
velocity goes to zero, hence we have to analyzed carefully
this limit for the product w¢. For a finite scale factor, it can
be shown that w@?> « a~® [see Eq. (21)] and the dynamic
equations reduce to

kp  kp. (ag\® k
pr="L P (do) T 14
3 * 3 <a> a’ (14)
a k(p+3p) 2kp, (ay\®
=6 3 la (15)

where p, =1 (2w, + 3)@§ and w, and ¢, are constants
associated with the initial values of the coupling function
and the scalar field velocity. Unless ¢y is strictly zero, there
is always a stiff matter type fluid correction in the GR-like
regime. Furthermore, the coupling function has to increase
boundlessly when ¢ goes to unit, which can be accounted
for only if there is a discontinuity in the coupling function.
Thus, there are two disjoint branches as shown in Fig. 1.
For branch I, the GR limit is attained for ¢ — 1~ and

do > 0, while for branch Il ¢ — 17 and 92 < 0.
{ﬂ 7

III. MATCHING CONDITIONS AND
GEOMETRICAL SETTING

The singularity theorems developed by Penrose, Hawking
and collaborators [63—68] prove that under physical reason-
able conditions, singularities will unavoidably form within
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GR dynamics. These theorems are general in the sense that
they do not suppose any spacetime symmetry. A considerable
simpler case is to study the formation of singularities in
homogeneous and isotropic solutions. Friedmann-Lemaitre-
Robertson-Walker (FLRW) solutions can be used to describe
cosmological and collapsing compact objects solutions.

Using a spherical coordinate system, the FLRW line
element reads

2

ds? = de? — a?(¢) [ ar

oz e sin2(9)d¢)} . (16)

where k =0, 1 defines the spatial section curvature.
Conservation of energy-momentum for a barotropic fluid
[Egs. (5) and (6)] implies

P =po <CZ)) ! (17)

with p, and a the initial values of matter density and scale
factor, respectively. Inserting the FLRW metric in (2)—(4),
the dynamics for a homogeneous and isotropic metric reads

kpo (ao\> | @ (\? ¢k
e (2 () e o

é__(3+(3y—2)w)@<@)3y+HQ

2w +3 3p \ a 7
. 2 -2 d
_e(ey ., @ (19)
3\p 202w + 3) dg
.. . ago 3y ,2d0)
3Hp = 4-3 — — = 20
¢+ 3Hp 2w+3{( V)Kpo<a> wdgg] (20)

where we have introduced the Hubble factor H = aa~!. Itis
useful to rewrite the Klein-Gordon-like (KGL) equation as

(4 =3p)kpoay dr
N 2w+ 3 V2o + 3a3r=1)

Cl() 3 2(00 + 3 .
+<) Voo, 1)
where ¢, is the initial value of the scalar field velocity.
Each coupling function w(¢) defines a different gener-
alized Brans-Dicke theory. This function is arbitrary but
must respect a few constraints. Equation (21) shows that
w = -3/2 is a singular point, hence we shall impose
2w+ 3 > 0. When ¢ = 1 the strength of the gravitational
field equals its value in GR. Furthermore, the dynamics gets
close to GR when the coupling function becomes very
large, i.e., @ > 1. In addition, the scalar field is associated
with the gravitational strength which makes sense only if
@ > 0. Thus, we shall impose boundary conditions such
that (see Fig. 1)

limw(gp) = o, limw(p) = o0, and 2w+ 3 > 0.

@»—0 @p—1

(22)

A FLRW metric can be used to describe the interior of a
collapsing compact object. However, a complete solution
requires specifying the spacetime geometry everywhere.
Thus, the use of FLRW metric to model collapsing objects
needs matching conditions to connect with the exterior
solution. Two spacetimes can be smoothly joined by the
Israel-Darmois [69,70] matching conditions. We shall
impose that the first and second fundamental forms,
namely, the induced metric and the extrinsic curvature
are continuous at the boundary hypersurface

h(ext> _ h(;}“)

ab ab > KEztet) = KSZI) (23)

For a dust collapsing cloud (y = 1), the exterior space-
time is described by the Schwarzschild metric [71] written
in the Eddington-Finkelstein coordinates

ds?

(ext)

2M
= (1 - —> dv? —2dvdy — 42dQ*  (24)
X

where v and y are, respectively, the advanced and radial
coordinates. The interior spacetime is the FLRW metric
(16). Using the matching conditions (23), we arrive at a
dust collapsing equation of motion

a\? k 2GM
a)y L2 25
(a) + a &R (25)

where M is the total mass of the collapsing system. For
other fluids, the exterior solution cannot be Schwarzschild
since we have a nonzero pressure at the boundary. In these
cases, the appropriate exterior spacetime is the generalized
Vaidya spacetime [72-75]

ds?

(ex) = )dv2 —2dvdy — 4?dQ%.  (26)

In the Vaidya line element, the mass function depends
only on the advanced coordinates while in the generalized
version we have M(v,y), hence, the 0,M # 0 allows a
nonzero pressure at the boundary. We can match all FLRW
interior solution with 1 <y <4/3 to the generalized
Vaidya exterior solution. The matching can be done by
writing the FLRW metric in isotropic coordinates

2(1)

st =di? ——*° dR? + R2dQ?). (27

8 i) (1 + kR?/4)? ( + ). (27)
For these cases, the Israel-Darmois matching conditions

read
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For an interior FLRW metric, the exterior spacetime
compatible with the junction conditions (23) are the
Schwarzschild (24) or the generalized Vaidya metric
(26). In what follows we shall concentrate on the interior
FLRW solution since our concern is the possible formation
of spacetime singularities.

IV. COLLAPSING COMPACT OBJECTS

Our main goal is to study the dynamic system (18)—(20)
and see if a collapsing object can avoid the singularity
through the influence of the extra geometrical scalar field.
More precisely, we shall impose initial conditions com-
patible with GR and search for possible dynamics that
could avoid gravitational singularities. A direct inspection
of (18) shows that a bounce (H = 0) can happen only if
@ < 0. However, GR initial conditions implies w(¢g) > 1
and |¢o| < 1, hence, in order to avoid the singularity, the
dynamics has to move far away from GR. Assuming initial
conditions compatible with GR for a collapsing compact
object means that we have H < 0 with finite initial size
(aqy is finite). Since @w > 1, we can neglect the matter
contribution to the KGL equation, namely, the scalar field
dynamics reads

¢* dw
20 +3dp’

b = —3Hjp - (32)

Thus, initially we have

. Rwg+3(ag\3.
= 2a)+3(a> %o- (33)
Note that for a pure barotropic radiation collapse, Eq. (33)
is precise since the matter contribution to the KGL equation
vanishes. Furthermore, as long as we can neglect the matter
content in the KGL equation, the scalar field velocity does
not change sign. If the scalar field starts increasing
(decreasing), while the neglected matter term approxima-
tion remains valid, it will continue increasing (decreasing)
its value.
The evolution of the system depends, evidently, on the
coupling function that defines the GBD theory. In order to

keep the discussion as general as possible, we shall impose
only the boundary conditions (22). Thus, there are two
distinct behaviors depending on the range of the scalar
field. In branch-I, the scalar field can take values on the
interval ¢ € (0, 1]. Branch-II covers the complementary
domain given by ¢ € [1, o0). Let us analyze separately each
branch.

A. Branch-I

1. Case I-a: ¢y >0

In this branch, close to @ =1 we have g—"’ > 1.
Equation (21) shows that if ¢y > 0 then the scalar field
climbs up the coupling function. The dynamics pushes the
system even further away from the w < 0 region, hence,
there is no bounce. The scale factor contracts continuously
until the collapse produces a singularity. Even though the
velocity field does not change sign, its acceleration depends
on the strength of the velocity field. The manner in which
the system approaches the singularity depends on the relative
dynamics of the scalar field and a combination of the Hubble
factor and the coupling function. Equation (32) can be written
in a more suggestive way as

&= —3H¢<1 - f”) , (34)
P
where we have defined a critical velocity

-1
(35)

o 1 do
Y= 13H02w + 3) \do

If the velocity is smaller than the critical value, ¢ < ¢,
Eq. (34) shows that ¢ > 0, which increases the scalar field
velocity. If ¢ > ¢, then ¢ < 0, which decreases the velocity
of the scalar field. As far as we can neglect the matter term, we
have three possible situations, depending on the dynamics of
@. with respect to the velocity of the scalar field. In order to
see this behavior, let us approximate the coupling function
and its derivative. Close to the divergent point the coupling
function can be approximated by

W

limw=-———, 36
P T 0
where @, > 0 and n € N. Thus, we have

.. g [ Ay 3.

limp = ,/—(— 1— )2, 37

timp =\ [22(%2) g1 - 9) 37)

. wo ngg (ag\? _
lim— =, /=222 (22 (1 = ¢)r2/2, 38
calir}(,bc \ w, 6H (a) (1-¢) (38)

Depending on the power n of the coupling function we
can have three different scenarios. When the evolution of
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1 3 5
time

FIG. 2. Numerical evolution for the initial values satisfying
@.(tg) > ¢o. The dashed curve correspond to the evolution of ¢,
while the solid curve to ¢. As long as ¢. > ¢, the scalar field
acceleration is positive. But, for ¢, < ¢ the acceleration becomes
negative and decreases the scalar field velocity.

@. 1s slow enough, ¢ oscillates around the value of ¢... For a
fast varying ¢, the scalar field velocity ¢ never catches up
with the evolution of ¢,. The third evolution is simply a
mixture of both dynamics. Figures 2 and 3 display typical
behaviors for these scenarios.

2. Case I-b: ¢y <0

Let us assume that ¢ < 0. In this case, at least initially,
we have ¢ < 0, hence the modulus of the scalar field
velocity increases as long as ® > 0. The dynamics
decreases the value of the scalar field while pushing down
the value of the coupling function.

In this regime, the scalar field contribution to
Friedmann’s equations is negligible until close to the
collapse where (33) is no longer valid. In principle, it is
possible to choose appropriately the coupling function such

1.0
w(p) = cot? () — 1
0.6 k. Pe
®o

0.4

0.2

0.0

FIG. 3. Numerical evolution for the initial values satisfying
@0 > @.(tg). The dashed curve correspond to the evolution of ¢,
while the solid curve to ¢. The dynamics of ¢, is slow enough
that ¢ has time to catch-up and the scalar field acceleration goes
to zero.

a(t) ::

———

FIG. 4. Dynamics of the system close to the bounce for a flat
negative coupling function (w = —1.4). The solid curve shows
the scale factor bounce while the small-dashed and large-dashed
curves show respectively the Hubble parameter for the scale
factor and the scalar field (H, = ¢/@).

that the scalar field reaches the @ < 0 region before the
collapse. The probability of a bounce increases with the
area of the region with negative values of w. Therefore, let
us consider a flat potential well behavior for the coupling
function, which means we can neglect the g—‘; term close to

the bounce. Numerical evaluation shows that indeed there
is a bounce with a negative constant coupling function.
Figure 4 displays a typical behavior of this kind of solution.
Notwithstanding, in order to have a full physical solution
we need to connect the bounce behavior of Fig. 4 with the
asymptotic regime @ > 1.

Let us include Friedmann’s equations in our analysis. At
the bounce the curvature term is negligible, hence Eq. (18)

gives
3
('pZ =Kp (2(pbounce>( ap ) 4
bounce — “F0 .
|60| Apounce

To get an order of magnitude of the scalar field velocity
at the bounce, we can use the Sun’s astrophysical param-
eters. A compact object initially with the mean density of
the Sun has kpy ~ 2, 5 x 1075, If the length of the system
starts roughly with the Sun’s volumetric radius and the
bounce happens before the Sun’s Schwarzschild radius,
then ay/apounce = 2.4 % 10°. Given that @pounee and |w| are
of the order of unit, and 1 <y <4/3, the scalar field
velocity is of the order of @pounce ~ 10°.

The range of values of the scalar field in branch I is
¢ € (0, 1], hence this type of bounce is extremely fine-
tuned. The coupling function and the scalar field velocity
have to vary orders of magnitude while the scalar field
remains practically constant along the collapse. This is
possible only if the coupling function is so steep that the
deviation from GR happens almost instantaneously.
Furthermore, the range of the scalar field shows that
everything has to be finely adjusted to hit the @ < 0 region

(39)
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with the correct velocity (39). A little bit less or more in the
initial conditions makes the coupling function never
reaches the w < 0 region or leave it too soon as ¢ — O.
Therefore, even though mathematically possible this
bounce is physically unreasonable.

B. Branch-II

There are two main differences from branch-I to branch-
II. Initially the derivative of the coupling function is
negative, i.e., g—‘” < 0 and in principle there is no upper
limit to the value of the scalar field. Apart from this, we still
have H < 0 with finite initial size (a; is finite), and since
@ > 1 we can neglect the matter contribution to the KGL
equation

@* do

20+3dg’

b= ~3Hip - (40)

Analogous to branch-I, we can divide branch-II in
two cases.

1. Case II-a: ¢y < 0

This case is similar to case [-a. As long as we can neglect
the matter term we have

G = —3H¢<1 +$), (41)

Pc

where the critical velocity is defined strictly positive as
before and the change of sign is due to the change of sign of
the derivative of the coupling function. In a collapsing
system, for a negative initial velocity we have H¢py > 0,
hence if |¢| < ¢. the acceleration is negative, which
increases the modulus of the scalar field velocity. On the
other hand, if |¢| > ¢,, then the acceleration is positive.
Once more, while the approximation we have three
possible behaviors as depicted on case I-a.

There is, however, one important difference when the
matter term starts to dominate. Contrary to the case I-a, the
positive acceleration produced by the matter term reverse
the scalar field dynamics pushing it down to the @ <0
region. The crucial point is now to analyze if the system can
reach the bounce allowed region before the scale factor
goes to zero. Once again we need to take into account
Friedmann’s equations.

Close to the singularity, when the matter term dominates,
Friedmann’s equation (18) can be approximated to

kpo (@) | @ (¢)?
H2 2P0 (D07 2P 42
Bl @

and for positive coupling function we have ||H|| > ||H,||.
Thus the velocity of the scale factor is greater than the
scalar field’s. A comparison of the second Friedmann’s
equation (19) with KGL (20) also shows that the scale

factor acceleration is greater than the scalar field’s. In the
limit ¢ — 0 we can approximate

a B+ Gr=2))kp (@)” o (g)Z (43)

a 20+ 3 3p \ a 3
¢ _(4=3y) (ag\¥
x — 44
0 20+3 Kpo a (44)

For positive value of the coupling function, the above
equations show that [4] > |Z]. Even though the system

does move in the direction of the bounce allowed region,
the dynamics hits the singularity a = 0 before the scalar
field reaches the @w < 0 region. Thus, there is also no
bounce for this case and the singularity is unavoidable.

2. Case II-b: ¢, > 0

This is the most promising scenario for a bounce since
the system can be driven to the bounce allowed region
right from the beginning. Since dw/dgp < 0 and ¢q > 0,
the right-hand side of Eq. (20) is positive, hence, during
the collapse the sign of ¢ is always positive. Similarly to
case II-a, Friedmann’s equations show that the scale factor
dynamics is faster than the scalar field’s. During the
contracting phase, we can recast Eq. (18)-(19) as two
inequalities

H? - %Hg, >0, (45)
a ¢

i 2 <o 46
a+3(p< (46)

These relations show that indeed the scale factor velocity
and acceleration are greater than the scalar field velocity
and acceleration. Again, the issue is if the system has
enough time to reach the w < 0 region. The coupling
function is arbitrary, which allows for fast variations of
@ even with small variation of ¢ as long as |%| > 1.

Inequalities (45)—(46) give the relative dynamics of a and ¢
but we need to compare how much @ varies with the scale
factor. As long as we can arbitrary choose the coupling
function we can always find a function that allows for the
system to reach the @ < 0 region before the singular point
at a = 0. Notwithstanding a closer analysis shows that even
in this case there is no bounce.

At the bounce (if possible), combining Eqgs. (18)—(19)
one can show that

a _3[1—(r—2)wlrpo (a0)¥
)W

A bounce means d > 0, which using Eq. (47) translates
into the condition 0 > w > —1/(2 — 7). In order to have a
bounce, the coupling function has only a narrow window of
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at most @ € (0,—1). As a consequence, we also need a
small derivative of the coupling function. Otherwise the
system would leave this region too soon. This condition
also has the advantage to increase the probability of a
bounce since, once in the @ < 0 region, the system will
remain there until a possible bounce occurs.

KGL equation (20) guarantees that the velocity field only
increases during the collapse and is always positive. This
feature, that at first sight could favor a bounce, actually
invalidates it. We can rewrite Friedmann’s equation (18) as

kpo (a0\* ko [ o¢ >
00 |- Z Lt H| 4+ H 48
2 (2) -EelEp ] vre

At the bounce the scale factor reaches its minimum,
hence the left-hand side of Eq. (48) reaches its maxi-
mum. Since the second time derivative of the scalar field
has to be positive, if ¢ > 0, then the velocity of the scalar
field will continue to grow during the bounce. Thus,
instead of decreasing, the right-hand side (RHS) of (48)
increases, which contradicts the hypothesis of a bounce.
A bounce with almost constant coupling function can
happens only if the velocity of the scalar field is
negative, which would allow the RHS of (48) to decrease
in time.

C. Summary for collapsing compact object

We considered all possible cases for a spherically
symmetric and homogeneous collapsing object with
arbitrary coupling function. We divided our analysis in
four cases. In both cases I-a and II-a the dynamics has
w — oo as an attractor. In case I-a, this feature remains
during the whole evolution while in case II-a is an attractor
only till the matter term starts to dominate in the KGL
equation. Thereafter, the system moves away from this
regime but has not enough time to reach the bounce
allowed region (w < 0) before the singularity at @ = 0. In
case I-b the system also moves away from @ > 1 right
from the beginning and can eventually access the » < 0
region. However, branch-I has a limited range for the
scalar field, which makes the bounce fine-tuned. Even
though mathematically possible, a bounce in case I-b
suffers from fine-tuning. Finally, case II-b can also access
the @ < 0 region, but a closer analysis of the dynamic
shows that a bounce can happen only if the scalar field
velocity is negative, which in this case is prohibited by the
KGL equation.

Summary for Collapsing Compact Objects

Branch ¢ changes sign Access @ < 0 Singularity
I-a No No Unavoidable
I-b Yes Yes Fine-tuned
II-a Yes No Unavoidable
II-b No Yes Unavoidable

V. COSMOLOGY

For the purpose of our study, we shall consider only
homogeneous and isotropic cosmological models. They
have strong observational support and suffice for our
analysis. A FLRW universe can have a collapsing phase
and/or an expanding phase. A collapsing FLRW universe
is formally identical to the cases examined in the col-
lapsing compact object. Therefore, it suffice to study
expanding universes with H > 0. We consider only initial
conditions close to GR and investigate each branch
separately (see Fig. 1).

In an expanding universe the singularities are of the big-
rip type (BR) [76-78]. These singularities are characterized
by the divergence of spacetime parameters in a future finite
time fgR, i.c.,

lim H(t) = oo,

Jim lim a(t) = oo.

lim a(t) = o,
I—1pR

—1gRr

(49)

The first Friedmann equation shows that a BR can
happen only if |H,| also goes to infinity. Indeed, it is
the scalar field that must drive the BR, and, close to this
point, we can approximate Eq. (18) to

2 ~@
H +HH(/,~€HW. (50)

The above equation shows that, contrary to the collaps-
ing case, a necessary condition for a BR is @ > 0. Let us
analyze individually each branch of the coupling function.

A. Branch-I

1. Case I-c: gy > 0

There is no novelty in this case. The integrated KGL
equation (21) shows that if ¢, > 0 then ¢ cannot change
sign and the system will climb up the coupling function
indefinitely. As long as the coupling function increases
boundlessly, the contribution of the scalar field can be at
most as stiff matter, which decreases with a~°, hence GR
can be seen as an asymptotic regime.

2. Case I-d: ¢y <0

In branch-I, the scalar field is limited to ¢ € (0, 1]. An
initial negative velocity pushes the system down in the
coupling function and to small values of the scalar field.
There are two ways to produce a BR: the velocity of the
scalar field can diverge to plus or minus infinity. Let us first
consider the H, — —oo possibility.

Assuming initial conditions close to GR, the initial
velocity of the scalar field has to be small and the coupling
function (and its derivative) very large. In order to have a
H, — —oo in finite time, the acceleration of the scalar
field has also to diverge to minus infinity. This implies that
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the matter term in the KGL equation can never dominate
and the coupling function derivative has to be positive.
Thus, the BR has to occur before the scalar field reaches
the @ < 0 region. Evidently, this is a very fine-tuned
condition and physically unrealizable.

Naively, one might expect that ¢ — 0 could engender a
BR since the right-hand side of the Friedmann equation (18)
is inversely proportional to the scalar field. However, on the
left side of branch-I, the scalar field acceleration becomes
positive and slow-down the scalar field. It is impossible to
produce a BR in the limit ¢ — 0 if the coupling function
diverges (w > 1) at the origin.

The second possibility is the scalar field velocity diverges
to plus infinity. For this to happen, the scalar field velocity
must change sign. At H, = 0, the scalar field acceleration is
positive (¢ > 0) showing that it is a local minimum. After
this point, since we are considering an expanding universe
with H > 0, the scalar field will return and climb up the right
side of the coupling function and everything goes as in the
previous case I-c where there is no BR.

B. Branch-II

1. Case Il-c: ¢y <0

A negative ¢, in branch-II means that initially the scalar
field moves upward in the coupling function. Let us recall
the integrated version of the KGL equation

(4= 3}/)Kp0a(3)7 dr
a*\2w +3 20 + 3a’r=1)

ag 3 20)0 + 3 .
+<a> V2w +37 S
The matter term on the right-hand side above is always
positive and, if ¢, < 0, the last term is always negative.
Initially the matter term is negligible compared with the
other term since it has a higher power of the coupling
function in the denominator. In addition, the dynamics
decreases the matter term even further since H > 0 and the
scalar field is moving upward in the coupling function.
Thus, the negative term dominates and the scalar field
velocity never changes sign. Once again, the contribution
of the scalar field is at most of a stiff matter, which in an
expanding universe is negligible if compared with the
conventional matter term. Therefore, the system asymp-

totically approaches a GR regime.

2. Case II-d: ¢, > 0

The KGL equation guarantees that an initially positive ¢,
is a sufficient condition for the scalar field to be always
positive. Thus, the system moves down the coupling
function. A necessary condition for a BR is that H, — oo,
see Eq. (50). However, the KGL equation shows that for a
w > 0and @ = oo, we have H P 0, which contradicts the

assumption of a BR. Thus, even though we have a complete
freedom in choosing the coupling function, there is also no
BR for this case.

C. Summary for cosmological dynamics

We considered all possible cases for a FLRW universe
with an arbitrary coupling function. As before, we divided
our analysis in four cases that are summarized in table
below. None of the four cases have BR type singularities.
Case I-d has a very fine-tuned possibility that it is
physically discarded. In terms of dynamics, both cases
I-c and II-c have GR as an asymptotic future attractor.

Summary for Cosmology

Branch ¢ changes sign  Asymptotic GR  BR Singularity
I-c No Yes No

I-d Possible Possible Fine-tuned
II-c No Yes No

1I-d No No No

VI. CONCLUSIONS

Generalized Brans-Dicke theories are natural extensions
to Brans-Dicke original proposal that maintains the same
non-minimal coupling between the curvature and the scalar
field while introducing a new coupling function to its
kinetic term. The main motivation is to allow the Brans-
Dicke parameter to vary in different gravity scenarios, such
as, between primordial universe and solar system dynam-
ics. In the present work we have studied the formation of
classical singularities in GBD. Given the arbitrariness of
the coupling function, one could argue that with an
adequate choice of w(¢), in principle, it would be possible
to dynamically avoid classical singularities. The simplest
scenarios are homogeneous and isotropic spatial section
described by the family of FLRW metrics.

Our analysis depends only on two physically motivated
hypotheses. Solar system experiments and cosmological
observations show that GR is in good agreement with
experimental data [8,79,80]. Thus, we assume initial con-
ditions that mimic a GR regime, namely, small scalar field
velocities (|H,| < 1) and large coupling function (@ > 1).
We impose boundary conditions for the coupling function
such that the effective gravitation strength, G ~ @, is non-
negative and satisfies the conditions given by Fig. 1.

We have shown that spherically symmetric and homo-
geneous collapsing objects generically form singularities.
Case I-b can avoid the singularity but the solution is
fine-tuned and not physically realizable. Indeed, it seems
reasonable that less symmetric solutions might relax
this fine-tuned condition for singularity avoidance; we
shall analyze carefully this possibility in a future work.
Contracting FLRW cosmological solutions are formally
identical to the collapsing cases. Thus, the cosmological
singularities that plague GR are also present in GBD.
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On the other hand, expanding cosmological scenarios are
completely free of big rip-type singularities. We have
shown that in an expanding universe the scalar field
behaves at most as a stiff matter type fluid, which makes
the system asymptotically approach GR.
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