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HIGHLIGHTS

Being an exact approach to derive a time-evolution equation for the PDF of a generic system.

Having a distinct structure of jump-moments from the usual Fokker-Planck or Kramers-Moyal equations.
Furnishing the time-evolution equation for systems that are not necessarily driven by Langevin-like equations.
Allowing us to obtain the exact evolution for all the averages and cumulants of the system.
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1. Introduction

The emergence of macroscopic behavior for a system, out of its microscopic degrees of freedom, is one of the most
fascinating aspects of physics [1]. The emergent collective behavior presents many universal properties that are not easily
guessed from the microscopic components [2-4].

Indeed, the number of microscopic variables is in general so large that it becomes a useless exercise to try and solve the
problem of a macroscopic system from first principles. A more useful approach is to reduce the number of variables describ-
ing the system. For instance, this can be done when there is a clear time-scale separation that allows us to take averages
over the fast-scale variables and then write equations of motion for the slow-scale variables [5,6]. The main goal is that
by reducing the number of variables we can still describe the principal aspects of the system and solve it by analytical or
numerical means. Let us call this the macroscopic approach.

The basic approaches in describing a system with macroscopic equations are: via averages (as in thermodynamics or
hydrodynamics [7]); via probability distributions (as in the Fokker-Planck and other master equations [8]); and via effective
equations of motion for selected variables (such as the Langevin equation [9]).
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Let us start from a fundamental microscopic equation, such as Liouville’s or Schroedinger’s Equation, aiming to reduce
its variables to a manageable reduced set. The chosen set must have properties that make it suitable for describing the
macroscopic properties of the system. For instance, the hydrodynamic equations are derived for the conserved quantities
of the system (mass, momentum and energy) [ 10]. When a subset of the microscopic variables varies considerably slower
than the rest, such as the variables describing a Brownian particle immersed in a thermal bath of lighter particles [11], we
can obtain time-evolution equations for the variables describing the Brownian particle by taking averages over the variables
of the thermal bath: for the Brownian variables (Langevin equation approach) or a Fokker-Planck Equation (FPE) describing
the time-evolution of the probability distribution. Usually, the methods above involve truncating a series on powers of a
small dimensionless parameter [12], such as the mass ratio for the bath particle mass over the Brownian particle mass.
Whereas the FPE is a second order differential equation there is another equation, namely the Kramers-Moyal Equation [13,
14] (KME) that is an infinite order differential equation. In fact, the FPE is just the KME truncated up to second order. Here,
we are mainly interested in obtaining a KME-like equation that is completely equivalent to the full dynamics of the system
but presents distinct properties for its coefficients than those for the usual KME.

Specifically, we develop a method for obtaining the time-evolution equation for the probability distribution for a general
dynamical system, we shall call that equation the Cumulant Kramers-Moyal Equation (CKME). As long as the convergence
conditions are obeyed (convergence of cumulants) the detailed character of the system does not affect the final form for that
equation.

Some specific examples shall be worked out in the context of Brownian motion. Our approach is generic in principle,
but we chose to illustrate the procedures by the use of linear Markovian mechanical models for Gaussian, and non-Gaussian
noise. We use a formalism based on the Laplace transform that has been used to obtain exact results for Langevin equations in
the context of Markovian and non-Markovian noise [ 15,16], thermal conductance for linear [ 17] and non-linear systems [ 18],
fluctuation relations for the work [19], and non Gaussian noises [20,21,18,22]. This method is equivalent to taking into
account all noise cumulants, which can be of finite or infinite in number. We also exploit a simple non-Langevin Poisson
model and obtain the exact CKME which is neither FPE nor KME.

This paper is organized as follows. In Section 2, we discuss the FPE, and some of its properties. In Section 3 we discuss
the Kramers-Moyal Equation (KME) and some of its constraints, such as Pawula’s theorem. In Section 4, we obtain a Laplace
transformed form for the probability distribution function for a generic well behaved Markovian system. In Section 5, we
derive a general Cumulant Kramers-Moyal Equation (CKME) for that Markovian system. In Section 6, we discuss some
similarities and dissimilarities between the KME and the CKME. In Section 7, we derive the CKME for Gaussian Langevin
systems. In Section 8, we derive it for biased and unbiased Langevin Poisson models. In Section 9, we discuss a simple non-
Langevin Poisson model. In Section 10, we discuss the results.

2. The Fokker-Planck equation

The Fokker-Planck Equation (FPE) is a staple of statistical mechanics. Technically, it is a continuous master equation, a
second order differential equation that can be applied to many situations of real interest, ranging from finance to plasma
physics. It reads in general (x represents the set of variables, such as positions y and velocities v)

2
299 |
where the jump moments (JM) a(n) (x) are defined as the central moments [23] below

9
dp(x, 1) = —— [aU)(X) px, 0] + ag, () px, 0], (1)

a(n)(x) = llm/ dx p(x t+1t|xt). (2)
The JM can be experimentally determined by either measuring, or calculating, the averages below [23]
A AX?
a; = M and a, = < > ,
At At

for small At (where Ax = x' — x).
An important example of a FPE is the Kramers equation [23]. It governs the probability density for a Brownian particle
(x = (y, v)) under the action of Gaussian noise and reads

2

0 0 -V T o
0P v.0) = =0 P, v, 6) + [(” (V)) PO, m)] + 2 b b. 3)
y ov m m? dv

This is the classical result for the Kramers equation [24] for a particle under a potential V (y). It is straightforward to verify
that the equilibrium solution corresponds to the Boltzmann-Gibbs distribution (kg = 1)

m? _ V@)
m? _ V(@)

e 2T T
Peq(y, V) = — whereZ:[ dydve 2r =T . (4)
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The FPE does not give the correct evolution of the higher order momenta (x
order cumulants are not treated correctly by the Fokker-Planck equation.

However, the FPE preserves normalization and guarantees that probabilities are well defined. A third order differential
equation would not even preserve the positivity of the probabilities, except for short times. In fact, we shall see in the next
section that a third order FPE (KME) is not even allowed. On the other hand, an infinite order differential equation is allowed.

"33) unless the distribution is Gaussian. Higher

3. The Kramers-Moyal equation

The Kramers-Moyal Equation (KME) is an extension of the FPE formalism. It is a continuous Master equation, an
expansion of the Kolmogorov equation at all orders [23], for a given Markovian system. The KME is defined by
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(y, v) are defined as the central moments [23] below
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The JM are not completely independent since they obey Pawula’s theorem [25,26] which states that whenever a higher
order JM (n + m > 2) vanishes, then all JM above order 2 are zero. Hence, the KME reduces itself to the Fokker-Planck
equation. This means that only two forms of KME for the probability distribution are allowed: the FPE (all a,>3 = 0) or the
full KME (all a3 # 0).

It should be emphasized here that the JM of the KME, Eq. (5), obey a stronger constraint than cumulants in general: they
obey PT and either all JM are non-zero, or only the first two of them may be non-zero. As we shall see in the following,
cumulants obey a weaker constraint, namely Marcinkiewicz’s theorem [27], which allows an infinity of cumulants to exist
even if many of them are zero. In fact, we cannot construct a KME with an infinite, but incomplete set of JM, such as the even
ones being non-zero, a5y (x) # 0, while the odd ones are zero a5}, ; (x) = 0.

Even when aff = ¢ = q; and aff = af™ = a,, the prescribed evolution for the momenta can be distinct. So, the same
happens for the complete probability distribution function. Let us see the evolution equations for the three first momenta

(we assume a§™ £ 0):

K = @1 = X, .
<X.2>KM =a+2{(xa) = <X.2>FP’ ”
<X‘3>KM =d" +3(xa)) +6(x*ar) = aj" + <>£3>FP' )

Thus, whenever the higher order JM exist, which can happen for the case of non-Gaussian noise (Poisson noise presents
a fully infinite set of cumulants), using the FPE as an approximation for the dynamics introduces errors in the time evolution
of the higher order momenta of the variables. Only the KME shall yield the correct time evolution. However, the FPE still
furnishes us with the correct evolution for the first two averages (and cumulants).

Furthermore, Pawula’s theorem [25,26] brings interesting consequences for the KME, Eq. (5): whenever any of the higher
order JM vanish (n > 3), all JM a,>3 = 0 and the FPE becomes exact. For instance, let us assume a distribution o (x, t|xo, to)
exists and is symmetric around xq. The odd JM shall vanish, and consequently the higher order momenta disappear, and the
even ones will also disappear except for the second order one, and the KME reduces to the usual Fokker-Planck Equation
(FPE).

Let us first contrast Pawula’s theorem restriction on the JM with the old but important result for general Probability
Distribution Functions (PDF). It is well known that for a given PDF, theorem II of Marcinkiewicz’'s 1939 paper (MT) [27]
guarantees that a PDF (having all of its momenta bounded) can either have an infinite number of non-zero cumulants, or
only the first two, being then a Gaussian distribution. In fact, the PDF can present many null cumulants of order equal to or
larger than 3, and still be a non-Gaussian distribution.

As an example, let us consider again the biased Poisson distribution described by the generating function G(k) (all
cumulants are (x"), = u/2):

G(k) — (eikx> — e%(eil{,l). (]0)

It is also well know that whenever G(k) is a generating function, so are G(—k) and ¢ (k) = G(k) G(—k). Thus we can obtain
the generating function for an unbiased Poisson process

p(k) = e (D) _ gutcosto-, (1)
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The generating function above yields the cumulants:
(x*"), = 1. (12)
(@) =0, (13)

As we can see, all the even ones are finite whereas the odd ones vanish. We shall return to this in the following. This implies
that all odd averages are also zero

(x2n+1> =0.

In the KME formalism, a process that generates stationary cumulants described by Eqs. (12) and (13) should either obey
a FPE or a complete, and infinite, set of derivatives in the KME. However, neither seems like a good answer. In the following
sections we shall develop a CKME for this problem.

4. Probability distribution for a generic dynamical system on x

We assume a bounded well-behaved dynamical system that can be characterized by a multi-variable x and its probability
distribution function (PDF). All its moments and cumulants are assumed to converge. Indeed, this is the case for spatially
restricted systems.

The PDF for this variable x, p(x, t), shall observe the limitations according to MT [27], e.g., that its cumulants cannot be
arbitrarily chosen: there is either an infinite number of non-zero cumulants or only two of them (Gaussian distribution).

The behavior of the dynamical system is expressed by x(t) = x(t; xq, tp), where the initial conditions are given by (xg, to).
We shall assume that the time evolution of x(t) is well behaved enough so that the Laplace transform x(s) exists, and is well
behaved. The instantaneous probability distribution for the system is given by

p(x, t) = (3(x — x(t; X0, t0))) (14)
where the average () is taken over the initial conditions and over any other external factors that might influence the
dynamics. For instance, in the case of a Langevin dynamics, this would correspond to taking the average over the noise.

It is straightforward to write the expression above for multi-points:
p(x2, t1; X1, t1) = (8(x2 — X(t2; Xo)) 8(x1 — X(t1; X0))) (15)

hence the transition probability

p(xa, t1; X1, t1)
pxa, tr | X1, b)) = ————. (16)
p(xq, ty)
By treating the expressions above in the same way as in Refs. [15-21], we obtain exactly the expressions below. Some
details of the derivation are explicitly shown in Appendix A. For simplicity sake, we shall assume the initial time t; = 0 in
what follows. The instantaneous PDF for the multivariable x can be written as (see Appendix A)

plx.t) = / "9 o Z( Q" ot 30, 0)

2 —

dq olox —1Q)" dqq, (lqa+€)(f to)
/_Oo 27 Q / H e= <Hx(1qa+e)> (17)

where we define the Laplace transform for x by

x(s) = /oo dt e St x(t; xg, 0). (18)
0

Observe that the Markovian, or non-Markovian, character of the described dynamics is not yet determined above. These
properties are implicit in the form of X(s).
The equivalent multipoint distribution reads

L % d dQ, Qi(Qix1+-+Quxn) _IQJ)’
p(xl,th---,Xnvfn):/_mE“ 1™ HZ

j= 1 nj=0

il
d 3 (igjg+e)t—to) [ n 1
/ qjaj e [TI]%Ga.q+e). (19)
 gj=1

j=1q=1

The forms above are general and exact and we can easily manipulate them. From them, we derive the time evolution
equations for the instantaneous PDF.
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5. Time evolution for the transition probability

We now focus on the class of Markovian dynamics, in other words, the description of the dynamics where
p(x2, ty | X1, t1; X0, to < t1) = p(x2, t1 | X1, 7). (20)
A master equation is the evolution equation for the Markovian transition probability p(x,, t; | X1, t1) [23,28,29]. It is
usually presented as a time-evolution equation for the PDF itself since we can assume that we know exactly the initial PDF
for the problem, p(xp, 0) = §(Xo — Xinitiar)- In doing so, we get to know p(x, t) = f dxo p(x, t|xq, to) p(xo, to)-
We can derive an exact equation evolution equation for p(x, t|xg, tp) that is equivalent to the KME when the system is
Markovian. Let us write the Kolmogorov equation

p(x, t + T|X0, to) = / dx' p(x, t + T|x', t) p(x, t|xo, to). (21)

Now we take the derivative of p(x, t + t|X, t) with respect to t. Since the system is Markovian we do not need the
information for the times before t. We shall take as initial coordinates the n-tuple (¥, t). We can write x = x(t + t; X/, t)
and the transition probability then reads:

! i * dQ le _IQ)n dqa i(iqﬁ-f)f n V.
puttrix.n=ln oo 2 / 1_[ et gX(IQa +€). 22)

The generating function §(Q, t) (the Fourier transform of p(x,t + v | ¥/, t)) and the cumulant generating function
In4.(Q, t) can be defined as

Pt 47 X, = / 4Q jergq. 1), (23)
%(Q, =1+ llm Z —lQ)n / dqa Z(lqa+e)r <]_[x(1qa N e)> (24)
X g=1

In§(Q,7) = lim Z IQ)n/ qua = (ww <]_[X(1qa+e)> (25)

Let us derive a more specific equation for a 1D particle. We then define x = (y, v) and write the transition probability as

®dQ o on (—IQ" [ dP (=iP)"
A . iQy lPL
py,v,t+t|y,v,t) = lim —zne E: o / E

e—0t J_ 27T =1 m!

d 2 (iga-+ere d S ppterr [ mo
/ q“ / pm er=1 <]_[y(1qa +e) [[otps + 6)> : (26)
 g=1  p=1 a=1 b=1

and the corresponding cumulant generating function as

. o (—IQ)" —lP)'" dqa f(iqﬁe)r
wsro=in 5 CREE [CTI5Ee

n,m=0, n+m=>1

oo M dpm Z (ipp+e)T U o
X/_ H;e— Hy(lqa+e) Hv(lpb+f) : (27)
a=1 b=1 c
We assume that all cumulants converge above.
From the cumulant generating function we can derive the CKME. Let us start from the general form for the probability
distribution as a function of the cumulants Iyn,m (y', v', t, 7):

p(y,v,t+r|y’,v/,t)=/ d—QeiQy/OOd—PeiP” expi Z (—1Q)”ﬂ om (v, U, tr)} (28)
oo 2T

!
oo 2T nimey M m!

where Iyn,m (y', V', t, T) are

d 2<nqa+e>r d 3 (ipp+er
Iynvm(y ’U t'L') = lim qa f pm eb=1

+
e—0 0 h=1

x <H&(iqu +o [ ] vtips + e)> . (29)
a=1 b=1

c



498 W.A.M. Morgado / Physica A 438 (2015) 493-508

We derive Eq. (28) with respect to 7, which corresponds to deriving the cumulants In,= (y', v', t, T):

0 dQ iQx o dp iPy = (_IQ)n (_iP)m Y ;o
— — Lnym (Y, V', L,
/;002716 /,00271e Z n! m Y V.ot

n+m=>1

0p, v, t+1 |y, v, 1)

X exp { Z (-iQ)" ﬂ Lmym (y', V', €, r)]

|
nbme=1 n: m:

e, (—pymm g ®dQ g [C AP
— Z =T Lnym (Y, v/,t,r)/ Z—Qe‘@‘/ elPy
o 27 _

g il
i1 nlm! dy"dv™ 0o 2T
X (—=iQ)" (—=iP)™
X exp{ Z (1) !Iynvm(y/, v, t, 1)
n! m!
n+m>1

) (_1)n+m an+m

= gy gun (bn OV L DPOL U LT YV 0). (30)

n+m=>1
We can define the Cumulant Jump-Moments (CJM) a¢,m) (3, v') as follows:

a(n,m)(}’/v U/) = llm afly”l}m (.V/7 U/s ts f)
T—0F

oo n LA, oo m &

d Y- (iga+e)t d > (ippte)T

— lim lim / Hﬂea:l / Hﬂebzl
>0t e—0t J_ =1 2 —00 he1 2

x (Z(iqa+e>+2<ipb+e>> <1‘[9(iqa+e) Hﬁ(ipb+e>> : (31)
b=1 a=1 b=1

a=1 c
The similarities between the CJM above and the usual jump-moments are discussed in Appendix C. The Cumulant
Kramers-Moyal Equation (CKME) is obtained by taking the limit T — 0 of Eq. (30):

00 (_1)n+m an+m
AP v, Yo vo,t) = Y

n,m=0, n+m>1

nml - ayn gum [agm (¥ v) PO, v, t | Yo, vo, to)] - (32)

In Appendix C we show that there is a simpler form for the jump-moment, namely:
am(x) = Tll% 3. (x"(1)), , (33)
which for a 1D problem can be written as
Gy (v, v) = 1m0, V@), (34)
T—

In Appendix C we compare the jump-moments above with the basic jump-moments for the KME [23].
Eq. (32) is a new proposal to treat processes that involve jumpy noise, such as Poisson. Other approaches involve
complicated jump Kramers-like equations [30] such as

ap(y, v, 1) = [—ui + 2 (Mﬂ P, v, ) +A/ Ao f (@) [p (y,v - f,t) —p(y, v+ f,t)]. (35)
dy  dv m m m

On the other hand, the CKME is simply a differential equation and can be dealt easier. In the next section we shall try to
explain the main differences between the CKME and the KME approaches.

6. Comparing the CKME and the KME

An important point to stress out is that Eq. (32) involves no approximations whatsoever, thus no ambiguity arises from
its derivation, distinctively from the KME which has presented some inconsistencies whenever distinct derivations were
compared (see remark on Ref. [23]).

As mentioned earlier, the cumulant jump-moments of the CKME coincide with the KME ones up to second order, but no
further. Further verification will be provided for a Poisson noise model that shows the CKME to furnish the correct stationary
equilibrium averages.

An important distinction between the CKME and the KME consist on the nature of the coefficients, the cumulants for the
CKME and the JM for the KME. We stress that the latter are formally calculated as averages of displacements starting from
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(y, v), Eq. (6), while the former are the instantaneous averages for the dynamical variables, Eq. (34). The CKME approach
might be very appropriate for problems where the dynamical averages are slowly changing in time.

Furthermore, the method used to derive Eq. (32) from Eq. (22) is not unique. In fact, we can decompose the average
A= <]_[Z:l x(iqq + e)) in the integrand of Eq. (22) into its cumulants components and, by rearranging the terms, we can
obtain Eq. (31).!

The structure of the CKME is similar to the KME but with a fundamental difference: the CJM a(, m) are derivatives of
cumulants and are not in central moments format [31], like the JM for the KME. Indeed, the JM for the KME obey Pawula’s
theorem [25,26] (PT), while the CKME ones do not. It means that whenever any JM of order higher than 2 vanishes, all JM’s
of order higher than 2 also vanish and the KME reduces to the FPE. In other words, there are only two possibilities for the
KME formalism: either it reduces to the FPE (a second order differential equation), or all infinite derivatives must be present
in the KME.

On the other hand, the CKME is also an exact master-equation and the present formalism has some similarities with the
one used to obtain the master-equation on the literature (see for instance Eqs. (3.29) and (3.30) of Hinggi's [32]).2

However, the properties of the CKME are related to the cumulant properties of a PDF for the variable x. It is known that for
a given PDF, theorem Il of Marcinkiewicz 1939 paper [27] (MT) guarantees that the PDF (having all of its momenta bounded)
can either present an infinite number of non-zero cumulants (but not necessarily all of them, as we saw in Section 3 for case
of the unbiased Poisson distribution where the odd cumulants were all zero), or only the first two of them, i.e., it has to be a
Gaussian distribution. As stated a few years ago by Hanggi and Talkner [33], the MT cumulant limiting property can be seen
as a weak form of PT since whenever the cumulants above a certain finite order vanish the generating function becomes
Gaussian.

Let us go back to the Poisson problem. The biased Poisson model of Ref. [ 18] can be slightly modified as

(#) L& (36)
p(@)=_—¢e %,
2¢0
where the averages of ¢ are
¢ = (2m)! ¢y, (37)
¢2n+1 =0, (38)

leading to non-zero even order cumulants, and null odd order ones. The model in Ref. [ 18], with the symmetrization above,
is thus a good realization of the unbiased Poisson process in a dynamical setting. We shall see more details about this process
in the following.

For a Brownian particle under additive Gaussian noise and a harmonic potential (as shall also be seen in the following)
there is no difference between our results and the KME ones. For Gaussian noise, even for non-linear models, the character
of the PDF is Gaussian and the CKME becomes the Fokker-Planck Equation (FPE). However, things get more interesting
when the noise is no longer Gaussian and linear. When the higher order cumulants can couple with the non-linearity of the
model [18]. In order to explore these characteristics of the CKME, we shall illustrate two paradigmatic linear cases that can
be exactly treated by the CKME: the Gaussian Markovian model and the Poisson Markovian model.

In next sections we shall derive CKME for a few models and compare them with the FPE and KME approaches.

7. Gaussian Markovian model and Kramers equation

The Gaussian white noise (GWN) is a paradigmatic way to represent the coupling of a system with an equilibrium
thermal reservoir. The long time state for a well behaved system coupled to GWN tends to the well known Boltzmann-Gibbs
equilibrium distribution.

For the GWN the cumulants are given as

(§(t))c =0 (39)
()&M) =2y Té(t1 — 1), (40)
where the higher order cumulants are zero. In this case the Langevin equation for the harmonic potential case is simply

mxX=—yx—kx+E&. (41)

1 This can be seen by using some symmetry arguments concerning the g-moments that will multiply A due to the time-derivation and by singling out
one of these moments, let us rename it qo, and by keeping the cumulant it belongs to: o f > (iqo + €) (&(iqo +e€).. .>C ()"c(iqi +e€).. '>: ..., which leads to
[ f > (igo +€) (?c(iq(, +e€).. .)E (- - -) while adding all other products of cumulants in order to reconstruct an average. By carefully rearranging the terms
we can arrive at the same result, namely Eq. (32), via Eq. (31).

2 In the present work we assume a general form for the dynamical system. Only when making direct application in the context of Langevin dynamics
we use an additive noise but the structure of the jump-moments is still quite distinct from that of the KME.
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The Laplace transform of the dynamics gives us (x = (y, v) and the initial conditions are (y’, v"))
[m@ +sy)+vy] @
R(s) R(s)’

s[m +sy)+yy]  s&@)
R(s) R(s)

y(s) =

(42)

U(s) = —y' + (43)
where R(s) = (ms? + y s + k). Observe that a0 is a drift in y-space and a g 1) is an acceleration (a drift in v-space). The JM
a(o,2) is a thermal diffusion term in v-space (see Appendix C).

The cumulants and jump moments are obtained in Appendix D. We only obtain non-zero jump moments up to second
order, all others are zero due to the Gaussian property of the noise. They are:

aao =V, (44)
yv +yk
aony=—"—""—, (45)
m
2y T
ao,2) = 2 . (46)

These CJM lead us to the CKME which is Kramers equation (V'(y) = —ky):
a ad yv+ky yT 32
3tp0’, th) :—U*P(.%U»t)'f'* - p(ys Uat) +7272p(y’ Ust)~ (47)
ay dv m m? Jv

The departure, in the following, from Gaussianity for Poisson additive noise makes the analysis more interesting.

8. Biased and unbiased Poisson noise CKME

Following the same basic calculations of Ref. [20], we can evaluate the form for the jump moments, where the cumulants
of the noise are

- - Ao
[Eon . Eon) = 52 (48)
c ZS,’
i=1

Using the same model as in Ref. [20], we can calculate the jump moments exactly. They are obtained in Appendix E. The
existence and origin of non equilibrium and athermal reservoirs, such as the one described by Eq. (48), have been the subject
of many studies. A very interesting proposal appeared in the recent Kanazawa et al. paper [34], where the authors show a
physical (granular) realization of such reservoirs.

8.1. Biased Poisson noise
The CKME for the biased distribution is:

_ D ey |tk 29 S (CDAG B
op = 8y(vp)+8v ([ m m:|p>+z ms avsp' (49)

s=2

Although there is an infinite number of derivatives in Eq. (49) it still is of the KME form. Below we study some of the
equilibrium properties of the averages that can be extracted from Eq. (49).
The stationary distribution obeys

3 3 (lyv+ky 1o X (—1)rg B
0= —— —_ _ _ .
dy (vpss) + 90 (|: m m Dss | + 5§=2: m 90 Dss

From above it is straightforward to derive the stationary momenta of (y, v). Among them an interesting identity results
(multiply the equation above by y**! and integrate by parts)

"v)=0= (Fy)v) =0, (50)

which implies that the velocity does not couple to functions of the position, in special with the potential forces acting on
the particle.
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-2
Collecting the results for the first non-zero momenta (y" v*), we obtain (% = T) for the stationary averages up to order 3
on the dynamical variables and for the total energy:

3
m="2

k

T
2 —_—
W=,
2T 22§
W)= k+ k2
fyo?) = (lkm + 2211 + 2ky) 1@
Y= A (km+2y2?) m k
3\ _ 4y E
)= (2y2+km) k'’

4y° @

3 _
<U>_m(2y2+km) m’

1 1
(E) = om (v2)+25k<y2>
12%¢
=Tty

These same moments can be obtained directly from the dynamics [20]. It verifies the exactness of the CKME.

8.2. Unbiased Poisson noise
Similarly, the CKME for the unbiased equation is (slightly distinct from the biased case):

9 d (Tyv+ky O AP 9
op = —— — —_— . 51
= =5, WP+ o ([ - }p)+2 9 (51)

s=1

Only the even powers of the velocity derivatives remain at orders above 2, which makes this equation deviate from the usual
KME form. The odd moments then vanish since now the PDF becomes symmetric in y and v. Certainly, the CKME does not
obey Pawula’s theorem and Eq. (51) is unique.

We can collect all the exact stationary averages (up to order 4 below), the non-zero ones being (the energy average holds:
(E) = T since the stretching energy disappears due to the symmetry of the noise term)

T
2 ——
(v)= —.
T
2 —
@ > k’
3T2(6y k+4rkm+31y?
) =

A (4km+3y2) i
b2 = T2 (6y k+4rkm+ 32 y?)

A (4km 4+ 3y2) km
6T2y2

3\ _
)= m?). (4km+3y2)’
<4)_3T2(6ylcm+4m2kl<+3mky2+6y3)
V= m34 (4km + 3y2) '

In the values for the averages above we see the effect of the fourth cumulant via some of the terms dependent on the
Poisson rate. In special, the stationary cumulant term (yv®) = (yv?)_should be zero in the context of the Fokker-Planck
approximation. Via the CKME we obtain the correct exact value given above, which can also be derived using the techniques
of Ref. [20].

The CKME we obtain, Eq. (51), leads to the exact forms for the averages of the dynamical variables, unlike the FPE in this
case.
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9. Unbiased Poisson: a simple model

The present CKME can be applied in many settings that are not necessarily associated with particle dynamics. Let us
propose a 1D continuous model that starts at x, = 0 and gives the position x at time t as

o0
x(t) =) ) Ot — 1), (52)
i=1
where the times t; are distributed with a Poisson rate A, and the intensity of the Poisson kick ¢ follows the distribution
,‘ 1‘
¢ =" (53)
p@) = )
2 ¢

and finally @ is the Heaviside function. The parameter ¢ is the typical step length. The model is Markovian since its jump
probabilities do not depend on the past trajectory.

The characteristic function for the probability p(x, t) can be easily calculated since the probabilities that a number n of
events happening in the interval [0, A t] is

ef}\,t ()L l‘)”
p(n, t) = ———. (54)
n!
Let us define the position X as the sum over variables ¢; distributed on times t; according to the Poisson rate above:
n
Xa(t) =) i (55)
i

The instantaneous generating function reads:

g(k,t) = p(n, 1) f N [ 1doi [ [ o e (56)
n=0 - i=1

=1

Replacing the above distributions we get

O a—At n poo n n 7|¢%) n _
Gk, t) = > e n('A t) / Tao [ e2 (:0 []e
n=0 . - p

00 =1 i=1 i=1
O L—At n e8] *|£) !
_ Z e (At) / d e % o—iko
=0 n! —00 2¢0
_ i e M (L)t 1 "
= 1+ 12 ¢5
7ﬂ%m
—e "Ha, (57)
The instantaneous cumulant generating function is (converging when expanded for |k| < ¢—10)
k? 2 At X, (—k?)"
Ingk,t)=——2— = 2n)! p2" At. 58
kO =1 g = L g @M% (58)
The instantaneous cumulants can be calculated:
("), = @m)! " at, (59)
() =o. (60)

The model above shows the same cumulant structure than the unbiased Poisson Langevin problem of the previous
section.

We can construct the CKME for the model since
axn = 0, ("), = 2n)! ¢g" A,
and the odd ordered CJM are null. We have the CKME:
2n

S (_1)211 9" 2n o 2n 0
dp(x, 1) =Y [@m!g" Apx, ] =21 Y ¢ p(x. ). (61)
n=1

0
—~ (2n)! ox*" ox2n
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In the limit ¢g — 0, A — co with A q)g = D finite, the CKME becomes the expected simple diffusion equation. Observe

that higher order cumulants, Eq. (59), are proportional to ¢§”A = ¢§("71)D — 0 as we take the high rate, low intensity limit.
In fact, that limit recovers the Gaussian case and the CKME becomes the FPE.
From the equation above we obtain after integrating by parts:

() =212 = (¥) =21 t4% = (¥, (62)
and
(%) = 2402 g3t + 4109 = 122293 2 +4la gt = 3 + (x*). . (63)

as expected. All other averages can be obtained exactly from the CKME.
The CKME above is certainly not a FPE neither a KME (odd order derivatives are missing) and still it is exact.

10. Conclusions

We start with a generic, well behaved, Markovian system and derive the transition probability in a general way. From
it, we obtain an exact evolution equation for the instantaneous probability distribution similar to the Kramers-Moyal
Equation (KME), where the jump-moments are based on cumulants instead of central moments as is usual, the cumulant
Kramers-Moyal Equation (CKME). By construction, the positivity of the PDF is guaranteed and the CKME preserves the nor-
malization of probabilities.

One important difference is that the CKME obeys a weaker version of Pawula’s theorem [25,26] (PT), namely
Marcinkiewicz theorem [27] (MT) that states that for a given probability distribution either it has an infinite number of
non-zero cumulants or the distribution is Gaussian. For practical applications, whenever the higher order cumulants be-
come negligible, the distribution becomes Gaussian and the CKME reduces to the usual Fokker-Planck equation.

We apply these equations to some well known models, such as Gaussian and Poisson Langevin systems. For the Gaussian
case we obtain the expected Kramers equation in an exact manner. For the Poisson noise case the results were more inter-
esting since we study both the biased and the unbiased Poisson noise in order to derive the CKME. The biased Poisson model
leads to an equation of the KME form. However, for the unbiased case we obtain a CKME that is distinct from the KME due
to the presence of even velocity derivatives, and only the even ones. From there we can check all the equilibrium momenta
and compare them with the ones obtained from other methods. We found them to be identical as expected.

A simple non-Langevin Markovian unbiased Poisson model is also exploited and the corresponding CKME is the exact
equation for the time evolution of its PDF. It is neither of the FPE nor the KME form.

The action of external interactions (forces) could be easily encapsulated by the jump-moments ag, m (¥, v). Thus, one
could integrate the effect of these external influences and account for their effect into the macroscopic quantities, such as
external work, obtained via averages with the probability distribution. But we shall not go any further along these lines
presently.

Summing it all up, the CKME allows us to obtain all the exact stationary cumulants for many models, including the
unbiased Poisson dynamics.
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Appendix A. Laplace expressions

Some of the more non-standard calculations in this work are derived below. The method has been used in Refs. [15-22].
The instantaneous PDF is:

p(x. 1) = (8(x — x(t; %0, 0))) ,
— /oo d7Q (eiQ(X—x(t:xo,O))>

00 27
*dQ o o (—IQ)"
:[mgeQ ZT<X (t; Xo, to))

n=f

=0
o0 X _in)\n e8] o)
lim dgeiQX Zﬂ/ dl']/ %e(iqﬁe)(tﬁ])
= nl 0 oo

e=0 J_ o 21 2m

o0 o0
d .
x-~-><f dt,,/ Sn g+t (x(t,: X0, 0) . .. X(tn: Xo, 0)) , (A1)
0 —oo 27
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and now we integrate over the t;:

®©dQ . —iQ)" d i(i cror [0
pixo) = [ —Qe‘@‘ = / e TR +0) ). (A2)
oo 2T 0 g1 1

where we define the Laplace transform for x by

X(s) = /oo dt et x(t; xo, 0). (A.3)
0

Appendix B. The CJM

The instantaneous cumulant expression for a variable can be obtained from Eq. (A.2) yielding the cumulant generating
function for the multi-variable x (here we assume (', t) to be the initial conditions)

d a Z(i ate€)T n o
Ing(Q.7) = IQ) / Sl <1_[X<1qa +e>> :
0 g=1 a=1 ¢

and the nth instantaneous cumulant I (x', t, 7) = (X"(t + 7)),

d i(i a+e)T n
Ixn(X t,7) = / qa ea=1 ! <1_[52(IQ(J+E)> . (B.1)

a=1

The CJM can be written in the equivalent forms:

a, (X', t) = lin}) O Ln (X', t, T), (B.2)
= lim 9l ™, t, 1), (B.3)
= }ii% 3 (X"t + 1)), . (B.4)
= lig}) 3 (X"t + 1)), . (B.5)
=0 (x"(1)), (B.6)
dqq. Z(l ator [
= }l—%_/ 1—[ 1 (Z(lqa +e)> o <l_[x(1qa +e)> . (B.7)
X g=1 a=1 ¢

Appendix C. The cumulant-jump moments and the Kramers-Moyal jump-moments

For the CKME we observe that the cumulant jump moment of Eq. (31) is exactly
am®) = lim 9, (x"(t + 7)), . (C.1)
=0t

Let us express the n = 2 case:

am @) = lim 3 {(x(t +7) = (x(t + 7))

[ P e e oy (€2)

where we need to understand the role of the averages above.
Let us approximate the new position x as a function of the older position x” plus a generalized drift and a diffusion term
n. It gives

x=x+v7+n, (C.3)

where © is the generalized drift velocity and (7?) = ¢ = Dt ({) = 0). The parameters above are given by the
Fokker-Planck JM’s where

X, t X, t
a; = lim dxw (x

, _
-x)=u,
T—>0t T
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and

X, t X, t
a; = lim /dxw (x—x/)zzD.

=01 T
We take the derivative of the average of x which gives
3 (X)e = 8; (X) = 3, (X +07) =1,

as expected. Thus, the average (x(t + 7)) is well represented by (x(t + 7)), = X' + vt.
Let us take a look at the second CJM. It is also correct since
lim 0, ((x— (x(t +7)))*) = lim_ 8, ((x —x — v7)*) = lim 9,(n*) =D.
r—0t =0t =071
Consequently, the first two CJM coincide with the first two JM for the KME. However, that might not be true for the

subsequent JM. For cumulant jump-moments of higher order, it is no longer possible to compare them directly with the
jump moments of the KME.

Appendix D. The Gaussian jump moments

From Eqgs. (42) and (43), we observe that the averages (y ( ) and (v) shall involve the initial conditions but the variance,
skewness and higher order cumulants shall only involve averages of the noise. In fact, for Gaussian noise only the variance
has to be taken into account, all the higher order cumulants being zero.

For n + m = 1, only the terms from the initial conditions shall contribute since the average of the noise is zero. By
replacing (37) in it and proceeding to calculate (the poles of R(s) are located on the upper-half-plane)

*d , m@ +[ige +€1y) +yy
ey, v = tim tim [ % atwror (g, 4 ¢ (MO W 2D by Y]
10t e—>0t J_o 2T mR(iqq + €)

= (D.1)

The other order-one JM can also be obtained as easily.
For n + m = 2, only the noise averages will contribute and generate a JM of the form

m
° 1d Z (iga+e)t d Z (ippte)r
G qa pm -
als®(y, v) = lim_lim / | | / eb=1
ooazl © b=1

=0t e—0t

n m m <l_[ é(iqa+€) l_[ g(lpb+€)>
x (Z(iqa +e) + Y (ips+ e)) [ Tdps +€) x —=— = <. (D.2)
a=1 b=1

b=1 m™™ T R(igq + €) H R(ipy + €)
a=1 =1

We use the Laplace transform of the noise and can calculate the JM.
The only non-zero ones are given by:

aa,0) = U,, (D3)
v +y'k
ae,1) = _)/7! (D.4)
m
2y T
ao,2) = RS (D.5)

The coefficients above, when used in Eq. (32), yield the usual Kramers equation [23].
Alternatively, one can calculate the I,n,m cumulants and take the time derivative at t — 0. The complete form for the
distribution cumulants for the Gaussian case are given below:

mv’+m/c /+ 1) gkt mv’+m/< /+ /) ek1T
I = _( 2y VJ/) + ( 1y yy) i (D.6)
m (k1 — k2) m (k1 — k2)

[ ke (vt my +yy) ex2’ LR (mv + mk1y + yy) e1° (D.7)
v m (k1 — K2) m (k1 — Kk2) '




506 W.A.M. Morgado / Physica A 438 (2015) 493-508

and
. T N gT (KzeZIqIKl + eZ/quZZ) gT (—4K2€r (/(1+K2)K1 + eZlQrK]Z + K]EZKerz) (DS)
Pk m2 (e — k) ke (k1 +K2) K2 m? (k1 — K2)° k1 (k1 + K2) K2 ’ '
2K1T __ T (k1+K2) 2KT
ek 2et¥1TR2) 4 efk2t) gT
I, = ( - . ) (D.9)
m* (k1 — k2)
gT eZ/q'L'KlZ —|—K162K]TK2 gT _4K1eT(K1+K2)K2 —I—IQCZKZTK] +82K2‘EK22

m m2 (kc; — k2) (k1 + k2) m2 (k1 — k2)* (k1 + k2)

At the limit t — 0 we obtain, by taking the derivative of the above cumulants, the non-zero jump-moments above, as
we have done by the direct integration method.

Appendix E. The biased and unbiased Poisson jump moments

Let us once again remember that the averages (y ( ) and (v) shall involve the initial conditions but the variance, skewness
and higher order cumulants shall only involve averages of the noise.
The Laplace transform for the Poisson noise cumulants is given by [20]

)\7"
g+ 6. 7ilige + e = — 2 (E1)
Z(IQa+€)

The first order ones are almost the same as the Gaussian case, except for a contribution from the noise term in the biased
Poisson case (¢ # 0). The case for n + m > 2 only involve noise contributions as shown below:

o T d Y (iget+e)r [ I d 3 (ippt+e)T
fgl;i(;ﬂ(y V) = I]Ln(;lJr Ell)[gl+ /OO E & ea=1 /_Oo ﬂ % eb=1
no_ m
n m m <nf(l%+€) Hf(lpb+€)>
x <Z(iqa +e) + > (ipy + e)) [Taps + ) x —=—— = :
a=1 b=1

b=1 m™m [T R(igs + €) [] R(ipy + €)
a=1 b=1
d Z (iga+e)T d i": (ipp+e)t
= lim lim 1‘[ Ga / pm o
=0t e—01 J_o o
m
[1(Gipy + €) A o™
b=1
X . _
m™m [T R(iga +€) [] R(ips + €)
a=1 b=1
A¢n+m 0
where
Iy = lim lim / e gigeror 1
>0t e~0t /oo 21 R(lqa + 6)
- (E.3)
Ipy, = lim lim = dpy (lpb+e)rm
0t 0t oo 27 R(ips +€)’
- (E4)
From above we see that
Uz 1m=y OV, 0) = 0. (E.5)

We assume that the intensity of the Poisson kick is exponentially distributed yielding for the biased case as in Ref. [20]
P =m!g".

For the unbiased case only the even n = 2p averages survive.
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The only non-zero jump moments are then (n = 0, s > 2)

rg

(o5 (V> V) = ! e (E.6)

For the case r + s = 1 we have to be more careful and differentiate the biased and unbiased cases. For the biased case:

alt o, v, v) = v, (E7)
v+ k A
ag ¥, v) = AN AT —d’. (E.8)

m m

We notice a stretching term due to the bias % It acts as a constant force upon the Brownian particle, as shown in Ref. [20].
For the unbiased case:

o)y, v) = v, (E9)

yv + ky
Ao (> V) = ———

We can now construct the CKME and the conjugate operator for the Poisson cases. The conjugate stationary operator for
the biased Poisson is

(E.10)

3 ky Ad\ 0 X Arg 0°
ot =y L _ (Yol 29 Z4y o0 (E.11)
ay m m ) dv o mt 9v
while for the unbiased case we have
—2s
3 yv+ky\ 0 X AP 9%
Ol =v— — [ —= + . E.12
Uay ( m )Bv ; m? g% (E12)

The stationary averages <y”/v’"/> are obtained from hierarchically solving the equations

Ozfdydvpss(ﬂy"vm.

Notice that this is possible due to the confinement of the particle around the harmonic potential. It ensures the proba-
bilities will not vanish as in the case of purely diffusing free-particle case.
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