
Time evolution towards q-Gaussian stationary states through unified Itô-Stratonovich
stochastic equation

B. Coutinho dos Santos1,* and C. Tsallis1,2,†

1Centro Brasileiro de Pesquisas Fisicas and National Institute of Science and Technology for Complex Systems,
Rua Xavier Sigaud 150, Rio de Janeiro, RJ 22290-180, Brazil

2Santa Fe Institute, 1399 Hyde Park Road, Santa Fe, New Mexico 87501, USA
�Received 13 April 2010; published 13 December 2010�

We consider a class of single-particle one-dimensional stochastic equations which include external field,
additive, and multiplicative noises. We use a parameter �� �0,1� which enables the unification of the tradi-
tional Itô and Stratonovich approaches, now recovered, respectively, as the �=0 and �=1 /2 particular cases to
derive the associated Fokker-Planck equation �FPE�. These FPE is a linear one, and its stationary state is given
by a q-Gaussian distribution with q= �+2M�2−��

�+2M�1−�� �3, where ��0 characterizes the strength of the confining
external field and M �0 is the �normalized� amplitude of the multiplicative noise. We also calculate the
standard kurtosis �1 and the q-generalized kurtosis �q �i.e., the standard kurtosis but using the escort distribu-
tion instead of the direct one�. Through these two quantities we numerically follow the time evolution of the
distributions. Finally, we exhibit how these quantities can be used as convenient calibrations for determining
the index q from numerical data obtained through experiments, observations, or numerical computations.
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I. INTRODUCTION

The random walk is the simplest model of diffusive pro-
cesses in physics. If there is no wind, or any other source of
symmetry breaking, a drunk has a probability of 1/2 to take a
step to the right and the same probability to take a step to the
left at each instant. Underneath this model there is a formal
mathematical theory known as stochastic calculus, which in
some sense can be interpreted as an extension of the standard
differential calculus taught in undergraduate courses. The
stochastic as well as the standard calculus is based on the
definition of the integral. Let us define the stochastic integral
by

I�G�t�� = �
t0

t

dW�t��G�t�� , �1�

where G�t� is a left-continuous function �i.e., a function
which is continuous from the left at all the points where it is
defined� and W�t� is a Wiener process �1,2�. As in the Rie-
mann integral definition, the formal stochastic integral �also
known as Riemann-Stieltjes integral� is a infinite discrete
sum of very small intervals �dW�t��� of a stochastic function.
When we perform this sum we must make a choice; more
precisely the function G�t�� has to be evaluated in some
point inside each interval. This choice defines what kind of
stochastic calculus will be performed henceforth. The two
most famous procedures are Itô calculus and Stratonovich
calculus. In the first, Itô calculus, the function is evaluated at
the beginning of the intervals:

II�G�t�� = ms- lim
n→�

�
i=1

n

Gi−1	Wi, �2�

where ms-lim stands for mean-squared limit �1�, i.e., a sec-
ond moment convergence; n is the number of subintervals in
which we divide the interval �t0 , t�; and 	Wi=Wi−Wi−1. In
the Stratonovich calculus we take the arithmetic average be-
tween the integrate function values at the beginning and at
the end of the intervals as follows:

IS�G�t�� = ms- lim
n→�

�
i=1

n
�Gi + Gi−1�

2
	Wi. �3�

A unified form, with a linear interpolation, can be pro-
posed �3–8� for the stochastic integral, namely,

I��G�t�� = ms- lim
n→�

�
i=1

n

��Gi + �1 − ��Gi−1�	Wi, �4�

where 0
�
1. Notice that the two traditional procedures
can be recovered easily. Indeed, if �=0 we obtain the Itô
approach, and if �=1 /2 we obtain the Stratonovich ap-
proach. Moreover, if �=1 we recover the so-called
backward-Itô �9� stochastic approach, also known as isother-
mal convention �3–5,7,8�, or even as kinetic form �10,11�.

We argue here that, in fact, it is possible to go one step
further and generalize Eq. �4�. Indeed, we can assume that
the values of �, at each interval dW�t��, are given by an
arbitrary distribution ���� ��0

1d�����=1�. In particular, if this
distribution is ����=���−�0�, we recover the three cases
mentioned above for suitable values of �0, namely, �0=0
�Itô�, �0=1 /2 �Stratonovich�, and �0=1 �backward Itô�. An
interesting remark arises when ���� is constant. In this case
��	=1 /2, which coincides precisely with the average value
corresponding to the �frequently adopted� Stratonovich ap-
proach. In some sense, this is what seems to happen in most
experiments, where the act of measuring is not instantaneous
but in a time window. It is argued in �12� that the Itô par-
ticular case is the only one to be strictly consistent with
causality. However, from a different viewpoint, it is argued
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in �13� that Itô calculus cannot provide a probability density
function for the energy of a Brownian particle, in contrast
with the Stratonovich calculus which correctly satisfies this
requirement. Moreover, it is argued in �10,11� that only the
backward-Itô approach, i.e., the kinetic form, is the only one
to be consistent with the generalized Einstein relation. As we
see from this diversity of statements, the problem still has
open points. However, this discussion does not constitute the
main scope of the present paper. Consistently, we address the
generic case, i.e., for arbitrary values of � �which could in
fact correspond to different experimental realizations�.
Therefore, based on definition �4�, we calculate the following
integral:

I��W�t�� 
 �
t0

t

dW�t��W�t��

= ms- lim
n→�

�
i=1

n

��Wi + �1 − ��Wi−1�	Wi

=
1

2
��W�t��2 − �W�t0��2 − �1 − 2���t − t0�� . �5�

Let us remind here that, in this equation, the limits �=0, �
=1 /2, and �=1, respectively, correspond to the Itô, Stra-
tonovich, and kinetic approaches. For more details about the
derivation of the last equation, see the Appendix.

In addition to the ingredients of stochastic calculus that
we have mentioned above, some other concepts will be nec-
essary in the present paper. In particular, escort mean values
�14,15� are convenient theoretical tools for describing basic
features of some probability densities, mainly those densities
which decay as power laws that naturally appear in the study
of complex systems dynamics, such as those obeying nonex-
tensive statistical mechanics �16�. This theory generalizes the
Boltzmann-Gibbs �BG� statistical mechanics and is governed
by an entropic index q, which equals unity for the BG case.
The characterization of a probability density by its set of
escort mean values, if all of them converge, is a natural ex-
tension of the well-known characterization of a distribution
in terms of its standard moments, which corresponds to q
=1. The q-generalized theory has been applied to calculate
many features of several complex systems, such as �i� the
velocity distribution of cells of Hydra viridissima that fol-
lows a q=3 /2 probability density function �PDF� �17�; �ii�
the velocity distribution of �cells of� Dictyostelium discoi-
deum that follows a q=5 /3 PDF in the vegetative state and a
q=2 PDF in the starved state �18�; �iii� the velocity distribu-
tion in defect turbulence �19�; �iv� the velocity distribution of
cold atoms in a dissipative optical lattice �20�; �v� velocity
distribution during silo drainage �21,22�; �vi� the velocity
distribution in a driven-dissipative two-dimensional dusty
plasma, with q=1.080.01 and q=1.050.01 at tempera-
tures of 30 000 and 61 000 K, respectively �23�; �vii� the
spatial �Monte Carlo� distributions of a trapped 136Ba+ ion
cooled by various classical buffer gases at 300 K �24�; �viii�
the distributions of price returns at the stock exchange
�25–27�; �ix� the distributions of returns of magnetic field
fluctuations in the solar wind plasma as observed in data

from Voyager 1 �28� and from Voyager 2 �29�; �x� the distri-
butions of returns of the avalanche sizes in the Ehrenfest
dog-flea model �30�; �xi� the distributions of returns of the
avalanche sizes in the self-organized critical Olami-Feder-
Christensen model, as well as in real earthquakes �31�; �xii�
the distributions of angles in the hamiltonian mean field
�HMF� model �32�; �xiii� the distribution of stellar rotational
velocities in the Pleiades �33�; �xiv� the distribution of trans-
verse momenta in high-energy proton-proton collisions �34�;
and �xv� in the action of spin glasses �35�. In fact, before the
q-generalized theory had been proposed, some of its associ-
ated distributions were already found �with different names,
naturally� in various fields of physics, for example, �i� the
so-called � distribution �for velocities� in plasma physics
�36�; �ii� the well known t distribution �37�, which is a
q-Gaussian distribution with particular values of q; and �iii�
the famous Cauchy-Lorentz distribution, which is a q=2 dis-
tribution and appears frequently in many branches of phys-
ics, particularly in optics �38�.

In the present work we use Eq. �5� to write unified Lange-
vin and Fokker-Planck equations �FPEs�. In Sec. II, after
deriving these equations, we will show that the steady solu-
tions of the FPE are q Gaussians �see later on for their pre-
cise definition� whose entropic parameter q depends on the
noise and drift amplitudes, and also on the choice of a sto-
chastic approach represented by the parameter �. In Sec. III
we introduce a generalized kurtosis based on �15� to charac-
terize the temporal evolution of the distribution. After that,
we integrate numerically the FPE with an initial distribution
different from its asymptotic form. In particular, we consider
as initial distributions q Gaussians characterized by an index
qi �qi�q�. Our numerical results show how the convergence
towards the attractor behaves as a function of the parameter
�. Finally, we compare the standard kurtosis �q=1� with the
one calculated using escort mean values, namely, q kurtosis.
Our results show that the standard kurtosis has a divergence
at q=7 /5, while the q kurtosis has no divergence in the range
−1�q
3. In addition to that, we show that the standard
kurtosis and the q kurtosis are monotonic functions of the
entropic parameter q, which suggests that they could be used
as calibration curves to determine, from numerical data, the
most appropriate value of q. Let us now describe the conse-
quences of the unification on the Langevin and Fokker-
Planck descriptions.

II. FOKKER-PLANCK EQUATION AND ITS SOLUTIONS

A stochastic differential equation �SDE� is not completely
defined by itself. If the Langevin equation has multiplicative
noise, we must choose what approach, Itô or Stratonovich,
will be used to integrate it. This is the well-known Itô-
Stratonovich dilemma �1–3� and is ultimately solved by tak-
ing into account the specific features of the system under
investigation. For instance, if the noise has a finite correla-
tion time �c �even if the limit �c→0 is used to derive the
SDE� or the noise comes from external sources, the Stra-
tonovich choice is the adequate one. Instead, the Itô formal-
ism is the correct choice if �c is strictly zero or the noise
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comes from internal sources �1,39�. For external noise
sources we mean those which have a parameter that permits
one, in principle, to turn off the noise or even those that are
not influenced by the system itself. In contrast, internal noise
sources are those which fluctuations are due to inherent
parts of the mechanism by which the state of the system
evolves. This kind of noise cannot be turned off by man-
ipulating a parameter �40�. A very interesting and enlighten-
ing discussion about the Stratonovich-Itô dilemma can be
found in �40�. This controversy between the two approaches
appears in the form of the so-called noise-induced drift
which is an effect of the state dependence of the noise
strength.

Based on proposal �4� we will write an unified Fokker-
Planck equation that contains, as special cases, the Itô
��=0� and Stratonovich ��=1 /2� forms. To do it, let
us consider the quite general SDE for a stochastic variable
u�t�:

du�t� = a�u�t�,t�dt + b�u�t�,t�dW�t� , �6�

where a�u�t� , t� is a deterministic external force given, for
instance, by a potential, b�u�t� , t� is the state-dependent noise
amplitude, and dW�t�=��t�dt is a Wiener increment ���t� is
a Gaussian zero-mean white noise�. We will use a shorter
notation for the dynamic variable u�t� omitting its time de-
pendence, so from now on u
u�t�, a�u�t� , t�
a�u , t�, and
b�u�t� , t�
b�u , t�, unless it is indispensable for the clarity of
the text.

We are interested in the dynamics of the distribution
function of u, so once we have the Langevin equation
we may obtain a FPE for the probability density P�u , t� by
the Kramers-Moyal expansion �2� �tP=�n�1�−�u�n�D�n�P�,
where the coefficients D�n� are given by

D�n��x,t� =
1

n!
lim
�→0
 ��u�t + �� − x�n	

�


u�t�=x
. �7�

To calculate these coefficients, we need to write the Lange-
vin equation in the integral form

u�t + �� − x = �
t

t+�

dt�a�u�t��,t�� + �
t

t+�

dW�t��b�u�t��,t�� ,

�8�

and assume that a�u , t� and b�u , t� can be expanded as

a�u�t + ��,t + �� = a�x,t + �� + a��x,t + ��� + ¯ , �9�

b�u�t + ��,t + �� = b�x,t + �� + b��x,t + ��� + ¯ , �10�

where a� and b� means differentiation with respect to u. Put-
ting Eqs. �9� and �10�, up to first order on �, into Eq. �8� and
iterating the result, we get

�u�t + �� − x	 = �a�u,t + �� + b��u,t + ��b�u,t + ��

���
t

t+�

W�t��dW�t��� �11�

=��a�u,t + �� + �b��u,t + ��b�u,t + ��� . �12�

If the noise in the Langevin equation is � correlated, after
repeated iterations it is possible to show that, at � order, the
terms of the Kramers-Moyal expansion with n�3 vanish.
Using this arguments we can calculate the first two coeffi-
cients of that expansion, namely,

K��u,t� 
 D�1��u,t� = a�u,t� + �b��u,t�b�u,t� , �13�

D�u,t� 
 D�2��u,t� = b2�u,t� . �14�

This procedure leads to the following Fokker-Planck equa-
tion:

�P

�t
= −

�

�u
�K��u,t�P −

1

2

�

�u
�D�u,t�P�� . �15�

We recover, for �=0 and �=1 /2, respectively, the Itô and
Stratonovich forms currently found in the literature. As ex-
pected, the difference between the two forms appears in the
drift term K�, not in the diffusion term. If we deal with a FPE
in the Stratonovich form, we should include the above-
mentioned noise-induced drift term 1

2�u�D�u��, which is un-
necessary in the Itô form. We can write these FPE as a con-
tinuitylike equation �tP=−�uj�u� if we define j�u�=K��u�P
− 1

2�u�D�u�P� as a probability current. In this case, the sta-
tionary solution of the FPE can be obtained elegantly from
zero-flux boundary conditions j���= j�u�=0. It is very in-
teresting to notice that this probability current can be rewrit-
ten as j�u�=K0�u�P− 1

2 �D�u��2��u��D�u��1−2�P�, which al-
lows us to rewrite the FPE as

�P

�t
= −

�

�u
�K0�u�P −

1

2
�D�u��2� �

�u
��D�u��1−2�P�� .

�16�

Notice that here, in contrast with Eq. �15�, � only appears
in the diffusion term, and not in the drift one. The demon-
stration of the equivalence between Eqs. �15� and �16� is
straightforward and can be found in Appendix, Sec. 2.

Let us now consider a family of models represented by
Langevin equations of the type

u̇ = f�u� + g�u���t� + ��t� , �17�

where ��t� and ��t� are uncorrelated zero-mean Gaussian
white noises with autocorrelation function given by

���t���t��	 = 2M��t − t��, ���t���t��	 = 2A��t − t�� ,

�18�

where M �0 and A�0. Equation �17� can be rewritten as

u̇ = f�u� + g̃�u���t� , �19�

where the additive and multiplicative noise terms were
replaced with an effective multiplicative noise given by
g̃�u�=��M�g�u��2+A� /C and ��t� is a zero-mean Gaussian
white noise with autocorrelation function given by
���t���t��	=2C��t− t�� �C�0�. A possible demonstration of
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this relation is given in the Appendix. Notice that Eq. �19� is
of the form of Eq. �6� with dW�t�=��t�dt. As we want to
analyze the influences of the additive and multiplicative
noises separately, we will use Eq. �17� instead of Eq. �19�
henceforth.

Following the same procedure adopted to calculate the
coefficients of the FPE associated with Eq. �6�, we can easily
calculate the Kramers-Moyal coefficients for Eq. �17�. They
are

K��u� = f�u� + 2�Mg�u�g��u� , �20�

D�u� = A + M�g�u��2. �21�

These results lead us to the following FPE:

�P�u,t�
�t

= −
�

�u
��f�u� + 2�Mg�u�g��u��P�u,t��

+ M
�2

�u2 ��g�u��2P�u,t�� + A
�2

�u2 P�u,t� , �22�

which is basically Eq. �15� with an additional term due to
additive noise.

For f�u� derived from a potential-like function V�u�
= �� /2��g�u��2, the stationary solution has the form P�u ,��
�eq

−�̄V�u� �41�, where the q-exponential function is defined as
follows: eq

x 
�1+ �1−q�x�+
1/�1−q�, with �z�+=z if z�0, and

zero otherwise; e1
x =ex. If we consider the simple case g�u�

�u, then the stationary-state distribution is a q Gaussian, i.e.,

P�u ,���eq
−�u2

, where q and � are given by

� =
� + 2M�1 − ��

2A
, �23�

q =
� + 2M�2 − ��
� + 2M�1 − ��

. �24�

We can verify that these results unify those obtained in �41�,
more specifically q= �+4M

�+2M for the Itô case ��=0� and q
= �+3M

�+M for the Stratonovich case ��=1 /2�.
Let us remind at this point that the q-Gaussian form pre-

cisely is the one which, under appropriate constraints, ex-
tremizes the entropy

Sq�p� 
 kB

1 −� dx�p�x��q

q − 1
, �25�

where S1
SBG=−kB�dxp�x�ln p�x�. For further connections
between the structure of Fokker-Planck-like equations and
entropy, as well as the validity of the H theorem, see �42,43�.

III. GENERALIZED MOMENTS AND KURTOSIS

As already mentioned, the q Gaussian is the distribution
form which extremizes entropy �25� under appropriate con-
straints. There are many theoretical reasons suggesting that,

in the extremization of Sq, it is convenient to express the
constraints that are being imposed in an escort mean value
form. Escort mean values �or q moments� are useful tools to
analyze power-law distributions that frequently appear in the
study of complex systems. They are defined as

�A�x�	q = �
−�

+�

A�x�fq�x�dx , �26�

where the escort probability density is given by

fq�x� =
�f�x��q

�
−�

+�

�f�x��qdx

. �27�

The characterization of a probability density in terms of
its escort mean values is a natural extension of the well-
known characterization of a distribution in terms of its stan-
dard moments if all of them are finite. The physical interpre-
tation of q-generalized mean values demands an explanation.
The quantities that are physically important in order to char-
acterize a distribution are, for instance, the most probable
value, the range of the typical values, the width of the dis-
tribution, its asymmetry, and so on. Such information is con-
veniently contained in the set of successive mean values of
the distribution as long as they are finite. What can be done
whenever all moments above a given one diverge? For ex-
ample, if we are dealing with the Cauchy-Lorentz distribu-
tion, how can we characterize its width �obviously finite for
any given such distribution�? Certainly not through its sec-
ond moment since it diverges. By appropriately choosing the
value of q �see below�, its width can be characterized by its
q variance �i.e., its variance with the escort distribution�,
which will also be finite.

In �44�, the correct set of all escort mean values is shown,
together with the set of all associated normalizing quantities
that characterize a given probability density f�x�, even if it
decays as slowly as a power law. Based on a generalization
of the Fourier transform, namely, the q-Fourier transform,
defined by �45�

Fq�f���� = �
−�

+�

f�x�eq
i��f�x��q−1

dx �q � 1� , �28�

it is possible to expand the q-characteristic function and ob-
tain the correct exponents values necessary to perform the
calculations of the q moment. The family of escort mean
values which arises from this procedure is given by

�xn	qn
=

�
−�

+�

xn�f�x��qndx

�
−�

+�

�f�x��qndx

, �29�

where

qn = 1 + n�q − 1� . �30�

The kurtosis, usually defined in terms of the ratio between
the fourth �n=4� and three times the squared second moment
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�n=2� of a given distribution, is regarded as a measure of
how different a given distribution is from a Gaussian. There-
fore the q kurtosis, defined in terms of q moments, is the
analogous measure for q Gaussians. Its mathematical forms
are defined, respectively, as follows:

�q =

�
−�

+�

x4�f�x��4q−3dx

3��
−�

+�

x2�f�x��2q−1dx�2

. �31�

Notice that the standard kurtosis can be regarded as a par-
ticular case �q=1� of Eq. �31�. Notice also that the number 3
in the denominator of Eq. �31� plays no special role and can
equally well be replaced with the q-dependent value exactly
corresponding to q Gaussians, instead of that for Gaussians.

To calculate the correct value of q we shall now consider
a typical situation arising in complex systems, such as those
commonly addressed within q thermostatistics. Usually these
systems asymptotically behave as power-law probability
densities, i.e.,

f�x� � �x�−� ��x� → �, � � 1� . �32�

It is clear that, if f�x� is not defined on a bounded interval,
the standard linear moments �xn	 may diverge above some
value of n. Therefore, the standard procedure to characterize
the probability density through all its moments cannot be
implemented. However, in �44� it is shown how the escort
mean values can overcome such difficulties. In this work, the
relation is established between the exponent � of the power-
law distribution and the escort mean value parameter q. It is
given by

q = 1 +
1

�
. �33�

So, once we know the power-law exponent �, we will have
the correct value of q, and hence the values qn which enable
the calculation of the escort mean values of the probability
density.

For the special case where f�x�=eQ
−�x2

�a Q Gaussian�, we
have

eQ
−�x2

� �x�−2/�Q−1� ��x� → �� . �34�

Hence, �=2 / �Q−1�, for Q�1. In this case, relation �33�
becomes

q − 1 =
Q − 1

2
. �35�

A Q Gaussian is normalizable for Q�3; for Q�1 it has a
compact support and an unbounded support for 1
Q�3. Its
second and fourth moments diverge for 5 /3�Q�3 and
7 /5�Q�3, respectively. But their second and fourth Q
moments are finite for Q�3. These two Q moments can

be analytically calculated �44,46� and written in terms of
gamma functions,

�x2	Q =�
�−1�� Q

Q − 1
−

3

2
�

2�Q − 1��� Q

Q − 1
−

1

2
� , for 1 � Q � 3

�−1

2
, for Q = 1

�−1�� Q

1 − Q
+

3

2
�

2�1 − Q��� Q

1 − Q
+

5

2
� , for 0 � Q � 1,

�
�36�

�x4	2Q−1 =�
3�−2�� Q

Q − 1
−

3

2
�

4�Q − 1�2�� Q

Q − 1
+

1

2
� , for 1 � Q � 3

3�−1

4
, for Q = 1

3�−2�� Q

1 − Q
+

1

2
�

4�1 − Q�2�� Q

1 − Q
+

5

2
� , for 0 � Q � 1.

�
�37�

We intend to compare the temporal evolution of the dis-
tributions given by the FPE of the previous section to its
stationary states, which we already know to be Q Gaussians.
To do it, it is convenient to normalize the Q kurtosis by its
stationary value, �Q���=limt→� �Q�t�, which is given by
Eqs. �36� and �37�,

�Q���

=�
�2� Q

Q − 1
−

1

2
�

�� Q

Q − 1
+

1

2
��� Q

Q − 1
−

3

2
� , for 1 � Q � 3

1, for Q = 1

�2� Q

1 − Q
+

1

2
��� Q

1 − Q
+

5

2
�

�2� Q

1 − Q
+

3

2
� , for 0 � Q � 1.�

�38�

In Fig. 1 we can see the temporal evolution of the normal-
ized Q kurtosis obtained by the numerical integration of the
FPE. In the left column, we show the temporal evolution for
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the three stochastic procedures above mentioned: Itô ��=0�,
Stratonovich ��=1 /2�, and backward Itô ��=1�. In the right
column we show the same temporal evolution of the normal-
ized Q kurtosis but now with �=0 and different values of Qi.
As expected, the kurtosis approaches monotonically its sta-
tionary value for all values of parameter Qi.

In Fig. 2 we can compare the behavior of the standard
kurtosis and the Q kurtosis given by Eq. �38�. As we can see,
the Q kurtosis diverges at Q=−1, but is finite for −1�Q
�3, while the standard kurtosis diverges for 7 /5�Q�3. As
expected, the Q kurtosis coincides with the standard one for
Q=1. Furthermore, the Q kurtosis is a monotonically de-
creasing function of Q. Based on this feature, experimental-
ists could use it as a calibration curve that allows the deter-
mination of the proper value of the entropic index Q for a
given system.

IV. CONCLUSIONS

Based on stochastic integrals which unify the Itô, Stra-
tonovich, and kinetic approaches, we obtain two different
�namely, Eqs. �15� and �16��, although equivalent, forms of a
unified Fokker-Planck equation. Form �15� recovers, as par-

ticular instances, equations currently available in the litera-
ture. Form �16� is herein introduced. Both Fokker-Planck
forms exhibit an explicit dependence on the unifying param-
eter �. One of these forms �Eq. �15�� exhibits this depen-
dence only in the drift term, which �see Eq. �13�� is in turn
composed by a deterministic part and a noise-induced part.
In the other form �Eq. �16��, � only appears in the diffusion
term. It appears therefore that, in general, the noise-induced
drift is equivalent to a nonlinear diffusion term �only for the
particular values �=0 and �=1 /2 the diffusion coefficient is
linear�.

We present, based on escort mean values, an explicit form
for the Q- generalized kurtosis to study the convergence to-
wards the Q-Gaussian stationary solution. Paper �46� focuses
on the porous-medium equation �homogeneous nonlinear
Fokker-Planck equation�. In the present paper we deal with
another interesting equation, namely, a linear inhomogeneous
one, whose stationary state also has the Q-Gaussian form,
which once again allows us to calculate explicit forms for the
Q kurtosis. As expected, the H theorem also holds for the
linear inhomogeneous Fokker-Planck equation, and this can
be verified by Eq. �24� in Ref. �43�.

In order to follow the time evolution toward the
Q-Gaussian stationary states, we have evaluated the ap-
proach of the Q kurtosis to its stationary-state limits for dif-
ferent values of �. The difference in this convergence �see
Fig. 1� for the same q Gaussian with different �’s is due to a
change in the multiplicative noise amplitude needed to com-
pensate the change in the � value �see Eq. �24��.

Finally, we propose that, if a system is well described by
nonextensive statistical mechanics and has a Q-Gaussian
form for its probability density function, the Q kurtosis can
be used as a calibration curve to determine, from data, the
best value of the entropic index Q.
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FIG. 1. On the left column are the temporal evolution of Q
kurtosis for Itô ��=0�, Stratonovich ��=1 /2�, and backward Itô
��=1� stochastic procedures. The numerical results are normalized
by its stationary value �Q
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APPENDIX

1. Integral I�[W(t)]=�t0
t dW(t�)W(t�)

Here, we perform, in detail, the calculation of the stochas-
tic integral of the function G�t�=W�t� in terms of discrete
sums. The definition of the unified stochastic integral is

I��G�t�� 
 ms- lim
n→�

Sn = ms- lim
n→�

�
i=1

n

��Gi + �1 − ��Gi−1�	Wi.

�A1�

If G�t�=W�t�, we have

Sn = �
i=1

n

��Wi	Wi + �1 − ��Wi−1	Wi� . �A2�

The terms Wi	Wi and Wi−1	Wi can be written as

2Wi�Wi = �Wi�2 + ��Wi�2 − �Wi − �Wi

Wi−1

�2, �A3�

2Wi−1�Wi = �Wi−1 + �Wi

Wi

�2 − �Wi−1�2 − ��Wi�2.

�A4�

Notice that in both equations we have terms like �Wi
2

−Wi−1
2 � under a summation. Therefore, only the first and the

last terms need to be taken into account in the summation.

Indeed, all the others mutually cancel, and we finally have

�
i=1

n

Wi	Wi =

W2�t� − W2�t0� + �
i=1

n

�	Wi�2

2
, �A5�

�
i=1

n

Wi−1	Wi =

W2�t� − W2�t0� − �
i=1

n

�	Wi�2

2
. �A6�

Taking this last two equations into account and the fact that
ms-limn→��i=1

n �	Wi�2= t− t0, we obtain

I��W�t�� 
 ms- lim
n→�

Sn

=
1

2
��W�t��2 − �W�t0��2 − �1 − 2���t − t0�� ,

�A7�

which is the same result presented in Eq. �5�.

2. How to get Eq. (15) from Eq. (16)

In Sec. II we claim that Eqs. �15� and �16� are equivalent.
To prove this statement, we only need to show the following
equality:

K0P −
1

2
�D�2� �

�u
��D�1−2�P� = K�P −

1

2

�

�u
�DP� ,

where the dependence on the dynamical variable u was omit-
ted. To do this, we perform the derivative on the left-hand
side:

D2� �

�u
�D1−2�P� = D2���1 − 2��D−2�P

�D

�u
+ D1−2��P

�u
� = − 2�

�D

�u
P + �P

�D

�u
+ D

�P

�u
� = − 2�

�D

�u
P +

�

�u
�DP� . �A8�

So,

K0P −
1

2
�D�2� �

�u
��D�1−2�P� = K0P −

1

2
�− 2�

�D

�u
P +

�

�u
�DP�� = K0P + �

�D

�u
P −

1

2

�

�u
�DP� , �A9�

where K0P+��uDP=K�.

3. Equivalence between u̇= f(u)+g(u)�(t)+�(t)
and u̇= f(u)+ g̃(u)�(t)

Suppose two different Langevin equations for the stochas-
tic processes u�t�, both with the same deterministic drift
force f�u� but with different noise sources,

u̇ = f�u� + g�u���t� + ��t� , �A10�

u̇ = f�u� + g̃�u���t� . �A11�

The mean-value solution of both equations is

�u�t�	 = �
0

t

dt�f�u� . �A12�

Let us calculate the variance corresponding to both equa-
tions. From the first one we obtain
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��u�t� − �u�t�	�2	 = ��
0

t

dt��
0

t

dt��g�u�t�����t�� + ��t����g�u�t�����t�� + ��t���	 �A13�

=�0
t dt��

0

t

dt��g�u�t���g�u�t������t����t���

=2M��t�−t��

+ ���t����t���

=2A��t�−t��

	

�A14�

+ g�u�t������t����t��� + g�u�t������t����t���

=0 =0

�

�A15�

=�0
t dt��2M�g�u�t����2 + 2A� . �A16�

From the second one we obtain

��u�t� − �u�t���2� = �
0

t

dt��
0

t

dt�g̃�u�t���g̃�u�t������t����t���

2C��t�−t�� �A17�

=�
0

t

dt�2C�g̃�u�t����2. �A18�

If we want that both Langevin equations give us the same mean-squared value for the stochastic process u�t�, we must match
the integrands of Eqs. �A13� and �A17�. This leads to the following relation among noise terms:

g̃�u� =�M�g�u��2 + A

C
. �A19�

This result shows that equations like Eq. �17� can be rewritten as in Eq. �19�, with an effective multiplicative noise term given
by Eq. �A19�.

�1� C. W. Gardiner, Handbook of Stochastic Methods �Springer,
Berlin, 1997�.

�2� H. Risken, The Fokker-Planck Equation: Methods of Solutions
and Applications �Springer-Verlag, New York, 1984�.

�3� P. Hanggi, Helv. Phys. Acta 51, 183 �1978�.
�4� A. W. C. Lau and T. C. Lubensky, Phys. Rev. E 76, 011123

�2007�.
�5� P. E. Kloeden and E. Platen, Numerical Solution of Stochastic

Differential Equations �Springer-Verlag, Berlin, 1992�.
�6� G. Germano, M. Politi, E. Scalas, and R. L. Schilling, Phys.

Rev. E 79, 066102 �2009�.
�7� P. Lançon, G. Batrouni, L. Lobry, and N. Ostrowsky, Physica

A 304, 65 �2002�.
�8� P. Lançon, G. Batrouni, L. Lobry, and N. Ostrowsky, EPL 54,

28 �2001�.
�9� L. Chung and Jean-Claude Zambrini, Monograph of the Por-

tuguese Mathematical Society �World Scientific Publishing
Company, Singapore, 2003�, Vol. 1; A. I. Ilin and R. Z. Khas-
minski, Theor. Probab. Appl. 9, 466 �1964�; E. Nelson, Dy-
namical Theories of the Brownian Motion �Princeton Univer-
sity Press, Princeton, NJ, 1967�; Quantum Fluctuations
�Princeton University Press, Princeton, NJ, 1985�.

�10� Yu. L. Klimontovich, Physica A 163, 515 �1990�.

�11� Yu. L. Klimontovich, Physica A 182, 121 �1992�.
�12� N. Dokuchaev, Random Operators and Stochastic Equations

18, 51 �2010�.
�13� B. J. West, A. R. Bulsara, K. Lindenberg, V. Seshadri, and K.

E. Shuler, Physica A 97, 211 �1979�.
�14� C. Beck and F. Schlogl, Thermodynamics of Chaotic Systems

�Cambridge University Press, Cambridge, England, 1993�.
�15� C. Tsallis, R. S. Mendes, and A. R. Plastino, Physica A 261,

534 �1998�.
�16� C. Tsallis, J. Stat. Phys. 52, 479 �1988�; Introduction to Non-

extensive Statistical Mechanics—Approaching a Complex
World �Springer, New York, 2009�.

�17� A. Upadhyaya, J.-P. Rieu, J. A. Glazier, and Y. Sawada,
Physica A 293, 549 �2001�.

�18� A. M. Reynolds, Physica A 389, 273 �2010�.
�19� K. E. Daniels, C. Beck, and E. Bodenschatz, Physica D 193,

208 �2004�.
�20� P. Douglas, S. Bergamini, and F. Renzoni, Phys. Rev. Lett. 96,

110601 �2006�; G. B. Bağci and U. Tirnakli, Chaos 19,
033113 �2009�.

�21� R. Arévalo, A. Garcimartín, and D. Maza, Eur. Phys. J. E 23,
191 �2007�.

�22� R. Arévalo, A. Garcimartín, and D. Maza, in A Non-standard

B. COUTINHO DOS SANTOS AND C. TSALLIS PHYSICAL REVIEW E 82, 061119 �2010�

061119-8

http://dx.doi.org/10.1103/PhysRevE.76.011123
http://dx.doi.org/10.1103/PhysRevE.76.011123
http://dx.doi.org/10.1103/PhysRevE.79.066102
http://dx.doi.org/10.1103/PhysRevE.79.066102
http://dx.doi.org/10.1016/S0378-4371(01)00510-6
http://dx.doi.org/10.1016/S0378-4371(01)00510-6
http://dx.doi.org/10.1209/epl/i2001-00103-6
http://dx.doi.org/10.1209/epl/i2001-00103-6
http://dx.doi.org/10.1137/1109061
http://dx.doi.org/10.1016/0378-4371(90)90142-F
http://dx.doi.org/10.1016/0378-4371(92)90233-G
http://dx.doi.org/10.1515/ROSE.2010.51
http://dx.doi.org/10.1515/ROSE.2010.51
http://dx.doi.org/10.1016/0378-4371(79)90103-1
http://dx.doi.org/10.1016/S0378-4371(98)00437-3
http://dx.doi.org/10.1016/S0378-4371(98)00437-3
http://dx.doi.org/10.1007/BF01016429
http://dx.doi.org/10.1016/S0378-4371(01)00009-7
http://dx.doi.org/10.1016/j.physa.2009.09.027
http://dx.doi.org/10.1016/j.physd.2004.01.033
http://dx.doi.org/10.1016/j.physd.2004.01.033
http://dx.doi.org/10.1103/PhysRevLett.96.110601
http://dx.doi.org/10.1103/PhysRevLett.96.110601
http://dx.doi.org/10.1063/1.3194107
http://dx.doi.org/10.1063/1.3194107
http://dx.doi.org/10.1140/epje/i2006-10174-1
http://dx.doi.org/10.1140/epje/i2006-10174-1


Statistical Approach to the Silo Discharge, Eur. Phys. J. Spec.
Top. 143, 191 �2007�, special issue on Complex Systems—
New Trends and Expectations, edited by H. S. Wio, M. A.
Rodriguez, and L. Pesquera.

�23� B. Liu and J. Goree, Phys. Rev. Lett. 100, 055003 �2008�.
�24� R. G. DeVoe, Phys. Rev. Lett. 102, 063001 �2009�.
�25� L. Borland, Phys. Rev. Lett. 89, 098701 �2002�.
�26� L. Borland, Quant. Finance 2, 415 �2002�.
�27� S. M. D. Queirós, Quant. Finance 5, 475 �2005�.
�28� L. F. Burlaga and A. F.-Viñas, Physica A 356, 375 �2005�.
�29� L. F. Burlaga and N. F. Ness, Astrophys. J. 703, 311 �2009�.
�30� B. Bakar and U. Tirnakli, Phys. Rev. E 79, 040103�R� �2009�.
�31� F. Caruso, A. Pluchino, V. Latora, S. Vinciguerra, and A. Rap-

isarda, Phys. Rev. E 75, 055101�R� �2007�.
�32� L. G. Moyano and C. Anteneodo, Phys. Rev. E 74, 021118

�2006�.
�33� J. C. Carvalho, R. Silva, J. D. do Nascimento, and J. R. de

Medeiros, EPL 84, 59001 �2008�.
�34� CMS Collaboration, J. High Energy Phys. 2010, 041.
�35� R. M. Pickup, R. Cywinski, C. Pappas, B. Farago, and P. Fou-

quet, Phys. Rev. Lett. 102, 097202 �2009�.
�36� V. M. Vasyliunas, J. Geophys. Res. 73, 2839 �1968�; L. A.

Rios and R. M. O. Galvao, Phys. Plasmas 17, 042116 �2010�.
�37� A. M. C. de Souza and C. Tsallis, Physica A 236, 52 �1997�.
�38� M. Martinelli, J. A. O. Huguenin, P. Nussenzveig, and A. Z.

Khoury, Phys. Rev. A 70, 013812 �2004�; B. Coutinho dos
Santos, A. Z. Khoury, and J. A. O. Huguenin, Opt. Lett. 33,
2803 �2008�.

�39� N. van Kampen, Stochastic Processes in Physics and Chemis-
try �North-Holland, Amsterdam, 1981�.

�40� N. van Kampen, J. Stat. Phys. 24, 175 �1981�.
�41� C. Anteneodo and C. Tsallis, J. Math. Phys. 44, 5194 �2003�.
�42� V. Schwämmle, E. M. F. Curado, and F. D. Nobre, Eur. Phys.

J. B 58, 159 �2007�; V. Schwämmle, F. D. Nobre, and E. M. F.
Curado, Phys. Rev. E 76, 041123 �2007�.

�43� L. Borland, F. Pennini, A. R. Plastino, and A. Plastino, Eur.
Phys. J. B 12, 285 �1999�.

�44� C. Tsallis, A. R. Plastino, and R. F. Alvarez-Estrada, J. Math.
Phys. 50, 043303 �2009�.

�45� S. Umarov, C. Tsallis, and S. Steiberg, Milan J. Math. 76, 307
�2008�; S. Umarov, C. Tsallis, M. Gell-Mann, and S. Stein-
berg, J. Math. Phys. 51, 033502 �2010�.

�46� V. Schwämmle, F. D. Nobre, and C. Tsallis, Eur. Phys. J. B 66,
537 �2008�.

TIME EVOLUTION TOWARDS q-GAUSSIAN… PHYSICAL REVIEW E 82, 061119 �2010�

061119-9

http://dx.doi.org/10.1140/epjst/e2007-00087-9
http://dx.doi.org/10.1140/epjst/e2007-00087-9
http://dx.doi.org/10.1103/PhysRevLett.100.055003
http://dx.doi.org/10.1103/PhysRevLett.102.063001
http://dx.doi.org/10.1103/PhysRevLett.89.098701
http://dx.doi.org/10.1080/14697688.2002.0000009
http://dx.doi.org/10.1080/14697680500244403
http://dx.doi.org/10.1016/j.physa.2005.06.065
http://dx.doi.org/10.1088/0004-637X/703/1/311
http://dx.doi.org/10.1103/PhysRevE.79.040103
http://dx.doi.org/10.1103/PhysRevE.75.055101
http://dx.doi.org/10.1103/PhysRevE.74.021118
http://dx.doi.org/10.1103/PhysRevE.74.021118
http://dx.doi.org/10.1209/0295-5075/84/59001
http://dx.doi.org/10.1007/JHEP02(2010)041
http://dx.doi.org/10.1103/PhysRevLett.102.097202
http://dx.doi.org/10.1029/JA073i009p02839
http://dx.doi.org/10.1063/1.3389228
http://dx.doi.org/10.1016/S0378-4371(96)00395-0
http://dx.doi.org/10.1103/PhysRevA.70.013812
http://dx.doi.org/10.1364/OL.33.002803
http://dx.doi.org/10.1364/OL.33.002803
http://dx.doi.org/10.1007/BF01007642
http://dx.doi.org/10.1063/1.1617365
http://dx.doi.org/10.1140/epjb/e2007-00217-1
http://dx.doi.org/10.1140/epjb/e2007-00217-1
http://dx.doi.org/10.1103/PhysRevE.76.041123
http://dx.doi.org/10.1007/s100510051006
http://dx.doi.org/10.1007/s100510051006
http://dx.doi.org/10.1063/1.3104063
http://dx.doi.org/10.1063/1.3104063
http://dx.doi.org/10.1007/s00032-008-0087-y
http://dx.doi.org/10.1007/s00032-008-0087-y
http://dx.doi.org/10.1063/1.3305292
http://dx.doi.org/10.1140/epjb/e2008-00451-y
http://dx.doi.org/10.1140/epjb/e2008-00451-y

