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An analysis of the experimental conditions under which low-frequency �70–150 kHz� Alfvén
eigenmodes �AE� are excited during the monster sawtooth in Joint European Torus �F. Romanelli
et al., Proceedings of the 22nd IAEA Fusion Energy Conference, Geneva, Switzerland, 2008� is
presented for the specific case of a discharge with ion cyclotron heating �5 MW�. Using a simplified
AE model for modes excited at the Alfvén wave continuum maximum with geodesic corrections
taken into account, the temporal evolution of the value of the safety factor q0 at the magnetic axis
is determined. We describe a new scheme to determine the time variation of q0 that works under
conditions in which other standard diagnostics, such as the motional Stark effect do not give reliable
results such as during a monster sawtooth. �doi:10.1063/1.3494212�

A number of low frequency Alfvén waves �AW�,1 such
as the toroidicity induced Alfvén eigenmode �TAE�,2 Alfvén
cascade �AC�,3 tornado,4 sierpes modes,5 etc., have been ob-
served during ion cyclotron heating �ICRH� and/or neutral
beam injection in different tokamaks. These modes have at-
tracted wide interest1,3–6 because of the enhanced transport of
energetic ions induced by them and their possible usage as a
diagnostic tool, especially, to determine the profile of the
safety factor q in the plasma core in discharges with saw-
teeth. One specific mode appears in the low frequency band
�70–100 kHz� during high power ��5 MW� ICRH dis-
charges with high electron temperatures ��8 keV� and
peaked radial profile in the Joint European Torus7 �JET�. The
mode manifests as an AC with the dispersion relation modi-
fied by geodesic corrections, and toroidal mode number
N=1. The theory of AC was well developed for reversed
shear plasmas8 taking into account the geodesic effect9 and
pressure corrections.10 However, no experimental indications
of reversed shear profiles, which are a condition for AC, have
been found in this discharge. We therefore revisit the theory
to describe the observed mode. Typically, Alfvén eigenmodes
�AE� may appear at the minimum or maximum of the Alfvén
wave continuum �AWC�. The geodesic corrections modify
AWC9–13 to the form
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cA=B /�4�nimi is the Alfvén speed, kN=B� /BR0�N+M /q�,
vTe,i=�Te,i /me,i is the electron or ion thermal speed, M and N
are poloidal and toroidal mode numbers, respectively, B is
the magnetic field, R0 is the major radius, q is the safety
factor, and �geo is the geodesic frequency. The AE propaga-
tion at the AWC extremum depends strongly on the relation
between gradients of plasma pressure and the magnetic
shear.14 When the plasma pressure gradients are strong, the
AE may propagate at the maximum of the AWC; however, if
the pressure gradients are weak, the modes may appear at
AWC minimum. Here, we note that eigenmodes at extremum
points of the lower branches of the geodesic AWC ���geo

were studied in Ref. 15.
In this work, we analyze the experimental conditions for

AE excitation in the 70–150 kHz frequency band that appear
during a monster sawtooth in JET discharge 66209 and dem-
onstrate the occurrence of a robust on-axis AC eigenmode
above the Alfvén continuum in tokamak discharges with the
minimum value of q on the magnetic axis. The characteris-
tics of this discharge are similar to those of 66203 discussed
in Ref. 6. Taking into account the geodesic corrections due to
poloidal mode coupling in tokamaks, the quasicylindrical
model13,14 is used to clarify the existence of the AE at the
AWC maximum.

The parameters of the discharge nos. 66203 and 66209
were magnetic field 2.7 T, plasma current 2 and 1.8 MA,
central electron temperature 7 and 8 keV, density 3.4 and
3.2�1019 m3, and ICRH power of 4.5 and 5.3 MW, respec-
tively. Figure 1 shows the time evolution of the electron
temperature, and line-average electron density at the begin-
ning of ICRH t=10 s in JET discharge no. 66209. The cor-
responding waveforms for the 66203 shot are presented in
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Ref. 6. For the next analysis, we chose the monster sawtooth
shown in Fig. 1 at t=13.5–14 s, because of the rather small
density variation during this time interval. The peaked elec-
tron temperature radial profile fitted with the expression
T0h2 / �r2+h2�, where r is the minor radius �half-width
�33 cm�, and the parabolic density profile at t=13.65 s are
shown in Fig. 2. A mild temporal decrease of the temperature
maximum, �T /T0=4 ,5%, is observed due to the fast ion loss
driven by the tornado modes6 before the sawtooth crash. We
note that the ion temperature was not measured in this dis-
charge; however, its value is expected to be of the order of
4.3 keV, as measured in the similar 66203 discharge and
indirectly confirmed in calculations of the geodesic fre-
quency �geo for no. 66209.

The spectrograms of the magnetic probe and of the
O-mode reflectometry signals are shown in Figs. 3�a� and
3�b� in the time widow 13.35–14.3 s. The N=1 AE is clearly
visible in the magnetic signals during the monster sawtooth
but the AC is only registered by reflectometry. This
50.47 GHz reflectometry channel has a density cut of
�3.16�1019 m−3 and the central plasma density is very
close to the cutoff value, what helps to localize the mode at
the plasma core. Similar AE behavior16 was recently ob-
served in ASDEX experiments. The N=1 mode is also vis-
ible in spectrograms of two central soft x-ray channels at the
magnetic axis but it is absent in other channels. These data
together with reflectometry indicate that the mode position is
very close to the magnetic axis. In the corresponding spec-
trogram of 66203 shot, the N=1 mode appears in the mag-
netic probe spectrogram but it is not reproduced in the
O-mode reflectometry channel, due to the higher central den-
sity. However tornado modes6 are observed because of their
positions, which are closer to q=1 magnetic surface, con-

firming the idea of core position of the N=1 mode. We note
that all parameters discussed here Tie�t�, frequency f�t�,
q0�t�, and deviation �q�t� depend on time during a sawtooth
but this functional dependence is omitted.

Comparing Fig. 1 with Fig. 3�b�, we can observe that
the spontaneous AC chirping in the time interval t
=13.5–13.7 s is correlated with the increase in the electron
temperature, which is driven by the fast ions, and is accom-
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FIG. 1. �Color online� Time trace of electron temperature measured by ECE
at the plasma core �upper line�, and at the inversion radius ��0.31 m�
marked by a gray color at the beginning of the ICRH pulse. The intermedi-
ate traced black line reproduces data of the core line interferometer.
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FIG. 2. �Color online� Plot of electron temperature �solid� and their analytic
model �chain line� at t=13.65 s. Black circles and dotted line, respectively,
mark the electron density from Thomson scattering and its smoothed profile
�parabolic�.
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FIG. 3. Spectrogram of magnetic probe signal �a� and 50.5 GHz channel of
O-mode reflectometry �b�.
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panied by the slow increase of N=1 AE frequency of �f / f
=9%, which may be also attributed to the electron tempera-
ture. Using the above results, we may attempt to calculate
the q0-evolution by measuring the evolution of the
Ti,e-values and tracking the AC mode frequencies from Fig. 3
during the respective time interval. However, we show below
that this method has accuracy limitations immediately after
the sawtooth crash, what can be partially overcome by ana-
lyzing the AC modes at t=13.55–13.65 s.

First, we propose that the N=1 mode has the same origin
as the AC, which have high toroidal mode numbers. Employ-
ing the idea of AC excitation at the maximum of AWC, and
representing kN=N�q /R0q0, where �q=1−q0 and M =−N,
we subtract drift term in Eq. �1� and represent the frequency
difference between the AC modes for the N and N1 toroidal
numbers as �N1 /N1−�N /N����geo /N1�2+ �cA�q /R0q0�2

−���geo /N�2+ �cA�q /R0q0�2. Second, the N=1, 6–8 AC
spectra in Fig. 3 are tracked and the corresponding values are
represented by the points in Fig. 4 in the time interval t
=13.55–13.65 s. Then, q0 and �geo are calculated for the
respective time moments using frequency combinations be-
tween the observed AC modes in the above equation. As a
result of the calculations, the q0-time variation is represented
by the expression q0�t�=0.995−0.35· �t−13.55� with �0.002
deviation. Then, the N=1, 6–8 AC spectra are recalculated
using the Te0 time dependence shown in Fig. 1 together with
the obtained q0�t�-equation, and assuming Ti0 /Te0=const in
accordance with the similar discharge no. 66203 where Ti0

was measured. The respective results are plotted as the dash-
dotted, dotted, dashed, and solid lines in Fig. 4. We observe
that there is quite good agreement with the respective
trucked data, confirming the Ti0 /Te0=const model taken
from the discharge no. 66203. For t=13.65, we found �q
�0.04�0.002, the respective M =1 drift frequency f1

�

�1.5�0.5 kHz, fgeo�78.1�0.8 kHz from where the ion
temperature at 4.8 keV is calculated. In this case, the
Doppler shift frequency due to rotation is estimated less then
0.3 kHz.

After that moment, the AC modes disappear, the electron
temperature begins to slightly decrease but the N=1 mode
frequency increases further, arriving at �f / f =18% at t
=14 s, which indicates strong decrease of q0. The procedure
developed above for the �q calculation gives us an opportu-
nity to apply it for the time interval t=13.65–14 s when we
only have the Te0-evolution and the N=1 spectrum. Using
Ti0 /Te0=const with the deviation error of 3% taken from the
discharge no. 66203, and fgeo�78.1 as a reference point at
t=13.65, we calculate the fgeo values at instant of time re-
lated to the tracked N=1 spectrum shown in Fig. 4 obtaining
fgeo�76.6 kHz at t=14 s. Next, we calculate the drift fre-
quency using the ion temperature profile Ti0�1−2·r2 /a2�
with the deviation of 4% in the plasma core, as it was found
in the discharge no. 66203. Finally, substituting these data
into Eq. �1�, the q0-time evolution is calculated for the
tracked points, which result is fitted by the expression q0�t�
=0.96−0.284· �t−13.65� with the �0.003 deviation for the
interval t=13.65–14 s giving q0=0.86 at t=14 s. Then, the
mode splits into two branches, possibly due to a precursor
rotation, and the high branch disappears, making it difficult
the prediction of the q variation.

The best accuracy of the �q-estimation is about 5% at
t=13.65 s and it is mainly limited by the accuracy of central
density measured by Thomson scattering; however, the accu-
racy worsens to 12%–14% at t=14 s due to the imprecision
in the ion temperature, which can only be estimated from the
data of the discharge no. 66203. The prediction of the
q0-value immediately after the sawtooth crash has a problem
due to very small difference between the fN=1 and fgeo fre-
quencies, which produces a large relative error due to impre-
cision on the values of the density and of the ratio Te /Ti.

In Fig. 5, to visualize the AE frequencies at the maxima
of the geodesic AWC in Eq. �1�, we plot the continua for
N=1,6 ,7 ,8 at the moment t=13.65 s, where the electron
temperature and density profiles shown in Fig. 2 are used.
The respective maxima of the frequency appear very near to
the eigenmode frequencies shown in Fig. 3. Here, it is pro-

FIG. 4. Plot of N=1,6 ,7 ,8 AC spectra calculated from Eq. �1� shown,
respectively, by dash-dot-dotted, dotted, dashed, and solid lines in compari-
son with the AC spectra tracked from Fig. 3�b� shown by black points, stars,
black squares, and open circles, respectively.

FIG. 5. Plot of the geodesic AWC for N=1,6 ,7 ,8 �dotted, dash-dotted,
dashed, and solid lines, respectively�, and 	2 profile �upper part� for N=1 at
t=13.65 s.
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posed that q-profile does not change between inversion ra-
dius rin and plasma border r=a, q�r�=1− �qa−1��r2 /rin

2 −1�
that is in accordance with practically constant TAE’s fre-
quencies for N=3–6 shown in Fig. 3. After the sawtooth
crash at t=13.4 s, the q-profile variation is assumed as
q�t�=1−�q�t��1− �r /rin��2 from the magnetic axis to the in-
version radius for the period 13.5–14.2 s.

To confirm the existence of AE at maximum of the
AWC, we use the kinetic model for plasmas13 with hot elec-
trons and cold ions, vTe
�R0
vTi, in the quasicylindrical
tokamak geometry r�R0, which is satisfactory to describe
the AC in the plasma core of JET. The approach13,14 helps us
to reduce the Maxwell equations to the Hain–Lust form

1

r

d

dr

rD

dF
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� + 	Q −

M2D

r2 �F = 0, �2�
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2�, F = rEb,

��
� = �kb /�c�n���� /�r��vT�

2 n�� is the drift frequency, kb

�M /r, and the equation D=0 describes the geodesic Alfvén
wave continuum presented in Eq. �1�. Equation �2� looks like
the Bessel equation and its formal solution may be presented

in the eikonal form F=F0Jm�0
r	dr� where 	=�Q /D should

be large �	2rf
2
1�. For the density and temperature profiles

shown in Fig. 2, the Q-function is positive and it has a maxi-
mum at r=0 where the D-function is positive for the fre-
quency above the continuum. Here, we note that Q-function
is positive due to the second “drift” term in the plasma core
that is much large than the fist term related to the shear due
to the sharp electron temperature profile in this discharge. To
have an eigenmode solution, the D-function should be posi-
tive independent of the shear profile, which may be positive
or negative in the plasma core. The Q-function decreases
with radius and it may change sign giving a reflection point
for AE at r=rf defined by the next implicit equation

Q � 4M2
 �0h2

�h2 + rf
2�3 −

1

rfq
3R0

2�dq

dr
�

r=rf
� = 0, �3�

where �0=8�n0�Ti0+Te0� /B0
2. It should be noted that the re-

flection point coincides with the radius of q=1 magnetic sur-
face due to bending of q-profile just after the sawtooth crash
but it may stay closer to magnetic axis in the case of an
incomplete sawtooth crash17 when the q1 small region is
preserved at the plasma core. Later, the reflection point
moves out from this surface due to smoothing of q-profile,
when the approximation q=q0+ �qa−q0�r2 /a2 can be used.
Matching the solution of Eq. �2� with Airy solution at the
reflection point, we get the quantization rule for the AE ei-
genvalues, 0

rf	dr= ��M� /2+s��, where s=1,2 ,3. . .. This
equation is valid for AC as well as for the N=1 AE mode.
We understand that the WKB presentation gives only a quali-
tative result for the case of the eigenvalue. Moreover, finite
integration of this expression is not possible and a direct

numerical solution of Eq. �2� is employed to find the respec-
tive eigenvalues. Assuming the position of the reflection
point at the q=1 rational surface rf =0.3 m and solving Eq.
�2� for h=0.33 m in Fig. 2, and the respective N=1 AWC
profile shown in Fig. 5 at t=13.65 s, we find that the N=1
AE frequency is �=�GA+�� where �� /�=0.013. For this
frequency, the respective 	2 profile is shown in the upper
plot of Fig. 5. The discrepancy between the WKB approxi-
mation and the numerical result is found �30%. Numerical
calculations demonstrate that 20% variation of the reflection
point position produces not more then 30% variation of ��,
a value that is satisfactory enough for our method of the
eigenfrequency identification as the frequency of the AWC
maximum. The behavior of the eigenfunction is very similar
to the above asymptotic solution. It has maximum at rm

=0.75h��� /�, then, it begins to drop exponentially for
r�3rm.

Finally, we conclude that the spectral analysis of the low
N=1 Alfvén eigenmodes, as well as high N-chirping AC
eigenmodes observed during ICRH in JET discharges with
the monotonic q-profiles, may help determination of the
q0-value at the magnetic axis taking into account the geode-
sic frequency. This method allows accompanying the
q0-variation during sawtooth discharges, what is very diffi-
cult to do employing standard diagnostics such as motion
Stark effect.
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