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I. INTRODUCTION AND OVERVIEW

Magnetic islands that have a width smaller than the ion
Larmor radius are usually referred to as microislands. Their
existence was originally indicated by Smolyakov,1 their
properties were further analyzed in detail in Refs. 2 and 3,
and the term “microisland” was proposed in Ref. 4. The in-
terest in microislands was in particular stimulated by the idea
put forward in Refs. 5 and 6 that overlapping chains of mi-
croislands destroy the equilibrium magnetic surfaces and
therefore yield the anomalous electron heat transport ob-
served in tokamaks (see also Ref. 7)

The theoretical model developed in Refs. 1-3 was based
upon the assumptions that toroidal effects can be neglected
and that the collisionality is strong enough so that the fluid
model based upon the Braginskii hydrodynamics can be
used.® The goal of the present paper is to investigate the
microislands, taking into account toroidal effects and assum-
ing that electrons are in the neoclassical banana regime.9
Under these conditions, we call them the “neoclassical mag-
netic microislands,” i.e., the small-scale analogue of nonlin-
ear neoclassical tearing modes investigated in Refs. 1012,
and in many other papers, results of which have been sys-
tematized in Ref. 13.

The generalized Rutherford equation for the stationary
microisland width in the slab geometry approximation has
the form'™

A'/4+A,=0, (1)

where A’ is a matching parameter of the linear tearing mode
theory and A, is a contribution of the polanzatlon current.
By analogy w1th the large-scale island theory, %12 6ne can
suggest, that in the case under consideration, i.e., for toroidal
plasma geometry and plasma electrons in the banana regime,
the bootstrap current contribution should also be taken into
account in this equation. Thus, Eq. (1) should be replaced by
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A4+ A, + A, =0, 2)

where A, is the bootstrap current contribution. One of the
main goals of the present paper is to obtain the expression
for Ay,.

In accordance with Ref. 3, one of the most important,
and up to now unsolved, problems of the microisland theory
is the determination of their rotation frequency. The investi-
gation of this problem is also one of main subjects of this
paper. The equivalent problem for large-scale islands was
recently discussed in Ref. 14, namely, the island rotation in
the presence of parallel (neoclassical) viscosity in toroidal
geometry. In cylindrical geometry, the island rotation fre-
quency is controlled by the transverse viscosity and taking it
into account requires the calculation of a surface integral in
the vicinity of the island separatrix, related to the profile
function nonstationarity (see for details Ref. 13). Contrary to
this, it has been shown in Ref. 14 that the parallel viscosity
effect in toroidal geometry is volumetrical, i.e., its contribu-
tion to the island rotation frequency equation is characterized
by a volume integral. This result is the starting idea of the
present paper.

These considerations lead us to focus our treatment on
the electron parallel viscosity and its influence on the mi-
croisland rotation. The model is based on the kinetic ap-
proach to determine the parallel dissipative viscosity in the
banana regime. Therefore, it is analogous to that developed
in Refs. 11 and 12 but somewhat simpler, since it is not
necessary for us to take into account the totality of the ki-
netic effects.

In the context of the microisland rotation frequency
problem, the key effect of toroidicity comes through the par-
ticle drift due to curvature and inhomogeneity of the mag-
netic field, leading to appearance of the magnetodrift current
contribution into the electron continuity equation [Eqgs. (4)
and (5) in Sec. II]. This effect is normally taken into account
in the theory of large-scale magnetic islands, where it gives
the magnetic-well contribution to the generalized Rutherford
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equation for the magnetic island width (Refs. 13 and 15-17,
and quoted literature in these references). Physically, the dif-
ference between our analysis and that of Refs. 15-17 is that
the role of the nondissipative part of the magnetodrift current
was investigated in the latter while in this paper we investi-
gate the role of its dissipative part.

The question of profile functions is also important for
the problem of microislands. As was discussed in Ref. 3, in
the framework of this problem one has to deal with two
profile functions. One of them, the so-called microisland pro-
file function, designated as A, see Eq. (11), characterizes the
dependence of the plasma density and electric field on the
island magnetic surfaces, and the other one, the electron tem-
perature profile function, designated as th’ see Eq. (B4),
characterizes the corresponding dependence of the electron
temperature. Both profile functions and the island rotation
frequency are also determined by dissipative effects. In Ref.
3, such effects provided by plasma diffusion and the trans-
verse electron heat conductivity was calculated in the
straight magnetic field line approximation. In our case of
curvilinear magnetic field, dissipative effects related to mag-
netic drift of particles are proved to be more important. Thus
the above-mentioned magnetodrift current substitutes the dif-
fusive current and, instead of the standard expression for
transverse heat ﬂux,8 we consider the so-called magnetodrift
heat flux [see Egs. (6) and (7) in the sequel]. Therefore, our
main goal is to calculate the mentioned profile functions and
the island rotation frequency defined by the magnetodrift ef-
fects. We use starting Eqgs. (12) and (13) for the case of
profile functions, and Eq. (14) for the case of rotation fre-
quency.

The calculation of the magnetodrift effects in the banana
regime requires solving the electron drift kinetic equation
with allowance for both electron—electron and electron—ion
collisions. We follow the approach for solving such kind of
equations developed initially for the case of equilibrium
plasma rotation,'™!? and then used in the large-scale mag-
netic islands problem.“’12 Presentation of the procedure is a
central part of this work.

Following a procedure similar to that used in Refs. 11
and 12, the solution of the drift kinetic equation will be
sought by separating the electron distribution function in the
physically distinct parts. The first, designated as g, see Eq.
(18), is the #-dependent part of the distribution function (6 is
the poloidal angle); the second, designated as H, [see Egs.
(17) and (C8)], does not depend on either 6 or on the island

cyclic variable; and the third, designated as i;, see Eq. (C8),
does not depend on 6 but has an oscillatory dependence on
the island cyclic variable, with zero average [see explana-

tions following after Eq. (C8)]. The function 4 is important,
in particular, in allowing for the dissipative interaction be-
tween the trapped and circulating particles.“’12 In this paper
we neglect this interaction as well as all other effects deter-

mined by the function h.''% So that of the three parts of
distribution function, only two became relevant, ¢ and H,.
We call the function H, the “profile distribution func-
tion.” To make distinct the kinetic origin of the function H,,
we will call all the rest “profile functions” (A, hTe"') as the
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hydrodynamic ones. The procedure to obtain the function H,
is well-known."""'> The zero order drift kinetic equation is
expanded in a series in the frequency of the particle motion
around the torus. Then an average over the poloidal angle is
applied and the function H, is obtained by requiring the or-
thogonality of the higher order terms in the expansion.

We characterize the magnetodrift current effect by the
function V-J,. This function is an integral over particle ve-
locities with the integrand proportional to the electron—ion
collision frequency and to the electron distribution function
averaged over 6 [see Eq. (21)]. In contrast to this, the mag-
netodrift heat flux effect, characterized by V-qg, also in-
cludes the electron—electron collision contribution; thus
V.q, is represented as a sum of V-qfl and V-qj [see Egs.
(22)-(24)].

Owing to the integral (over velocities) character of the
magnetodrift effects, for our goals it is sufficient to know not
exact distribution profile function H,, but only its integral
over the pitch-angle, designated as H,; [see Eq. (38)] and
called the pitch-angle integral of the profile distribution func-
tion.

In order to calculate the function H,;, we make expan-
sion in a series in £'/2, where ¢ is the local aspect ratio. As in
Refs. 11 and 12, it is necessary to take into account both the
zeroth and first terms of the series designated as Hg) and
Hill), respectively. Thus not only the terms of the order of &'/
are involved, as occurs in the calculation of the bootstrap
current in the large-scale islands problem, but also the zero
order terms. In this context the question arises about the
necessity of allowing for the terms of order of £'2, which are
formally small. As will be explained later in this paper, this
necessity comes from the function Hi(i) entering the equa-
tions for V-J,,V-q}, and V-q in a sum with the pitch-angle
integral of #-dependent part of the distribution function, I:Ie 1-
Therefore both zero order terms and first order terms of &'/
are important in the expressions for V-J, and V-q,.

A set of two coupled equations for hydrodynamic profile
functions, Egs. (69) and (70), which we call the canonical
ones, are obtained from the functions V-J; and V-q,. Solv-
ing these equations, we arrive at expressions for the first
derivatives of profile functions with respect to island mag-
netic flux variable [see Eq. (A1)]. However, these expres-
sions are not sufficient to determine the dependence of these
functions on the island magnetic flux because the island ro-
tation frequency enters them as a free parameter, which re-
quires separate calculations. Therefore we call these equa-
tions the “intermediate” ones.

At this point we have all the ingredients to realize one of
the main points of our program—the calculation of the mag-
netic island rotation frequency. We transform the starting
equation for this frequency to a form that is reduced to a
double integral over the magnetic surfaces and the island
cyclic variable. Then, integrating by parts over the two vari-
ables, we arrive at an equation that summarizes the contribu-
tions of the separatrix and of the region outside it; the former
is called the “separatrix” contribution and the latter the “in-
tegral” contribution. The hydrodynamic profile functions de-
pend not only on the island rotation frequency, but also on
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FIG. 1. Numerical and analytical lines of the function b(e), characterizing
the island rotation frequency.

the local inverse aspect ratio €. Therefore, the island rotation
frequency turns out to be the function of €.

The “integral” term of the island rotation frequency
equation, Eq. (83), is calculated numerically. The result for
the island rotation frequency w is presented in Fig. 1. The
dependence of w with & proves to be weak enough for some
interval of values of e. This fact leads to the idea that, for the
corresponding interval of the values g, the island rotation
frequency is determined only by the “separatrix” contribu-
tion, independent of & [Eq. (85)]. Following this suggestion,
we develop a successive approximation method based on
expansion in a series in the ratio of the “integral” to the
“separatrix” contributions. Applying this approximation, we
obtain an analytical expression for the zero order island ro-
tation frequency [Eq. (88)] which can be useful for qualita-
tive calculations, replacing a full numerical calculation.

Substituting the obtained expression for the island rota-
tion frequency into the aforementioned “intermediate” for-
mulas for these derivatives of hydrodynamic profile func-
tions, we arrive at the “final” expressions for the derivatives,
Egs. (93) and (94). These expressions differ from the ones of
Rutherford obtained from the averaged diffusion and heat
conduction equations (for details see Refs. 3 and 13). This
can be seen in Egs. (96)—(98) and Fig. 2.

Incorporating the bootstrap current term, A;, to the gen-
eralized Rutherford equation, we follow the approach fre-
quently used for the large-scale magnetic island plroblem.'z‘13
To calculate A, one has to know bootstrap current averaged
over the island magnetic surfaces, J,,.. This current is related
to the previously discussed part of the distribution profile
function Hill). Both the bootstrap current effect and the po-
larization current effect depend essentially on the island ro-
tation frequency and hydrodynamic profile functions.

In Sec. II, we state the problem, represent the starting
equations, and give their preliminary transformations. The
part of the material necessary for understanding Sec. II and
some following sections is placed in Appendices. This con-
cerns relations characterizing the island magnetic field geom-
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FIG. 2. The form-factors of the hydrodynamic profile functions g,({2,€)
and ghT(Q, €).

etry (Appendix A), determination of hydrodynamic profile
functions (Appendix B), and transformations and simplifica-
tion of drift kinetic equation (Appendix C).

In Sec. III, we analyze the drift kinetic equation and
derive expressions for profile distribution function H,, ex-
pressions for Hf_,(i) and Hill), and for V-Jd,V-qil, and V-q5. In
Sec. IV, we obtain expressions for V-J, and V-q, in terms of
hydrodynamic profile functions. Section V deals with solu-
tion of equations for hydrodynamic profile functions, and
Sec. VI is addressed to derivation of the microisland rotation
frequency. In Sec. VII, we present a concrete definition of
hydrodynamic profile functions, allowing for the microisland
rotation frequency found in Sec. VI, and compare them with
the Rutherford profile functions. Section VIII deals with
analysis of the generalized Rutherford equation. The results
are discussed in Sec. IX.

Il. THE PROBLEM STATEMENT, STARTING
EQUATIONS, AND THEIR PRELIMINARY
TRANSFORMATIONS

A. Starting plasmadynamical equations

As in Ref. 3, we proceed with the Boltzmann expression
for the ion density

N =ny(r)exp(— e®/Ty;). (3)

Here N is the total plasma density, determined by N=ng(r)
+1; ny(r) is the equilibrium plasma density; r is the radial
coordinate; 7 is the perturbed plasma density; e is the ion
charge; Ty, is the equilibrium ion temperature; and ® is the
electrostatic potential.

The electron continuity equation with allowing for effect
of particle drift due to curvature and inhomogeneity of mag-
netic field [cf. Eq. (2) of Ref. 3] is one more starting equation

edoN/dt - (VHJ” + VL . Jd) =0. (4)
Here J, is the magnetodrift current density characterizing the

mentioned effect, J; is the longitudinal current density; V
and V| are longitudinal and transverse gradients. The opera-
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tor dy/dt is defined by dy/dt=3d/dt+Vg-V,, where Vg
=c[E | XB,]/B} is the cross-field drift velocity, By is the
equilibrium magnetic field, E, =—V  ® is the transverse
electric field, ¢ is the speed of light. It is assumed that the
magnetodrift current J, is averaged over the equilibrium
magnetic surfaces, i.e., over the poloidal angle 6. We express
it in terms of the electron distribution function f, so that

Jd=—e< f d3vvdf> . (3)
0

Here (...), means averaging over 6,v, is the electron mag-
netodrift velocity, determined by (see Ref. 12) Vd:—(vﬁ
+&)bXV(l/w,), where £, =v> /2, v and v, are the par-
ticle longitudinal velocity and the modulus of transverse ve-
locity, b=B/By, is the unit vector along magnetic field di-
rection Bj, w.=-eBy/M, is the electron cyclotron
frequency, M, is the electron mass.

We also take into account the electron magnetic drift
effect in the electron heat conductivity equation. Similar to
Ref. 8, we represent this equation in the form

(3/2)ny dT,J3t+V - q;=0, (6)

where T, is the electron temperature, q, is the electron heat
flux,

23
(u=<fd%<M§L—§ﬁJwJ>é )

We also use the electron longitudinal motion equation,
which in neglecting the dissipative terms and the bootstrap
current has the same form as Eq. (3) of Ref. 3:

E+ T,V Nl(eng) =0, (8)

where T, is the equilibrium electron temperature, E; is the
longitudinal electric field. In addition to Eq. (8), in Sec. I B
we use a more complicated electron longitudinal motion
equation, allowing for the bootstrap current (see in detail
Sec. II F).

B. Transformation of magnetodrift terms in continuity
and heat conductivity equations

As in Refs. 11 and 12, in addition to the ordinary radial
coordinate r, we use the poloidal magnetic flux y. Thus the
equilibrium magnetic field vector By looks as By=1(x)V ¢
+V @ X Vy, where I(x)=RB,; is the toroidal magnetic flux, ¢
is the toroidal angle, VX Vx=rB,V 6, B, and B, are the
toroidal and the poloidal components of the field B, R is the
radius of the auxiliary cylindrical coordinate system R, ¢, z,
in which the equilibrium magnetic field is axisymmetric (see
for details Ref. 20). We also take into account, that &,
=u By, where u , is the transverse adiabatic invariant of the
particle. Then, in accordance with Ref. 12, we obtain from
Egs. (5) and (7)

J
d3VU< U__f> 5 (9)
W, X Rq a6/
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I 9 Myp> 3 d
V'qd:—__ d3vv||< e —_Te) ﬂ_f. N
OW% 2 2 Rgd0/ 4

(10)

where ¢ is the safety factor, v=0,(v*-2u,B)"?, o,
=sgnv;. One can show that Eq. (10) can be expressed in
terms of the electron parallel viscosity scalar (see in detail
Ref. 21).

C. Starting equations for stationary hydrodynamic
profile functions and island rotation frequency

Similar to Ref. 3, we introduce the electrostatic potential
profile function /(£)) and the profile functions of density and
temperature, /,({) and hre(Q) (see Appendix B for details).
We call all the totality of the mentioned profile functions the
hydrodynamic profile functions. We take into account that,
for the microislands problem, the profile functions A4,,({}) and
h(Q)) are intercoupled by Eq. (B7). In addition to A({)) and
h,(Q), we introduce the microisland profile function A({}),
defined by

T@—ﬂﬁmm=mm———@—w%m.un
1+7 w 1+7 w
Here 7=T0i/ Toe w,=—mcTynyl (egny), s

=mcTyn/(egngy) are the electron and ion drift frequencies
due to the density gradient. The function A({)) is similar to
the function N\({2) of Ref. 3. Since we use the coordinate y
instead of the coordinate r, our function A({)) differs from
the function () of Ref. 3 by the factor RB,. Consequently,
the asymptotic value A(Q) for Q—oo, A(2)—(y), is also
different.

Similar to Ref. 12, we conclude, that for the case of
stationary islands, the profile functions A({)) and hTB(Q) are
defined by

(V-Jp=0, (12)

(V-q»=0. (13)

The starting equation for the microisland rotation frequency,
in the framework of our previous assumptions, in accordance
with Ref. 12, has the following form

Efdﬂfﬁdgv-JFo. (14)
oy, -1

Here the lower integration limit over ), )=-1, corresponds
to the center of the magnetic island (see for details Appendix
A). In fact, we shall integrate in Eq. (14) only outside the
island separatrix, i.e., in the region > 1.

D. Transformations of drift kinetic equation
and introduction of profile distribution function

We extract from the electron distribution function f the
“local-Maxwellian” F, Boltzmann (proportional to ®) and
“shifted” (proportional to ¥) parts, and also the part related to
profile functions 4, h, and hTe assuming f=f,+g. Here

fo=F+=®F - Eq—wF[(l - w—);(— 7(0,9)], (15)
T Tmc ®
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Y(v,Q) = (1

W s 2 3
e)A(Q) eﬂe( Z)hT (Q)
w UT

(16)

Do = s [ 1+ 2 /03=3/2)7,], 5,=0InT/dInny is the rela-
tive electron temperature gradient, v;=(2T/M,)"? is the
electron thermal velocity. The subscripts “Oe” in the equilib-
rium electron temperature are omitted for simplicity. Then, in
accordance with Appendix C, drift kinetic equation for g has
the approximate solution

g=8+0,H,(v,\,Q). (17)

Here ¢ is the 6-dependent part of the distribution function
defined by

I J
§=—1= (1——7), (18)
, T mc ax

while the function H,=H,(v,\,{)) is an “integration con-
stant” or f-independent part of distribution function satisfy-
ing the equation

<<1ce<g+ ovHe>> > ~0. (19)
Uy 0

We call the function H,(v,\,{)) the profile distribution func-
tion.

E. Magnetodrift effects in terms of profile distribution
function

We use Egs. (10), (11), (16), and (17), and allow for the
momentum conservation law for the electron—electron colli-
sions. We take the electron—ion collision term C,; in the form

Culh) = 2+ (ﬁ—f) (20)

where 1¥'=1#/(v) is the electron—ion collision frequency, ¢
=(1-\B)"2, N\=2u, /v%. The subscript “zero” in the equilib-
rium magnetic field is omitted for simplicity. Then we find

1 (9
Vo Jy=- | dvorie),, (21)
w. X
V-q,=V-q;+V-q (22)
where
.1 2 4
Veoqu=——-| d'vy T, |vg)e, (23)
w. X
IT, 0
Voqi=——"— | &vvu¥u){C..8)0 (24)
w,. Ix

V(v)=M,?/(2T,)-3/2, C,, is the electron-electron colli-
sion term, which will be discussed in Sec. III A.

Allowing for Egs. (17) and (18), it is clear that in order
to calculate V-J, and V-q, it is necessary to find H,. Fur-
thermore, we should know the contribution of the electron—
electron collision term in Eq. (24) for the function V-q.
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F. Generalized Rutherford equation for microisland
width allowing for bootstrap current

Recalling analysis of Ref. 12, we conclude that allow-
ance for the bootstrap current in the generalized Rutherford
equation for microisland width can be performed by the fol-
lowing substitution in Eq. (23) of Ref. 3 [see also Eq. (2)]

A" A’ +4A,,. (25)
Here the value A, is defined by [see Eq. (5.4) of Ref. 12]

23/2 R ® _
£ Rq E f dQJ,, f ’(:Lgdg’ (26)
cs WBog i J V) +cos &

where J,,=J,,(Q) is the bootstrap current averaged over is-
land magnetic surfaces and s is a parameter characterizing
magnetic shear.

Concrete form of the generalized Rutherford equation,
resulting from the modification mentioned above, will be
presented in Sec. VIII. Note that in allowing for bootstrap
current, “slab version” of electron longitudinal motion equa-
tion proves to be insufficient. To obtain “toroidal version” of
this equation, taking into account the bootstrap current, one
has to turn to the kinetic approach similar to that presented in
Refs. 11 and 12.

Ahs ==

lll. ANALYSIS OF DRIFT KINETIC EQUATION

A. Calculation of distribution profile function
1. Equation for profile distribution function

Now we turn to Eq. (19) for the function H,. Similar to
Ref. 12, we take the electron collision operator C,(f) in the
form

Ce(f) = Cee(f) + Cei(f) ’ (27)
where C,; is given by Eq. (20) and C,, means
1 a df 1
C =2—v{—N-+{C + vf4]. 28
ee(f) BV g(”\ gﬂ)\ g[ e(fl) 14 fl] ( )
Here 1°°=7°G(x)/x> is the scattering frequency for the elec-

tron collisions, 7*¢ is the mean scattering frequency for such
a collision, x=v/vy,

1 1Y 2
G(x):me +(1—E>mfo dte™, (29)
)\max
f1=312) JBodN\, (30)
0
Nmax 18 the maximally possible value of A,
Ci(f]):—Vif1+2Xf(f1)VfF, (1)
14(x) is the electron slowing down frequency,
. 2vf 2 (Y 2 2x
vi(x) = (W]/zfo dte™ - 3¢ ), (32)
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f(fl)zfdxx3f]vf/(2jdxx4FV§). (33)

We call the function f; the pitch-angle integral (or the
N-integral) of the function f.
Allowing for Egs. (17) and (19) we have

Kovalishen et al.

(§)=-0,3, (34)
where

E=xF(A;+ A7), (35)
gRw W, \ [ IA 3w,/ hr

Aj=2—|1-(1- — ) =-=7 - /|-
muy 0} ax 27 w \ dx

(36)
Rw w: oh

A, = IR0 OreTle ’7<—T> (37)

mur ax

In addition, by analogy with Eq. (30), we introduce the func-
tion H,,

}‘max
H, =(3/2) f H,BydN\. (38)
0

We call the function H,; the pitch-angle integral of the pro-
file distribution function.

Allowing for the aforedescribed relations, we represent
Eq. (19) in the form

1 0 JH 1
—(r+ )\ e):——N, 39
N R (39)
where
Ne = C:»(Hel) + v el V?'XFAZ(XZ - Cl)
+ 1°XF(A + Ax?), (40)
a=fdxx6 exp(— xz)vi/dex4 exp(-x?)1° = 1.75.

(41)

Similarly to Refs. 12 and 19, triple integration over A\ leads
to the equation for H,

(7 + V) (1 = co)H,; = co[Cy(H,1) + VxFAy(x* - a)]
+ CoVei[— Hel + .XF(AI +A2}C2)],
(42)

where cy=(3/4)[}mxB>Nd\/({), Calculating the integral
over \, we obtain (see also Ref. 12) co=1-3(2&/2)"%I,,
where 1,=0.69, e=r/R is the local inverse aspect ratio.

2. Expansion in a series in £'?
We look for H,; as a series in 1—c, taking
H, =HY +HY. (43)

In the zero order of the mentioned parameter it follows from
Eq. (42) that

Phys. Plasmas 12, 092501 (2005)

HS =xF(A; +Ap?). (44)
From the same equation we obtain equation for correction
i

CLHY) = vHY = (1= ) (¥ + v)H . (45)

3. Motivation of allowing for the terms of order
81/2

We introduce the function o-UI:Iel =g, related to the func-
tion ¢ for circulating particles:

max

A
o,H, =(32) f 8Byd\. (46)
0

We call the function 1‘:161 the pitch-angle integral (the
N-integral) of the 6-dependent part of distribution function.

Using Eq. (18), we find the function H,,

H,, =-2x(gRolmv,)F(1 - dyldy), (47)
where y({)) is given by Eq. (16). Here we have neglected
small term of order £*2. It can be seen that in such a neglect-
ing the function I:Iel does not depend on poloidal angle 6.

In terms of the function I:Iel and functions HSP and Hill)

determined by Eq. (43), Egs. (21) and (22) mean

4 el 9 [~
Vo J=-mie

3 dxx’ Vei(l:lel + Hﬂ) + Hgll)) ,

w.o0xJo
(48)

.4 19 (7 3 A
V-q,= _WU?"Te__J dxx3<x2 - —) Vv'(H, + Hffi)
3 w.dxJo 2

+HY). (49)
Using the formulas of Appendix A, we have
g Q9 22—
—_— =0+ —. 50
dx dIx o w, ! o8 g&ﬂ (50)
It follows from Egs. (16), (44), (47), and (50) that
A 252 4R
H, +H£) = —q—w[(Q +cos £)'?
% muvrp
e | OA
(s se] 1222
(2 +cos )] X x v )30
3 ws, Ohr
+{ = -2 c—=< . 51
(2 x )m > 90 ] (51)

In accordance with Eq. (51), the sum I:Iel+Hf_,(i) is pro-
portional to the difference (Q+cos &2~ ((Q+cos &)?) van-
ishing for () — oo, Therefore, one has to allow for the func-
tion Hill) formally small as £"? in Egs. (48) and (49).

4. Calculation of function H,)

Using Eq. (31), we transform Eq. (45) to
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HY) = [2xv FA(HLY) = (1= o) (v + ) HY].

e el
VS+ 14

(52)

Acting on this equation by the operator 7 introduced by Eq.
(33), we find

— co (v + VYHDI( + )]

1
AHY) = - : : 53
(Her) 2 AV xFI (v + v)] (53)
Substituting Eq. (53) into Eq. (52), we obtain
H) =- t_—cl{ (v + v*)HO
A + v)HO I + )]
+ VA F————— (54)
‘ AV XFI(VS + )]
For Hi?) given by Eq. (44) it means
HY == (1 = co)xFlay (A, + a(x)A,], (55)
where
ay(x) = (V¥ + 1+ VR )/I( + 1),
' . (56)
a(x) = [(v° + )2 + VIR, JI(VE + 1),
= AW PP ] oy
PLVOXFI(V] + 17)]
(57)
AT + el 3F/ e+ el
RS [UET%) N

T AIERFIG + 0]

Using Eq. (50), we reduce Eq. (55) for the function HE?

to
25/2 R
HY = T2 _ e )(Q + cos g)“%Fl (1
WX muvrp
Wz &A w*e&hTe
-= )mamw ) ag(xJ, (58)
where
as(x) = (3/2)a;(x) — ay(x). (59)

The right-hand sides of Egs. (48) and (49) include only the
derivatives of Hill) with respect to (), so that in the right-hand
side of Eq. (58) we can omit the Q-independent term related
to corresponding term of the right-hand side of Eq. (36) for
the function A;.

Totality of Egs. (43), (44), and (55) gives the function
H,, which, in accordance with Eq. (38), is an integral over \
of profile distribution function H,(v,\,Q). Knowing the
value of this integral one can calculate V-J,; and V~qi, with
the help of Egs. (21) and (23). However, to find V-q, it is
also necessary to calculate V-q¢ defined by Eq. (24).

B. Calculation of V-q§

After integration over A, averaging over 6, and summa-
tion over o, Eq. (24) for V-q is transformed to
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4 IT, 0 A
V-q=- gm‘;—ea dxx3\lf(x)Ci(He] + Hg)
+HY). (60)
Using the results of Sec. III A, we have
ClH, +HY) = — T2 ey (2 - ) (O
X muvyp (99
+cos &2 —{(Q +cos &%)], (61)
ClHD) = (1 - c) (e + v)H + v HY. (62)

Equations (3.34)—(3.36) together with Eqgs. (44) and (55) de-
termine V-q¢.

IV. MAGNETODRIFT EFFECTS IN TERMS
OF HYDRODYNAMIC PROFILE FUNCTIONS

We are interested in the magnetodrift effects only in the
region outside the island separatrix. Then, in accordance with
Eq. (A2), we have

(Q+cos &y =1/a_,(Q), (63)

where a_,(Q)=2"2kK(k)/ 7, k=[2/(Q+1)]"?, K(k) is the
complete elliptical integral of the first kind. Note also that
a_ =5(Q), where the function S({2) has been introduced in
Appendix A.

Using Egs. (51), (58), (61), and (62) we integrate over x
in Egs. (48), (49), and (60). Then we obtain

3 I (0= w=,)VQ + cos &

Wx

X [(NVQ +cos E— aZ))(A" + k{l;'re)

+ e { (A + K5 7)Y (64)
6 —ee
I 7V“gRn s
V.q.= gw‘l/zi‘{;Teq—zo(w — W)V + cos &
c X

X [(VQ +cos &= aZ}) (A" +k{h'r)
+ g0 (A + KSR )] (65)

Here (...)'=d/9Q, hy = hr (0= ws,), k{==i}/i{=035,
k{=-i1/i{=4.445, where

__1

==
* 3 3 f

ig:J dx<x2——>[x2——+ﬁ(x2—a)}xe'x2=1.111.
0 2 2V

(66)

The coefficients u; and u, are equal to w;=(1-co)l{/i]
~2.24g"2, ,u,qz(l—co)l‘f/i’fz 1.73¢'2, where
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I = f dxczl()c)xe“"2 ~ (.766,
0

“ 3
Ii= f dx<x2 - E)&l(X)xe"‘z ~—0.29, (67)
0

ay(x) = (v + )/

These coefficients characterize the contributions of the func-
tion Hill). The coefficients & and k§ entering the expressions
for these contributions are defined by k3=—I5/I] ~0.386, k§
=-13/11~3.24, where

B=1, Ig=—f
0

©

3
dx(xz - 5>d3(x)xe_"2 ~0.959,

(68)
a3(x) = (312 = x2) (v + v 1.

V. CALCULATION OF HYDRODYNAMIC PROFILE
FUNCTIONS

A. Canonical equations for hydrodynamic profile
functions

Substituting Egs. (64) and (65) into Egs. (12) and (13),
we obtain

(DA’ +D12fllre), =0, (69)
(DZIA’ +D22hA,Te), =O. (70)
Here

Dy = ol + () — aZy),
Dy =Kua| + k(e - aZ}),
D, = ,uqa:{ +(a - a:{), (71)

-1 -1
Dy = Kpyo; + ki(ay - o),

and a;(Q)=27)'$(Q+cos £)'2dé=232E(k)/(mk) where
E(k) is the complete elliptical integral of the second kind.
We call Egs. (69) and (70) the canonical equations.

B. Solution to canonical equations for hydrodynamic
profile functions

We integrate Egs. (69) and (70) over ) with the bound-
ary conditions

(A1) e = W (22017). (72)

We also take into account that the asymptotics of the func-
tions () and a_;(Q) for }— o are

2172 K 3t K K 9k
w="\"y e ) Em\ I e )
K
(73)

Then, we obtain
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D]]A,‘l‘Dlzl:llTe:CJ, (74)
Dz]AI +D22ﬁlTe=Cq’ (75)
where

(76)
w kgw*e
C,= ;ﬁ%(l + . ne)p,q.
It follows from Egs. (73) and (74) that
A'=(CiDy - CyD1y) B(EL,e), (77)
h'y =(C,Dyy = CiDy)IB(Q ), (78)

where B(Q,e)=DDyy—D,D>,.

We call the expressions for the profile function deriva-
tives, defined by Egs. (76) and (77), the “intermediate” ones
since they contain the yet to be known island rotation fre-
quency. They will be specified after finding this frequency.

VI. CALCULATION OF MICROISLAND ROTATION
FREQUENCY

We take into account that Eq. (74) means
psa { (A + K5 1) + (g = o (A + k(R 1) = Cp. (79)

Using Eq. (79), we exclude the terms with u; from Eq. (64).
Substituting the resulting expression for V-J, into Eq. (15),
we obtain the following equation for the island rotation fre-
quency

f dQ) % dgw’/Q + cos f[(v/ﬂ +cos E—ay)(A’
1

+klh'7)] =0. (80)
Integrating here by parts over () and &, we obtain
ZEZO+ZI=O, (81)

where
Zo= 13 (Q= )N +k{hi oo, (82)
Z 21/(2’”)J dQ(1 - aya_) (N +kh}). (83)
1 e

We find from Eq. (79)

(A" + kA oo = Crat' oy (84)

Then, taking into account Eq. (75), Eq. (82) is transformed to
021w kw7,

Z0= 23/2X<1+w—a)* . (85)

We look for solution to Eq. (81) in the form
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w=ws[1-b(e)n,], (86)

where b(e) is a function of . Calculating this solution nu-
merically, we obtain the function b(g) presented by line 1 in
Fig. 1.

One can see from line 1 of Fig. 1 that for £>0.1, the
island rotation frequency w has a rather weak dependence on
. To understand this result, we also calculate w(e) by the
method of successive approximations allowing for Z, to be
much larger than Z,. We represent b in the form

b=by+ b, (87)

where b, is defined from the condition Z;=0, and b is a
small correction to b, due to Z;. We find from Eq. (85)

by=kj. (88)
Taking into account Z;, we have
by =0.217" (ki = k3) (k= k9 Y (s), (89)
where
Y(e)=(1/2) f dQ(a; — a7 })IB(Q,¢€). (90)
1

The function b, and the sum by+b; are presented by the
lines 2 and 3 in Fig. 1. One can see, that the function b
defined by Eq. (87) is close to b, for mentioned above &
>(.1. However, for a smaller value ¢ the difference between
these functions becomes essential, so that for the case of
such & our method of successive approximation is invalid.

Vil. CONCRETE DEFINITION OF HYDRODYNAMIC
PROFILE FUNCTIONS AND THEIR COMPARISON
WITH THE RUTHERFORD PROFILE FUNCTIONS

For o defined by Eq. (86) the values C; and C, take the
form

Phys. Plasmas 12, 092501 (2005)

C,= WX,LLJ(b - ké)/(23/2b), Cq = Wx:“q(b _ k‘{)/(23/2b),
o1

Equation (71) means for the mentioned value of w we have
hy == Dbhy . (92)

Using Egs. (76), (77), (91), and (92), we express the func-
tions A’ and A in the “final” form

A'(Q,e) = WX[MJ(b - ké)Dzz - Mq(b - k%)Dlz]/(23’2Bb) >
(93)

/’l}e(Q, 8) = WX[,LLJ(b - ké)DZI — Iu,q(b — kg)Dll]/(23/2ﬁ) )
(94)
It is of interest to compare profile functions defined by

Egs. (93) and (94) with the “Rutherford’s” expressions for
them, Ag,(h7 )g (see Ref. 3 for details)

Ag=(hy)p= w /27 e, (Q). (95)

For such a comparison we introduce dimensionless functions

ga and g, , meaning gy=A’ /Ay, g 8h, =hy /(h )R called the
form- factors of the hydrodynamic proﬁle functions. Using
Egs. (93)-(95), we find

8a(Qe) = ayl (b = k) Dy = py(b = k) D1, (BB), (96)

8, (€)= e[y (b = k) Dy = po(b = K)D VB (97)

Far from the island separatrix, () — oo, and for arbitrary
values of & the standard result follows from Egs. (96) and
(97): (ga-8n,)0=1. For the separatrix, =1, we have

{gA(l,s>,ghT(1,s>}={ pTROTE
1 1

The examples of the form-factors g, ({2, ) and ghT(Q,s) for
e=0.1 are presented in Fig. 2.

Viil. GENERALIZED RUTHERFORD EQUATION
FOR NEOCLASSICAL MICROISLAND WIDTH

A. Starting expressions for polarization current and
bootstrap current contributions

In accordance with Ref. 3, polarization current contribu-
tion into Eqs. (1) and (2), A,, has the form

2G L?
Ap ﬁva(w w*l)(w a)*e) (99)
A

q q J
1l — KKY = (b — KK, (b~ k) ff’(b k")} o8

Here G, is a parameter, defined by
f dk [ E(K):| : IA
G2 = wRB(, o 21T K oQ’

ky=m/r, Li=qR/s is the shear length, p; is the ion Larmor
radius, v, is the Alfven velocity. The value G, is sensitive to
neoclassical effects for two reasons. First, these effects de-
termine the island rotation frequency entering Eq. (100).
Second, profile function A depends on these effects.

Note also that for arbitrary ratio w and p; we have quali-
tatively

(100)
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FIG. 3. Dependence of the geometric parameter g, on the local inverse
aspect ratio €.

1

W(Wz—-i-p?). (101)

A, ~
For the case of large-scale islands, w>p,, it yields A,
~1/w3,"*" while for the case of microislands, w<p;, in-
stead of Eq. (101), we have, in accordance with Eq. (100),
A,~1/ (wpiz).

In accordance with Eq. (26) and Eqgs. (5.5) and (5.41) of
Ref. 12,

Jyp=— (4/3)7Tef v3de£11).

0

(102)

B. The role of polarization current

For dA/d€) given by Eq. (93), Eq. (100) means

22 (M ak ) 2 E(k)
Gz(8)=7f0 KTB{E[I ]—1}[,%1(19

" K(x)
—k))Dy, - (b =k9)D),].

We introduce G5 coincident with G, for the Rutherford’s
expression for dA/d€) defined by Eq. (95). In accordance
with Ref. 3, G§ =0.396. We characterize the difference be-
tween G,(e) and G5 by a geometric parameter g,(e)
=G,(e)/ G§. Behavior of the function g,(e) is presented in
Fig. 3.

Using Eq. (86), we have

(103)
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(0= )= ©s,) = = g0t b(1 + 7= 7,b). (104)
Assuming ¢ to be not too small, so that G,>0, allowing for
Eq. (104), we find that the polarization current is destabiliz-
ing, Ap>0, only for

- n,b(1+7-7,b)>0. (105)

This means that the electron temperature gradient must be
either negative, 7,<<0, or large enough positive, so that

7, > (1+7)/b. (106)
In the contrary case, i.e., for
0< 7y <(l+7/b (107)

the polarization current is stabilizing, A, <0.

C. The role of bootstrap current

Using Eq. (58) for Hill) and integrating over velocities,
we reduce Eq. (102) to

- 1642 eqRny(w — w,
J/?S:_ —\W—I/Zl}lﬂ‘(] _CO) q 0(0) w L) a:}(AI
3 mw,
— kph7 ). (108)
_ gbsyybs _
Here k,,=-I;"/1"=0.401,
Iy'= f dxay(x)x'e™ = 1.12,
0
(109)

112’5 = f d)ca3(x)x4€_)‘2 =~ —0.449.
0

For A’ and hy defined by Eqs. (93) and (94), Eq. (108)
means

- 8 s eqRnyn,w=, _
Tw=3 21851 = ) =————aZi[ /(b — k)(Dyy
mp

+khsD21)_Mq(b_kg)(DIZ'*'kblel)]- (110)

Substituting Eq. (110) into Eq. (26) and integrating over (2,
we arrive at

8 _p ron.
A= ST )BT ),

— (111)

n

where 1/L,=—d Inny/dr, B, is the “electron beta,”

[ Vdk | 2
Cps(8) =482 . Fﬁ P 1

X (Do + kpsD3y) = py(b = k3)(Dyp + kD) ]
(112)

E(x)

—K(K)} - 1} X [1ts(b - 1)

Approximately, Eq. (111) reduces to

Downloaded 30 Jan 2006 to 152.84.50.52. Redistribution subject to AIP license or copyright, see http://pop.aip.org/pop/copyright.jsp



092501-11 Neoclassical magnetic microislands in tokamaks

2 1 eq*R*nyws
Ay, = w—ml?(l—co)——q 0%re e

7
— b+ k)G,
3 cs mwB, ( w G

(113)

It hence follows that for 7,>0 the bootstrap current is de-
stabilizing.

D. Relative role of polarization current and bootstrap
current effects

Taking into account the given aforedescribed relations,
we find that the total effect of the polarization current and the
bootstrap current is destabilizing, A,+A,,>0, for

2° , L,
7]6[?77_”2111”(1 —co)b+ky)A+7s—=b(1+7
r

—br]e)} >0. (114)
Assuming b=b, [see Eqgs. (87) and (88)], we find that for 7
~1 and 5,~1 Eq. (114) means

e2sL,/r > 0.04. (115)

Since the right-hand side of Eq. (115) contains a small nu-
merical coefficient, this inequality can be fulfilled in experi-
mental conditions.

E. Critical width of neoclassical microislands

Assuming  A,>A,, we find from A,>A" and
A’=-2m/r that excitation of the microislands is possible
only for w<<w,,,,, where

Winax = 4.93(r/m)(r/L,)e"* B, m,cpds, (116)

where (3, is the electron poloidal beta.

The value w,,,, can be used as an estimate for the char-
acteristic width of the islands considered. Note that we have
neglected the electron inertia in the electron longitudinal mo-
tion equation, Eq. (8). The neglect is valid if the island width
is larger than the electron skin depth c/w,., w>c/w,,,
where w,, is the electron plasma frequency. Stability, mi-
croisland formation, and consequent anomalous transport for
finite ¢/ w,,, in neglecting the neoclassical effects have been
considered in Refs. 22-24. Appearance of the scale length of
order wy,. given by Eq. (116) is due to allowing for these

effects.

IX. DISCUSSION

The main result of this paper is the demonstration of the
possible existence of neoclassical magnetic islands in a toka-
mak plasma with electrons in the banana regime. In order to
obtain this result, we had to analyze a rather wide circle of
problems, a detailed list of which was presented in Sec. I. In
the framework of this analysis, the problem of calculating
the microisland rotation frequency, which was the
“stumbling-block” for Ref. 3, and the problem of the boot-
strap current incorporation into the microisland theory, as in
the case of large-scale islands (see in detail Ref. 13), have
been solved.
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It follows from our analysis that neoclassical microis-
lands are rather sensitive to the presence of electron tempera-
ture gradient. An important role of this gradient also has been
noted in the theory of “slab” microislands.' In our toroidal
problem the presence of the temperature gradient is a neces-
sary condition for revealing the effects of both bootstrap cur-
rent and polarization current and, at the same time, the rea-
son of the magnetic island existence. Such a picture is in
accordance with the general concept7 that excitation of mi-
croislands should result in vanishing of the cause of their
excitation.

In order to estimate the anomalous electron diffusivity y,
based on the theory presented we will follow, similarly to
Ref. 23, the approach of Ref. 25 (see also Ref. 26) using the
formula y,=~ (vy,/L,)(mw?/r) and taking w=~w,,,, given by
Eq. (116). Then we arrive at

Xe = [v7/(qRsH [ /(m*L}) e ). (117)

Since in our case w>c/wpe, this anomalous electron diffu-

sivity is larger than that obtained in Ref. 23.
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APPENDIX A: RELATIONS CHARACTERIZING
MAGNETIC ISLAND GEOMETRY

Similarly to Ref. 12, we represent the perturbed electric
and magnetic fields E and B in the form E=-V®

—(b/c)dA /o, B=bXVA,, where A, is the longitudinal
component of the vector potential. We introduce the mag-
netic flux perturbation $=-RA, taken in the form ¢

=y cos & where ¢ is a constant or a function weakly depen-
dent on time and é=m6-n¢— wt is the island cyclic variable,
m and n are the poloidal and toroidal mode numbers, and w
is the island rotation frequency. We assume that the islands
are localized in the vicinity of radial coordinate x=y, and
introduce the island magnetic flux function ) defined by

QO =[go(0) - ¢, (A1)
where lﬂo()()=lZ(X—)(s)2/W)2(, wi=4zzqs/qs', g, is the safety
factor for y=y,, the prime denotes the derivative with re-
spect to . The island halfwidth w is related to w, by w
=|w,|/RBy. The intervals Q>1 and -1 <Q<1 correspond
to the regions outside and inside the island separatrix.
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We designate the averaging over the island magnetic sur-
face by the symbol (...). Outside the island separatrix we
have

((..) = fﬁ (Q +cos &7V2(..)dé2mS(Q)], (A2)

where S(Q)=(2m)"'$(Q+cos £)"2dé. Here we integrate
over ¢ within the limits 0 < ¢<27r. Inside the separatrix we
substitute Eq. (A1) by

(.n=> 3€(Q+cos o2 )adgRms(Q)],  (A3)

where o, =sgn(x—x,)=+1, and the integration interval is de-
fined from the condition cos £=—().

APPENDIX B: HYDRODYNAMIC PROFILE
FUNCTIONS

We use the poloidal magnetic flux y introduced in Sec.
IT B. We assume that the magnetic island chain is localized in
the vicinity of the rational magnetic surface x=y,. Then, the
total plasma density N(y) can be presented in the form

N(x) = no(x,) +no(x) X + 1, (B1)

where 7 is the perturbed plasma density and y=yx—x,. The
density profile function £,({2) is introduced by

() = (X) + (A)ng. (B2)

Similarly to Eq. (B1), we represent the total electron tem-
perature T,(x):

T.(X) = Toe(xs) + T (X)X + T, (B3)

where f‘e is the perturbed electron temperature. The electron
temperature profile function hTe(Q) is introduced similarly to
Eq. (B2):

hy (Q) = (R) + (T, (B4)

The electrostatic potential profile function 4({) is intro-
duced by the same way as in Ref. 12:

(@) = (wg/me)[(X) — h(Q)]. (B5)
Expanding in a series in y and ® we find from Eq. (3)

N(x) =no(x,) +n(x) X — ePno(x,)/ To;- (B6)
It follows from Egs. (B1), (B5), and (B6) that

h,(Q) = (1 - w/w:)(X) + (o ) (). (B7)
APPENDIX C: TRANSFORMATIONS AND

SIMPLIFICATION OF DRIFT KINETIC EQUATION

Similarly to Ref. 12, we take the electron drift kinetic
equation in the form
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&f e af
L?[+U|‘Vf+VEVf+vde_E;EHﬁ
-Vd o
LA AL S 1)
M, v Jdv

Here f is the total electron distribution function, e is the ion
charge (so that “—e” is the electron charge), U=(Uﬁ+28L)1/2
is the total particle velocity. We take the electrostatic poten-
tial ® in the form [cf. Eq. (B5)]

® = (wg/mc) x —h(Q)] + a, (C2)

where « is a function satisfying the condition (a)=0. In Ref.
3 in addition to « the function 6 has been used related to «
by a=a’+ 8, where

T e et (3)
1+ 7mc

In the approximation, when the parallel electron motion
equation, Eq. (8), is valid, we have 6=0. In a series of fol-
lowing equations we will assume the function & to be finite,
to illustrate the physical effects related to it. In deriving the
equations of interest for the hydrodynamic profile functions
and the island rotation frequency we neglect such effects in
this paper. Then, similarly to Ref. 12, we find

(ah L )ag mc&Q(&g&a agaa) v dg
ax T 9T g ax\agaQ 90 ag) T Rg a0
Ay ] ]

e via v_,_<v_)£Fﬂ(1__7):Ce,

T Jdxdé Rq 96 T mc dx

(C4)

where the value kj=-myq./(Rq>) is a longitudinal wave
number.

Similarly to Ref. 12, we represent g as a series in Rq/v,
g=gW+gW+ .. where the function g© satisfies the equa-

tion
v 989 v, (v (0] J
LIRC oS —I—(—)—F—q<1 —y)zo, (C5)
Rq 00 Rq 096 T, mc ax
and the function gV is determined by
v dg" | T — |ag®
— (0= ) =k
Rqg 96 l+7 Z3

=C. (Co)

e
__F[
T,

Similarly to Ref. 12, it follows from Eq. (C7) that

&76’5 qo w = s dy I
&Xﬁf mc 1+7 9Q 9¢

gV=h+g, (C7)

where ¢ is given by Eq. (I18), and # is an arbitrary
6-independent function. Then, as done in Ref. 12, we take
different forms of Eq. (C8) for circulating and trapped par-
ticles. In the case of circulating particles we assume
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h=h+o,H,, (C8)

where (h)=0, and o,H, is the value of / averaged over the
magnetic island surface, i.e., o-vHE,:(fz). Below we neglect

the function A, so that Eq. (C7) reduces to Eq. (17). Then,
turning to Eq. (C6), similar to Ref. 12, we find, that the
function H, satisfies Eq. (19).
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