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Brane world in non-Riemannian geometry
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We carefully investigate the modified Einstein’s field equation in a 4-dimensional (3-brane) arbitrary
manifold embedded in a 5-dimensional non-Riemannian bulk spacetime with a noncompact extra
dimension. In this context the Israel-Darmois matching conditions are extended assuming that the torsion
in the bulk is continuous. The discontinuity in the torsion first derivatives are related to the matter
distribution through the field equation. In addition, we develop a model that describes a flat FLRW model
embedded in a 5-dimensional de Sitter or anti—de Sitter, where a 5-dimensional cosmological constant

emerges from the torsion.

DOI: 10.1103/PhysRevD.83.064019

I. INTRODUCTION

For a few decades, brane world models have been an
interesting option within extra dimension theories. In this
scenario, string theory is valid at high energies and gravity
is defined in a 4 + D-dimensional manifold. At low energy
scales, one expects to recover conventional gravity and
hence the gravitational field should be mostly confined in
the 4-dimensional manifold.

From the perspective of string theory, brane worlds are
phenomenological models with only 1 extra dimension.
Hence, it is assumed that the other dimensions become
somehow ignorable and all deviations from low-energy
physics can be implemented in 5 dimensions.

Perhaps the three most successful models are the Dvali-
Gabadadze-Porrati (DGP) and the two types of Randall-
Sundrum models (see [1-4] for a review in brane world).
We shall focus on the Randall-Sundrum RSII type in which
it is possible to have a noncompact extra dimension if the
bulk describes a nonfactorizable geometry [5].

There are different reasons to study brane world models.
Beside its string theoretical motivation, brane worlds have
some attractive features and applications. It can, for ex-
ample, solve the hierarchy problem [6] or eliminate some
singularity issues [7-11], even though there still persists
the stability problem of the Cauchy horizon in gravitational
collapse [10,12]. In cosmology it can lead to inflationary or
late-time-accelerating models [13—15]. They are also nice
models to study holographic ideas such as the AdS/CFT
correspondence which can be implemented in the lowest
perturbative order [16-20].

In this paper, we propose to include torsion effects in the
brane world scenario. Even though, to date, there is no
experimental evidence for introducing torsion in gravity,
there are some theoretical arguments in favor of consider-
ing torsion fields as a desired component in any spacetime
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theory [21-23]. In string theory, the low-energy limit-
effective Lagrangian has besides the aimed gravitational
field, a dilaton and an antisymmetric field [24,25] in which
case the torsion potential can be an antisymmetric Kalb-
Ramond field. Furthermore, if one wants to implement the
local Poincare symmetry as part of a gauge theory then
torsion fields are also necessary (see [26-28] for a review
on theories with torsion).

The abovementioned Cauchy problem in gravitational
collapse is intrinsically related to the affine structure of the
manifold. Thus, one might also hope to avoid its divergen-
ces while including torsion effects. It has been shown [10]
that brane world corrections to the Schwarzschild metric
tend to attenuate gravitational lensing effects which could
be a problem to accord with solar system experimental
tests. Therefore, torsion can also play an important role in
these matters.

In this first analysis, we shall not be concerned with the
origin of the torsion field. We shall consider the torsion as a
fundamental tensor that defines the affine structure of the
bulk but is otherwise completely independent from the
metric tensor. Therefore, for a 5-dimensional bulk,
there is no a priori constraint in the 50 components of its
torsion field.

The paper is organized as follows. Section II is devoted
to defining some basic geometrical objects, mainly to fix
notation and clarify our convention for the geometrical
objects that roughly follows Wald’s book [29] but with a
different metric signature. In Sec. III we derive the Gauss-
Codazzi embedding equations assuming 5-D Einstein’s
equation in the bulk with torsion. Then, in Sec. IV we
analyze the new junction conditions and relate the extrinsic
curvature to the bulk matter distribution and the torsion
field. In Sec. V we construct a specific example by propos-
ing an ansatz for the torsion field where is possible to
embed a Friedmann-Lemaitre-Robertson-Walker (FLRW)
metric in a 5-D geometry with constant scalar curvature.
Depending on the signature of the extra dimension, the
cosmological toy model can describe a static universe or a
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model with a transition from a deceleration to acceleration
phase. Section VI is reserved for comments and final
remarks.

II. BASIC EQUATIONS

We shall consider non-Riemannian manifolds with tor-
sion and therefore it might be useful to explicitly define
some basic relations insomuch that the position of the
index are now rather important and some of the usual
symmetries are lost.

In our convention, any metric eigenvalue associated with
a time coordinate can at a point be made +1 and with a
space coordinate —1, i.e., a normalized timelike vector has
&#§€,, = 1. The covariant derivative is defined as

Vyr =g, + T4 £
and the curvature tensor as
Ry =Ty = Vo0 T UE 0, — TG, 10,

Let us consider an N-dimensional space endowed with a
metric tensor Mg . and a nontrivial affine structure due to
torsion terms V)7 »e- The connection can be defined as

(N)
Mre,, = { fc} + WK, ()

“Ie)
bc

is the Christoffel symbol and WK<, is the contortion
tensor. The torsion

where

(N)Tabc = (N)cm — (N)[‘gb, (2)

together with MV _g,, = 0, allow us to write the contor-
tion as

(N)Kabc = ((N)Tabc + (N)Tbac + <N)Tcab)’ (3)

NSY

which has the antisymmetry WK , = —MK_  The
curvature tensor can be separated in its Riemannian and
non-Riemannian parts as

(N)Rabcd = (N)Rabcd + (N)Kahcd’ “)

with MR, , being the Riemannian tensor defined only
with the Christoffels [29,30] and

WKy = YDNKE = VD,NEKE,

K G, VK o = VKK, ()
where Y)D means a covariant derivative constructed only
with the Christoffel symbols.

In our study, we consider a bulk manifold Us with

coordinates {Y4, A =0,.,4} and the brane V, as a
subspace of Us with coordinates {x% a =0,..,3}.
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We can define a unitary vector field X4 € Us orthogonal
to V,. That is,

Og Yt XP =0, (©)
where Y4, € V, forms a vector basis, and
g s XAXE = €= +1, (7)

where € = +1 for a timelike extra dimension and € = —1
for a spacelike extra dimension. Thus, the induced metric
in V, is defined as

We,p = gupY Y’ (8)

In addition to V, and Us being metric spaces, throughout
this paper we will consider that the torsion components do
not vanish, in general, in any of these two manifolds.

II1. FIELD EQUATIONS

To derive the effective gravitational equation in the
brane, we start with Einstein’s field equation in the bulk
without cosmological constant, i.e.,

OG5 =PG5+ Ly = k39T ©)
where
- - 1.~
OG,, = (S)RAB — E(S)R(S)gAB’ (10)
Gp =6 L5k
Lyp=""Kyp ~ ) K8 ap (11)

with OK,, = OKC, ., and OK = O gtBOK .
By defining the extrinsic curvature

Qup = =Vgup¥!a¥ VX", (12)

where ®'V is the covariant derivative built with the con-
nection (1), it is straightforward to show that

(4)Ra,8y5 = (S)RABCDY,AaY,BBY,CyY,Da
+ €(QpsQoy, — Qg Qys), (13)
and
(4)vyﬂaﬁ - (4)vﬁﬂay = (S)RABCDXAY,BaY,CvY,D/;
—T7,5Q0, (14)

Equations (13) and (14) are the Gauss-Codazzi equa-
tions for nonvanishing torsion components. Contracting 3
and & in the Gauss equation we get

(4)Ga7 = (5)RACY,AaY,C«/ - E(S)RABCDY,AOIXBY,CVXD
1
+ e(QayQ = 005Q9) = Vg0, R (15)

with @G, 5= @G, g+ Log, and with an another
contraction:

064019-2



BRANE WORLD IN NON-RIEMANNIAN GEOMETRY
@R =GR — 2ePR, X XC + (O — Q,50%). (16)
Finally, using this result in (15) we have
WGy =G, YY) = €IR pep Y XPYE, XD
+€e(Q,,0-0Q,50°) —%ewgay(ﬂz —050°F)
+e9R, XX Wg,,. (17)

Since Einstein’s equation determines only the trace part
of the curvature tensor, it is useful to decompose it in terms
of its traces and the Weyl tensor, the trace-free part,

N 2 N N
OR4pep = PCupep + g[(s)gA[c(S)RD]B — Vg gV R ]

1~
_ 1R 5
gR( )gA[C( )gD]B‘

Using this decomposition, Eq. (17) can now be written as

2 o~
(4)Ga7 = (g(S)RAC + (S)KAC)Y,ACMY,C)/ + G(Qayﬂ - Qaﬁﬂg)

1
_EE(QZ — Qﬁﬁﬂsﬁ)(“)gay —ekF
25
+ [e(—<5>R ot (S)KAC)XAXC

3
5.5 1
__<5>R__<5)K]<4>
2 2 Say

ay ~ €Jqy

(18)

where we have defined

Eoy = (S)CABCDY,AaXBY,CVXD’

Jay = VK, pep ¥ o XPYE XD,
The bulk field Eq. (9) can be used to substitute the trace
part of the curvature tensor by the energy-momentum of

the bulk and the torsion terms. Therefore, we can rewrite
Eq. (17) as

(4)Ga/y

:gKg[(s)TAcY,AaY,Cy + (6(5)TAchXc _ le(s)T)m)gay]
e, Q= 0,,00) — %e@) Guy (02— 0 096)
— €(Egy +J0y) + %(5)KACY’AQY,CY

—i—%(e(S)KACXAXC —%(5)K>(4)gw. (19)

These are the modified Einstein’s field equations in the
brane when one considers nonvanishing torsion for the
bulk. The torsion manifests itself by introducing extra
correction terms in the field equation but also by inducing
a torsion tensor in the brane. Recall that there are also
torsion terms within (4)Ga7 similarly to Eq. (9).
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To describe the evolution of the field restricted to the
brane we still have to specify how the brane is curved with
respect to the bulk, i.e, to determine the extrinsic curvature.
Therefore, Sec. IV is devoted to establish the junction
conditions to connect the extrinsic curvature to the matter
distribution.

IV. JUNCTION CONDITIONS

Let us assume a given matter distribution restricted
to the 4-dimensional brane (1 + 3) embedded in a
5-dimensional bulk space where the extra dimension can
be timelike or spacelike.

In general relativity, we know that the Israel junction
conditions must be satisfied in order to properly describe
the geometry of spacetime taking into account possible
discontinuities of the matter distribution [31]. Since we
have a 5-dimensional Einstein equation that connects mat-
ter distribution with geometry, there are also consistency
conditions relating the extrinsic curvature with discontinu-
ities of the energy-momentum tensor across the brane.

If one assumes that the metric is continuous in the bulk,
any discontinuity of its first derivative across the brane
must be perpendicular to the brane

[(S)gAB,C]V4 = XasXc

where [f]y, means discontinuity of f across V, in the
Hadamard sense [32-34], and Yz = xpa- Working this
discontinuity up to the curvature tensor, we will be able to
connect it with the matter discontinuity through Einstein’s
equation. However, we still have to specify how the torsion
changes due to a matter discontinuity. The torsion modifies
the affine structure of the manifold, hence, it should be
considered as fundamental as—and independent from—
the metric. This consideration notwithstanding, the field
equation shows that its first derivative should be discon-
tinuous if we consider matter discontinuities. Therefore, it
seems reasonable to assume that the torsion, or, equiva-
lently, the contortion tensor is continuous just as the metric
tensor but its first derivative is discontinuous.

In order to obtain the junction conditions, we will con-
sider Gauss’s Eq. (13) for a Gaussian coordinate system
given by

ds®> = edy® + (4)gaﬁ(x7)dx“dx3, (20)
where y denotes the extra dimension and X* = 7.
Therefore, by contracting « and y in (13) we get

(4)R/35 = (S)RABY,ABY,BB - G(S)RyByDY,BBY,Da

For this coordinate system the Christoffel’s symbols are
simply
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~ _ 5 ~ . (3
<5>ng—0 ()F%c_ _

5
3 ) 8hC.y

o 1
(S)F?;y — 5 (s)gAc(s)ch ,

which will give for the Riemannian part of the curvature
tensor

1

- 1
(S)RyByD = Z(S)gCE(S)gCD,y(S)gBE,y - E(S)gBD,y,y‘

On the other hand, we can explicitly calculate the de-
rivative of the extrinsic curvature which gives

Qopy = |:<5)KyDB,y

Using the above two equations, one can easily show that

(S)R DYB,aYD,B

1
- 5 (S)gBD,y,y]YB,aYD,ﬁ'

yBy
1
= QaB,y - (S)KyyB,DYB,aYD,ﬂ + I:Z(S)gCE(S)gCD,y(S)gBE,y

1
— _(5)gEF(S) 8sry

5 vKype + TFpp Kk

1
+ E(S)gEF(S)gDF,yKE}’B + K.MDBKWM

- KMyBKyDM]YB,aYD,B'

Now, Eq. (21) may be rewritten as
OR,5=€Qupy + Zop (22)

where Z,p stands for continuous and bounded terms in a
finite region that circumscribe the brane.

As is commonly done in the brane world scenario, we
assume that the 5-dimensional energy-momentum tensor
has the form

OT, 5 =T 5 + T, 58(y), (23)

where O'T , ; and ©'T , , denote, respectively, the continu-
ous and discontinuous components of )T, across the
brane. In addition, ®7T ,, is assumed to be restricted to
the brane, i.e., (5)T XA = 0, and can be decomposed as

T oap =T pY Y g =105 — 0Wg,s (24

with 7,5 describing the matter content confined in the
brane and o is the tension of the brane.
We can use the field Eq. (9) to write

1
(S)RAB = K%[TAB - gT(S)gAB](?(y)
- 1.
+ K%[TAB _ET(S)gAB] (25)
Recalling that by hypothesis Z, 5, ©'T ; 5, and @ g , p are

bounded functions around y = 0 and using Egs. (22)—(26),
we have
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elim

lim Qaﬁydy = 11m

+¢
. (S)Raﬂdy

= K%[Taﬁ — %T(S)gaﬁ]. (26)

Taking into account the Z, symmetry, i.c., Q;B(y) =
Q;B(—y) and the fact that T, g 1s symmetric, the sym-
metrical part of the extrinsic curvature is given by

1 1
Q(aﬂ) = Engl:Taﬂ o gT(S)gQB]' (27)

Its antisymmetrical part can easily be obtained by using
definitions (2) and (12). Therefore, the extrinsic curvature
can be written in terms of the energy-momentum tensor
restricted to the brane and the tension of the brane, and of
the torsion as

1 1
Qaﬁ = Eng[Taﬁ - g(T - O')galg]
1
3 TancX Y2 YE (28)

‘We can now collect all these terms and include them in
Eq. (19). Thus, the modified Einstein’s equation in the
brane becomes
(4)GaB + A4(4)gaﬁ

= 87TGNTaB + EKgHaB + eFaﬁ -

€E.p — €J4p

(S)L)(4)g 5
o s

(29)

1 1
- §<5)L agY oY+ g(e<5>L XA XE —

where we have defined

€

A4EEKg02,
€T

Gy = 4

N K5487T

2
Fopg = gKgl:e(S)TABY,AaY,Bﬁ
1
+ <<5>TAB oo - | E<5>T)<4) Sus ]
1 € €
_ A B
Z(’Ta,y + K—gTAa,),X )(T)/B + K—gTB)/BX )

1 1
+8(75777 +— TA57T 76XAXB)<4)g

I, g

As we are not assuming a 5-D cosmological constant, it is
natural to expect that the 4-D cosmological constant Ay
depends only on the brane tension o and the 5-D Einstein’s
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constant K% (see [3]). On the other hand, as long as
Newton’s constant G has to be positive, we have to take
positive tension o for a timelike extra dimension or nega-
tive for spacelike, i.e., o = €|o|. Furthermore, the sign of
the induced cosmological constant A, is also fixed by the
nature of the extra dimension. The tensor F,z represents
the contribution of the 5-dimensional energy-momentum
tensor and II, 4 are correction terms quadratic in 7,4 that
are no longer symmetric due to presence of the torsion
terms T, BXA. One should also note that (4)Ga g 1nEq. (29)
include torsion terms, recall Egs. (9)—(11). Hence, in gen-
eral, it is also not symmetric.

We have consistently introduced torsion effects in
a 5S-dimensional bulk and derived the modified
4-dimensional Einstein’s equation in the context of brane
world models. To complete our analysis, we propose a
specific example that allow us to construct a cosmological
toy model where the brane is described by the FLRW
metric.

V. EMBEDDING FLRW SPACETIMES
IN A NON-RIEMANNIAN MANIFOLD

In this section, we shall construct a solution of the field
Eq. (9) such that it admits the FLRW metric as subspace.
The field equation determines how a given matter distri-
bution (S)TA 5 should modify simultaneously the metric and
torsion tensors. Notwithstanding, these are nonlinear and
very involved equations. Therefore, we shall propose an
ansatz for the torsion and metric tensors and show that they
indeed satisfy the field Eq. (9).

Let us consider an ansatz for the torsion in the bulk as

Tapc = a(s)gA[BGD,C] = Kupc = a(s)gB[A€0,c], (30)

where « is an arbitrary constant and ¢ is a 5-dimensional
scalar field. Furthermore, we shall assume vacuum con-
figuration in the bulk, i.e., we take the metric to describe a
5-dimensional spacetime with constant scalar curvature,
and (S)TAB = 0. In the coordinate system (u, v, y, ¥, )
the metric can be written as

ds? = fovzdu2 + H;

sdv? — v [dx? + x*dQ*], (31)
1v

where dQ) = d¥? + sin>9d? is the solid angle and H3 is
for the time being only an arbitrary constant. Therefore the
5-D Ricci scalar reads

OR = —20€eH% (32)

That is, for a timelike extra dimension we have a 5-D de
Sitter spacetime. On the contrary, for a spacelike extra
dimension we have a 5-D anti—de Sitter spacetime.

Using the above metric and assuming that ¢ = ¢(v)
with
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dp _ 1

dv av’

straightforward but long calculation shows that

~ 1
OG s = 6€H Vg5 Ly = K — E(S)K(S)gAB

— 2
= —6€eH3Vg,p.

Therefore, our ansatz satisfies the field Eq. (9). Once we
have a 5-dimensional de Sitter or anti—de Sitter solution,
one can verify that the flat 4-dimensional FLRW spacetime

ds®> = dt* — a*()[dr* + r*(d6* + sin’0dp?)]  (33)

can be embedded in the spacetime (31) through the follow-
ing embedding functions:

- f‘”,’ H2 LY = () = —aln),

=¢=9¢.

One can also calculate the normal vectors that are
given by

XA = +<H§“  JH2a® — €?,0,0, 0).

‘We shall consider that the matter content restricted to the
brane is described by a perfect fluid

Tap = (p+ PWVaVp = PV p (34)

Again, after some laborious calculation, one can show
that the corrected field equations in the brane read

Y2=x=r,

a\2 27Gy € Ay

Z) = 1— 35

<a) 3 p[ 2|o-|”] o
i 277G € 1
G- 2y s3p— € pCp+3n) |- tAr GO
a 3 o] 6

For a perfect fluid with equation of state p = wp, the
Codazzi equation reads

p+g(5p+6p+0')

a 5+6w |0-|
=0= = y 37
p= Po( ) T 5 6w (37

where p, and a, can be taken, respectively, as the value of
the energy density and scale factor today. Taking the time
derivative of Eq. (35) together with the above Codazzi
equation, one reobtains the dynamical Eq. (36). This is a
consistency check that reassures that our hypothesis of
the torsion tensor being continuous across the brane is
well defined.

Considering p as a decreasing function of the scale
factor, i.e., @ > —5/6, the quadratic term on Eq. (35)
could eventually become relevant for a timelike extra
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dimension, € = +1, and provides a way to avoid the initial
singularity. However, the nature of the extra dimension
also fixes A4 >0 and one can show that it is impossible
to find bouncing solutions with a timelike extra dimension.
In fact, this dynamical system has only one solution that is
a static universe with p = o. Then, Eq. (37) fixes the value
of the scale factor. This static solution is stable in the sense
that the constraint Eq. (35) does not allow the system to
move away from the point p = o. One can also calculate
all orders of time derivative of the scale factor and show
that they all vanish as should be if the system is constrained
to be fix in the static solution p = o.

In the case of a spacelike extra dimension, € = —1, the
dynamics change completely. All the terms on the right-
hand side of Eq. (35) are now positive-definite. Hence,
we again do not have bouncing solution. Equation (37)
shows that in an expanding universe the energy density
approaches a positive constant

= S e
In addition, if @ > —2/3, the Universe starts in a decel-
erating expanding phase with small scale factor and very
high-density energy and eventually evolves into an
accelerating phase that will tend asymptotically to a de
Sitter—like expansion. Thus, a spacelike extra dimension
can reproduce the transition from a decelerating phase

with p < a3 for @ = —1/3 to an accelerating regime
with an effective cosmological constant p = %a and
i/a = % 0.

VI. CONCLUSION AND PERSPECTIVES

In the present work, we have studied the modifications in
the brane world scenario due to the presence of torsion in
the affine structure of the bulk manifold for an arbitrarily
extra dimension, € = *£1. The Gauss-Codazzi equations
were barely modified with the appearance of an extra
torsion term in the Codazzi equation, but now the extrinsic
curvature is no longer symmetric. Assuming a 5S-dimension
Einstein-like field equation in the bulk, we derived the
4-dimensional FEinstein’s equation with the extra terms
depending on the 5-dimensional energy-momentum tensor,
the extrinsic curvature, and torsion terms. Considering
nonvanishing torsion in the bulk, the torsion introduces
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extra correction terms in the field equation but also induces
a torsion tensor in the brane.

We have implemented the junction conditions, which
connect the extrinsic curvature to the matter distribution,
assuming as usual that the metric tensor is everywhere
continuous. Furthermore, inasmuch as the torsion is an
independent tensor and in a sense as fundamental as the
metric tensor, we have considered that the torsion is also
continuous but its first derivative, which appears in the field
equation, is discontinuous. The novelty in the junction
conditions is related to the antisymmetric part of the ex-
trinsic curvature given by the 5-dimensional torsion tensor
projected into the brane.

The identification of the Newtonian constant, G, fixes
the sign of the tension of the brane with respect to the extra
dimension, o = €|o|. In addition, the cosmological con-
stant in the brane A, also is fixed and has the same sign of
the extra dimension. In our toy model, the de Sitter
(or anti—de Sitter) bulk solution comes from an effective
cosmological constant related to torsion terms. However, if
one defines the 5-dimensional field equation including
from the beginning a 5-D cosmological constant, then A4
is no longer fixed and in fact does not need to have the
same sign as the extra dimension.

Finally, we developed a toy model where the torsion
tensor has only a scalar degree of freedom. We have shown
that this ansatz is equivalent to an effective cosmological
constant allowing the de Sitter- (or anti—de Sitter)-like
solution in the bulk. For a timelike extra dimension,
€ = +1, there is only a unique solution that describes a
static universe. Contrarily to other static solutions in the
literature [35-38], this solution is stable in the sense that
Friedmann’s equations do not allow any matter perturba-
tion restricting the scale factor to a fixed value. In the case
of a spacelike extra dimension, € = —1, the tension of the
brane contributes to the energy density so that the asymp-
totic solution is an ever-expanding de Sitter universe, but
without a varying tension in the brane as in [14—40].
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