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1. INTRODUCTION

The Velikhov effect [1], which leads to magnetoro-
tational instability (MRI) [2, 3], was predicted for the
standard MHD regime, in which the ion cyclotron fre-
quency 

 

ω

 

Bi

 

 exceeds substantially both the oscillation
frequency 

 

ω

 

 and the plasma rotation frequency 

 

Ω

 

,

 

(1.1)

 

The importance of MRI was understood due to [3], in
which this instability was applied to explain anoma-
lously high viscosity in accretion disks [4]. As a whole,
MRI and related instabilities in the MHD regime
became a cumulating point of the astrophysical sub-
trend dealing with accretion disks around a compact
object in a binary system. This subtrend was summa-
rized in a review by Balbus and Hawley [5]. Mean-
while, in [6] and, then, in [7–15] and a series of other
papers, a regime quite different from the standard MHD
regime was considered. This regime was called the Hall
regime. Note that, when resistive effects are neglected,
this regime corresponds to the condition

 

(1.2)

 

In accordance with [6–15], the Velikhov effect, i.e., the
driving mechanism caused by a decreasing rotation fre-
quency profile, survives in this regime. The importance

 

†

 

Deceased.

ωBi � ω Ω,( ).

ωBi � Ω ω,( ).

 

of studying MRI in the Hall regime was motivated by
the problem of the evolution of protostellar disks [6, 7,
14, 15] and the quiescent phase of dwarf nova disks
[8, 9].

MRI in the Hall regime was also studied in [16], in
which the case of hot-electron plasma was analyzed.
The dispersion relation for small-scale perturbations,
which simultaneously allows for rotation, finite elec-
tron pressure, and electron pressure anisotropy, was
derived in [16]. It was pointed out that finite electron
pressure should be taken into account in the Hall
regime for 

 

β

 

 

 

≥

 

 1

 

, where 

 

β

 

 is the ratio of the electron
pressure to the magnetic field pressure. According to
[16], the effects of order 

 

β

 

 weaken or even suppress
MRI. It was shown that, in the presence of electron
pressure anisotropy, a hybrid of MRI and anisotropic
instability appears, similar to that pointed out for the
standard MHD regime in [17].

Physically, the Hall regime is the whistler regime
[18–21] modified by the rotation effects. In this regime,
the electron component behaves as a magnetized
medium. In other words, it is required for the Hall
regime that the condition

 

(1.3)

 

be satisfied, where 

 

ω

 

Be

 

 is the electron cyclotron fre-
quency. Thus, in the Hall regime, one deals with the
case of strong electron magnetization.

ωBe � ω Ω,( )
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Abstract

 

—High-frequency extensions of magnetorotational instability driven by the Velikhov effect beyond
the standard magnetohydrodynamic (MHD) regime are studied. The existence of the well-known Hall regime
and a new electron inertia regime is demonstrated. The electron inertia regime is realized for a lesser plasma
magnetization of rotating plasma than that in the Hall regime. It includes the subregime of nonmagnetized elec-
trons. It is shown that, in contrast to the standard MHD regime and the Hall regime, magnetorotational insta-
bility in this subregime can be driven only at positive values of 

 

d

 

ln

 

Ω

 

/

 

d

 

ln

 

r

 

, where 

 

Ω

 

 is the plasma rotation fre-
quency and 

 

r

 

 is the radial coordinate. The permittivity of rotating plasma beyond the standard MHD regime,
including both the Hall regime and the electron inertia regime, is calculated.
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In this connection, one can introduce the notion of
the weak electron magnetization regime (opposite to
the Hall regime), characterized by the condition

 

(1.4)

 

This regime includes the subregime of nonmagnetized
electrons, which implies

 

ω

 

Be

 

  0. (1.5)

 

The main goals of the present paper are to describe
the weak magnetization regime, to bridge the Hall
regime to this regime (including the subregime of non-
magnetized electrons), and to elucidate whether the
Velikhov effect survives in this subregime. Then, we
should allow for electron inertia. In this context, the
term “electron inertia regime” is a synonym for the
weak magnetization regime.

Note that electron inertia was allowed for in [22].
However, the formulation of the problem and the
results obtained in [22] differ from ours. More detailed
comments on these aspects of this paper will be given
below.

At the same time, [22] is valuable for its indications
of astrophysical media that can be areas of applications
of the notion of weak magnetization regime. According
to [22], studying this regime, called in [22] the weak-
field limit, may be of interest for understanding collec-
tive effects in accretion systems in primordial galaxies,
in which seed fields may be very weak, and protostellar
accretion flows, in which the charge resides primarily
on massive grains.

Condition (1.1) does not enter explicitly into the
one-fluid MHD theory of MRI. Instead of this, the the-
ory is based on the assumption that the Ohm law can be
written in the form

 

(1.6)

 

Here, 

 

V

 

 is the plasma velocity (i.e., the velocity of the
ion component of the plasma, 

 

V

 

 = 

 

V

 

i

 

), 

 

E

 

 and 

 

B

 

 are the
electric and magnetic fields, and 

 

c

 

 is the speed of light.
Meanwhile, Eq. (1.6) is nothing but the equation of
electron motion. Therefore, using Eq. (1.6), one
assumes that the ion velocity is equal to the electron
velocity 

 

V

 

e

 

,

 

V

 

i

 

 = 

 

V

 

e

 

. (1.7)

 

To study MRI beyond condition (1.1), one should allow
for the difference between 

 

V

 

i

 

 and 

 

V

 

e

 

, i.e., take

 

V

 

i

 

 

 

≠

 

 

 

V

 

e

 

, (1.8)

 

which corresponds to taking into account the Hall
effect.

The approach of papers of the Hall trend consists in
that one substitutes

 

(1.9)

ωBe � ω Ω,( ).

E
1
c
--- V B×[ ]+ 0.=

V Ve Vi j/en0–=

 

into Ohm’s law (1.6), where 

 

j

 

 is the electric current den-
sity, 

 

e

 

 is the ion charge, and 

 

n

 

0

 

 is the equilibrium plasma
number density. Then, Eq. (1.6) transforms into

 

(1.10)

 

Section 2 is addressed to the description of electrons
with allowance for their inertia. The MRI dispersion
relation covering both the Hall regime and the electron
inertia regime is derived and analyzed in Section 3. We
call the family of instabilities in both these regimes the
high-frequency MRI.

In accordance with above said, in Sections 2 and 3,
we are dealing with small-scale perturbations. It should
be emphasized that we restrict ourselves to axisymmet-
ric perturbations. Meanwhile, in accordance with [23],
such perturbations can be described by means of a dis-
persion relation expressed in terms of the permittivity
tensor. Thereby, the permittivity is one of the basic
attributes of the theory of axisymmetric MRI. In [23],
the permittivity tensor was calculated for the standard
MHD regime. Similar calculations for the high-fre-
quency regimes are given in Section 4.

Thus, our analysis in Sections 2 and 3 is restricted to
the case of small-scale axisymmetric perturbations.
Similarly to [3], we work in these sections with a dis-
persion relation derived in the scope of the local
approach based on the assumption that the radial wave-
number of perturbations is larger than the inverse scale
length of inhomogeneity of the rotation frequency.
Then, this inhomogeneity, i.e., the Velikhov effect, is
allowed for by means of the frozen-in condition (see
Eqs. (2.5)–(2.7)).

An alternative to the local approach is the Frieman–
Rotenberg (FR) approach [24–29]. It is important that,
in the scope of this approach, one deals with equations
for perturbed values whose characteristic scale lengths
are arbitrary as compared to the scale length of inhomo-
geneity of the rotation frequency. An intrinsic peculiar-
ity of MRI is that, in contrast to the electrostatic modes
described in terms of a single variable (as a rule, the
electrostatic potential [30]), the modes relevant to MRI
are 

 

multivariable

 

; i.e., they are described in terms of
several basis variables. In the present paper, the role of
these variables is played by the radial and azimuthal

perturbed magnetic fields,  and . Instead of ,
the authors of [24] proposed to use the sum of the per-
turbed plasma pressure and the perturbed magnetic field
pressure—the so-called FR variable, denoted by 

 

p

 

∗

 

.
Accordingly, the basic equations of the FR approach

are a pair of equations for  and 

 

p

 

∗

 

. Paying tribute to
the authors of [25, 26], who originally formulated these
equations, we call them the Hameiri–Bondeson–
Iacono–Bhattacharjee (HBIB) equations.

E
1
c
--- Vi B×[ ] 1

en0c
----------- j B×[ ]–+ 0.=

B̃r B̃θ B̃θ

B̃r
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Meanwhile, in deriving the mode equation, one
excludes the FR variable and, thereby, arrives at a sin-

gle equation for the variable . Then, in addition to
the term responsible for the Velikhov effect, additional
terms can appear in the mode equation that contain the
radial derivative of the rotation frequency. In the prob-
lem of standard MRI, the effect of these terms is oppo-
site to the Velikhov effect. In other words, they produce
the “

 

anti-Velikhov effect

 

.” Having obtained the mode
equation, one can pass to the local approximation.
Then, one finds that, due to the anti-Velikhov effect, the
resultant local dispersion relation differs from that
derived by means of the standard local approach [3].
Therefore, in order to be sure that the results presented
in Sections 2–4 are correct, we should justify that the
anti-Velikhov effect does not appear in our problem.
This procedure is the topic of Section 5.

The results obtained in this study are discussed in
Section 6. The paper also contains the 

 

Appendix

 

, aimed
at explaining the appearance of the anti-Velikhov effect
in the standard MHD regime.

2. DESCRIPTION OF ELECTRONS

We use the equation of electron motion in the form

 

(2.1)

Here, Me and –e are the mass and charge of an electron,
n is the electron number density, de/dt = ∂/∂t + Ve · —,
pe is the electron pressure, and g is the gravity acceler-
ation. We assume that, in the equilibrium state, the
plasma has a cylindrical symmetry characterized by the
coordinates (r, θ, z), where r and θ are the radius and
azimuthal angle, respectively, and the z axis coincides
with the cylinder axis. The electrons and ions in the
equilibrium state are assumed to rotate with the same
frequency Ω, so that their equilibrium velocities Ve0 and
Vi0 are

(2.2)

where eθ is the unit vector along θ. It then follows from
the rth projection of the equilibrium part of Eq. (2.1)
that there is a radial equilibrium electric field E0r deter-
mined by

(2.3)

In addition, we use Maxwell’s equation

(2.4)

Acting on Eq. (2.1) by the operator —× and using
Eq. (2.4), we arrive at the frozen-in condition

(2.5)

B̃r

E
1
c
--- Ve B×[ ]

Me

e
-------

deVe

dt
-----------–+

1
e
---

— pe

n
---------- Meg–⎝ ⎠

⎛ ⎞ .=

Ve0 Vi0 rΩeθ,= =

E0r

ΩrB0

c
-------------–

1
en0
--------

d pe0

dr
-----------– Me

rΩ2 g+
e

------------------.+=

∂B/∂t c—– E.×=

∂B
∂t
------- — Ve B×( )×[ ]–

Mec
e

---------- —
deVe

dt
-----------×– 0.=

The spatiotemporal dependence of the perturbed
values is represented in the form exp(–iωt + ikrr +
ikzz)F(r), where F(r) is a slowly varying function, so
that ω is the mode frequency and kz and kr are the lon-
gitudinal and radial projections of the wave vector,
respectively. Such a representation corresponds to the
local approach [3]. It follows from Eq. (2.5) that

(2.6)

(2.7)

Here, ωBe = –eB0/Mec is the electron cyclotron fre-

quency,  and  are the r and θ components of the

perturbed magnetic field,  and  are the compo-
nents of the perturbed electron velocity, and the tilde
over (…) means the perturbed part of (…).

From Eq. (2.1), we obtain

(2.8)

(2.9)

(2.10)

Here,

(2.11)

and  is the perturbed longitudinal electron velocity.
Using the formula

(2.12)

where  is the perturbed longitudinal electric current,
and the z component of Ampère’s law

(2.13)

we find

(2.14)

Then, we can see that allowing for the term with

(deVe/dt  in Eq. (2.7) leads to the appearance of the

coefficient (1 + c2/ ) in front of , where ωpe is

iωB̃r– ikzB0 Ṽer
1

ωBe

--------
deVe

dt
-----------⎝ ⎠

⎛ ⎞
θ

~

+– 0,=

iωB̃θ–
dΩ

d rln
----------- B̃r– ikzB0–

× Ṽeθ
1

ωBe

--------
deVe

dt
-----------⎝ ⎠

⎛ ⎞
r

~ kr

kz

----
deVe

dt
-----------⎝ ⎠

⎛ ⎞
z

~

––
⎩ ⎭
⎨ ⎬
⎧ ⎫

0.=

B̃r B̃θ

Ṽer Ṽeθ

deVe

dt
-----------⎝ ⎠

⎛ ⎞
r

~

iωṼer– 2ΩṼeθ,–=

deVe

dt
-----------⎝ ⎠

⎛ ⎞
θ

~

iωṼeθ–
κ2

2Ω
-------Ṽer,+=

deVe

dt
-----------⎝ ⎠

⎛ ⎞
z

~

iωṼez.–=

κ2 2Ω
r

------- d
dr
----- r2Ω( )=

Ṽez

Ṽez j̃z/en0,–=

j̃z

— B̃×( )z 4π j̃z/c,=

Ṽez
ikrc

4πen0
--------------- B̃θ.–=

)z
~

kr
2 ωpe

2 B̃θ
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the electron plasma frequency, defined by  =

4πe2n0/Me.
As a results, Eqs. (2.6) and (2.7) are reduced to

(2.15)

(2.16)

where

(2.17)

(2.18)

It, hence, follows that

(2.19)

(2.20)

where

(2.21)

3. HIGH-FREQUENCY MRI IN ELECTRON–ION 
PLASMA

3.1. Dispersion Relation

Knowing the perturbed electron velocities  and

 and assuming the perturbations to be pure elec-

tronic, we find the perturbed currents  and ,

(3.1)

(3.2)

In addition, we allow for the r and θ components of
Ampère’s law,

(3.3)

, (3.4)

and Maxwell’s equation — ·  = 0, leading to

(3.5)

ωpe
2

iωB̃r– ikrB0 μ2Ṽer
iω
ωBe

--------Ṽeθ–⎝ ⎠
⎛ ⎞– 0,=

iω 1
kr

2c2

ωpe
2

----------+
⎝ ⎠
⎜ ⎟
⎛ ⎞

B̃θ–
dΩ

d rln
----------- B̃r–

– ikzB0 μ1Ṽeθ
iω
ωBe

--------Ṽer+⎝ ⎠
⎛ ⎞ 0,=

μ1 1 2Ω/ωBe,+=

μ2 1 κ2/ 2ΩωBe( ).+=

Ṽer
ω

DekzB0
----------------- μ2B̃r

iω
ωBe

-------- 1
kr

2c2

ωpe
2

----------+
⎝ ⎠
⎜ ⎟
⎛ ⎞

B̃θ+ ,–=

Ṽeθ
ω

DekzB0
----------------- μ2 1

kr
2c2

ωpe
2

----------+
⎝ ⎠
⎜ ⎟
⎛ ⎞

B̃θ–=

– i
ω

ωBe

--------
μ2

ω
----- dΩ

d rln
-----------+ B̃r ,

De μ1μ2 ω2/ωBe
2 .–=

Ṽer

Ṽeθ

j̃r j̃θ

j̃r en0Ṽer,–=

j̃θ en0Ṽeθ.–=

— B̃×( )r 4π j̃r/c,=

— B̃×( )θ 4π j̃θ/c=

B̃

krB̃r kzB̃z+ 0.=

Equations (3.3)–(3.5) yield

(3.6)

(3.7)

where k2 =  + . It follows from Eqs. (3.1), (3.2),
(3.6), and (3.7) that

(3.8)

(3.9)

By means of Eqs. (2.17), (2.18), (3.8), and (3.9), we

arrive at the following set of equations for  and :

(3.10)

(3.11)

where

(3.12)

Hence, we obtain the dispersion relation

(3.13)

3.2. Analysis of the Dispersion Relation

3.2.1. The Hall regime. With (Ω, ω) � ωBe and

c2k2 � , Eq. (3.13) is reduced to

(3.14)

where ωwh is the whistler frequency [16–21], defined by

(3.15)

Hence, one can see that, for

(3.16)

there is an instability related to the whistler oscillation
branches. This instability was analyzed in studies on
the Hall trend (see, e.g., [7]). In contrast to the standard
MRI, it depends on the relationship between the signs
of the gradients of the plasma rotation frequency and
the magnetic field, i.e., in terms of [7], on the helicity.
It is driven when these signs are mutually opposite. At

B̃θ i4π j̃r/ ckz( ),=

B̃r i4πkz j̃θ/ ck2( ),–=

kr
2 kz

2

Ṽer ickzB̃θ/ 4πen0( ),=

Ṽeθ ick2B̃r/ 4πen0kz( ).–=

B̃r B̃θ

μ2kz
2c2B̃θ iωωe 1 c2k2

ωpe
2

----------+
⎝ ⎠
⎜ ⎟
⎛ ⎞

B̃r– 0,=

μ1

ωe

c2k2
---------- dΩ

d rln
-----------+⎝ ⎠

⎛ ⎞ B̃r i
ωωe

c2k2
---------- 1 c2k2

ωpe
2

----------+
⎝ ⎠
⎜ ⎟
⎛ ⎞

B̃θ+ 0,=

ωe 4πen0c/B0.=

μ2kz
2c2 μ1

ωe

c2k2
---------- dΩ

d rln
-----------+⎝ ⎠

⎛ ⎞

–
ω2ωe

2

c2k2
------------ 1 c2k2

ωpe
2

----------+
⎝ ⎠
⎜ ⎟
⎛ ⎞ 2

0.=

ωpe
2

ω2 ωwh
2 1

ωe

c2k2
---------- dΩ

d rln
-----------+⎝ ⎠

⎛ ⎞ ,=

ωwh
2 kz

2k2c4ωBe
2 /ωpe

4 .=

B0
dΩ

d rln
----------- ck2

4πn0e
---------------,–<
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the same time (as in the case of the standard MRI), for
this instability to develop, it is necessary that the pertur-
bation wavelength be sufficiently long.

It should be noted that, although dispersion rela-
tion (3.14) is independent of the ion mass, it refers to
electron–ion plasma. An alternative to this case is elec-
tron–positron plasma, whose analysis, however, goes
beyond the scope of the present study.

3.2.2. Subregime of nonmagnetized plasma. It
follows from Eq. (3.13) that, for ωBe  0, i.e., in the
subregime of nonmagnetized plasma, there are oscilla-
tion branches with oscillation frequencies satisfying the
dispersion relation

(3.17)

The perturbations under study are unstable for

(3.18)

One can see that, in this subregime (as in the Hall
regime), the Velikhov effect also survives. Note also
that, in the subregime of nonmagnetized plasma (simi-
larly to the standard MHD regime and the Hall regime),
it is necessary for the onset of instability that the pertur-
bation wavelength be sufficiently long. At the same
time, in contrast to the standard MHD regime, perturba-
tions are unstable for a positive rotation frequency gra-
dient, dlnΩ/d lnr > 0.

4. PERMITTIVITY OF ROTATING PLASMA 
BEYOND THE STANDARD MHD REGIME

4.1. Dispersion Relation and Permittivity Tensor

Here, we are interested in axisymmetric MRI.
According to [23], this type of MRI can be studied
using the dispersion relation

(4.1)

where εαβ (α, β = 1, 2) are the components of the per-
mittivity tensor.

It was shown in [23] that the permittivity tensor can
be calculated if one knows the expressions for the per-

turbed currents ,  in terms of the perturbed mag-

netic fields  and . Such calculations are per-
formed using the formulas

(4.2)

ωpe
2 c2kr

2+( ) ωpe
2 c2k2+( )ω2

=  κ2c4kz
2k2 1

ωpe
2

2c2k2
-------------d Ωln

d rln
-------------–

⎝ ⎠
⎜ ⎟
⎛ ⎞

.

d Ωln
d rln
------------- 2c2k2

ωpe
2

-------------.>

ε11 c2kz
2/ω2– ε12

ε21 ε22 c2k2/ω2–
0,=

j̃r j̃θ

B̃r B̃θ

j̃r
ω2

4πikzc
---------------- ε11B̃θ ε12B̃r–( ),=

(4.3)

4.2. Regimes Dependent on the Ion Contribution

4.2.1. Plasma equilibrium. We consider a rotating
plasma characterized by the following equilibrium con-
dition:

(4.4)

where ρ0 is the equilibrium plasma mass density and p0

is the plasma equilibrium pressure. It is important for
our following analysis that the equilibrium can be real-
ized for both B0 ≠ 0 and B0 = 0. In other words, one can
pass from the case of a magnetized plasma to that of a
nonmagnetized plasma.

4.2.2. Ion perturbations. Considering plasma per-
turbations, we assume for simplicity that the effects of
the plasma temperature are negligibly small. Then, the
perturbed part of the equation of ion motion can be rep-
resented in the form

(4.5)

where di/dt = ∂/∂t + Vi · —. The left-hand side of
Eq. (4.5) contains the term – rΩ2, while the right-hand
side, the term g, where  is the perturbed ion mass
density. However, equilibrium condition (4.4) implies
that these terms are mutually cancelled. From Eq. (4.5)
we have

(4.6)

(4.7)

Here,  and  are the r and θ components of the
perturbed ion velocity. From Eqs. (4.6) and (4.7), we
find

(4.8)

(4.9)

4.2.3. Equations for calculating the perturbed
currents as functions of the perturbed magnetic
fields. The perturbed currents are related to the per-
turbed ion and electron velocities by

(4.10)

(4.11)

j̃θ
ω2

4πikzc
---------------- ε21B̃θ ε22B̃r–( ).=

ρ0rΩ2– gρ0,=

ρ0

diVi

dt
----------⎝ ⎠

⎛ ⎞
~ 1

c
--- j B×( )~,=

ρ̃
ρ̃ ρ̃

j̃r
cρ0

B0
-------- iωṼ iθ–

κ2

2Ω
-------Ṽ ir+⎝ ⎠

⎛ ⎞ ,–=

j̃θ
cρ0

B0
-------- iωṼ ir– 2ΩṼ iθ–( ).=

Ṽ ir Ṽ iθ

Ṽ ir
B0

cρ0 κ2 ω2–( )
------------------------------- iω j̃θ– 2Ω j̃r–( ),=

Ṽ iθ
B0

cρ0 κ2 ω2–( )
------------------------------- iω j̃r

κ2

2Ω
------- j̃θ–⎝ ⎠

⎛ ⎞ .=

j̃r en0 Ṽ ir Ṽ er–( ),=

j̃θ en0 Ṽ iθ Ṽeθ–( ).=
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According to Eqs. (4.8) and (4.9), the perturbed ion

velocities  and  are expressed in terms of the
perturbed currents, while, according to Eqs. (2.17) and

(2.18), the perturbed electron velocities  and 
are functions of the perturbed fields. Therefore, formu-

las (4.11) and (4.12) allow one to calculate  and  as

functions of  and  and, then, using Eqs. (4.2) and
(4.3), to obtain the permittivity tensor.

4.2.4. Permittivity tensor for arbitrary ratios
between wBi , W, and w. Taking (ω, Ω) � ωBe, we
reduce Eqs. (2.17) and (2.18) to

(4.12)

(4.13)

With expressions (4.8), (4.9), (4.12), and (4.13),
Eqs. (4.10) and (4.11) yield

(4.14)

(4.15)

Hence, we find

(4.16)

(4.17)

where

(4.18)

Comparing Eqs. (4.16) and (4.17) with Eqs. (4.2) and
(4.3), we conclude that, for arbitrary ratios between
ωBi , Ω, and ω, the permittivity tensor is given by

(4.19)

Ṽ ir Ṽ iθ

Ṽer Ṽeθ

j̃r j̃θ

B̃r B̃θ
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2 .+ +=

ε11 ωpi
2 /D0,–=

(4.20)

(4.21)

where  = 4πe2n0/Mi is the squared ion plasma fre-
quency.

Passing to the case ωBi � (Ω, ω), we obtain from
Eqs. (4.19)–(4.21) the standard one-fluid MHD expres-
sions for the permittivity tensor [23],

(4.22)

In the opposite limit, ωBi � (Ω, ω), it follows from
Eqs. (4.19)–(4.21) that

(4.23)

4.3. Permittivity Tensor 
in the Electron Inertia Regime

In the electron inertia regime, the ion contribution to
expressions (4.10) and (4.11) is insignificant, so the
perturbed currents are given by formulas (3.1) and (3.2)

with ,  of form (2.19) and (2.20). By the above
manner, we find the perturbed currents and then com-
pare the results obtained with formulas (4.2) and (4.3).
Then, we arrive at the following expressions for the per-
mittivity tensor:

(4.24)

(4.25)

(4.26)

(4.27)

In the limit ωBe  0, Eqs. (4.24)–(4.27) are reduced to
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(4.28)

(4.29)

(4.30)

(4.31)

In the case of high-frequency oscillations (i.e., for
ω2 � κ2), it follows from Eqs. (4.28)–(4.31) that the
Velikhov effect disappears. In the opposite case of
strong plasma rotation (κ2 � ω2), we obtain from
Eqs. (4.28)–(4.31)

(4.32)

5. FRIEMAN–ROTENBERG APPROACH 
FOR ELECTRONIC MODES

A specific feature of the FR approach [26–31] is the
use of the FR variable p∗, which is the sum of the per-
turbed plasma pressure and the perturbed magnetic
field pressure,

(5.1)

We are interested in perturbations with  = 0. There-
fore, in our case, we have

(5.2)

Using Maxwell’s equation (cf. Eq. (3.5))

(5.3)

we obtain

(5.4)

where

(5.5)
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In accordance with [25], the first canonical HBIB
equation has the form

(5.6)

It follows from Eqs. (5.2), (5.4), and (5.5) that, in our
case,

D = 1, (5.7)

C1 = 0, (5.8)

(5.9)

The r and θ components of linearized equations (2.1)
are

(5.10)

(5.11)

The current  is expressed in terms of  by using for-
mula (3.6), while, using expression (5.4), similarly to
formula (3.7), we find

(5.12)

In addition, the perturbed electric fields  and 

in Eqs. (5.10) and (5.11) should also be expressed in
terms of the perturbed magnetic fields. Using the induc-
tion equation

(5.13)

we find

(5.14)

(5.15)

As a result, Eqs. (5.10) and (5.11) transform into (cf.
Eqs. (3.10), (3.11))
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Ẽθ ωB̃r/ ckz( ).–=

Meckz

4πe
--------------- ωB̃θ i2Ω B̃r

1

kz
2

----
∂τB

∂r
--------–⎝ ⎠

⎛ ⎞+

=  ∂ p*
∂r

---------–
ikzB0

4π
------------ B̃r

en0

kz

-------- ω
c
---- B̃θ i

∂Ẽz
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Using the parallel component of Eqs. (2.1) and (2.12),
we obtain

(5.18)

According to Eq. (2.13), we have

(5.19)

It follows from Eqs. (5.18) and (5.19) that

(5.20)

In accordance with [23], the term with dΩ/dlnr in
Eq. (5.20) is responsible for the Velikhov effect.

Substituting Eq. (5.20) into Eq. (5.16) and taking
into account that, according to Eqs. (5.6)–(5.9),

(5.21)

we find

(5.22)

By means of Eq. (5.17), we find an expression for 

in terms of . Substituting this expression into
Eq. (5.22), we arrive at the generalized second canoni-
cal HBIB equation,

(5.23)

Here,

(5.24)

(5.25)

(5.26)

Thus, we obtained a pair of equations for  and p∗,
Eqs. (5.6) and (5.23). In order to understand whether
the anti-Velikhov effect appears in our problem, let us
compare the structure of these equations with that of the
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B̃r

canonical equations for these variables relevant to the
standard MHD regime and explained in the Appendix.
Then, we can see that, according to Eq. (5.8), the
parameter C1 in our case vanishes, C1 = 0. Therefore,
the parameter b, defined by Eq. (A.8) and responsible
for the anti-Velikhov effect, also vanishes. This justifies
our local approach used in Sections 2 and 3.

Due to the vanishing of the coefficient C1 in our
problem, the procedure of obtaining the mode equation
is reduced to replacing p∗ with τB in Eq. (5.23) by using
formula (5.21). Then, we arrive at the mode equation

(5.27)

Recalling formula (5.21), we can see that Eq. (5.27)
is the fourth-order differential equation, in contrast to
the standard MHD regime, in which one deals with a
second-order differential equation (see Eq. (A.5)).

Assuming that the radial dependence of  is close
to exp(ikrr) (see the comment after Eq. (2.5)), we
obtain from Eq. (5.27) dispersion relation (3.13).

6. DISCUSSION

Our analysis has demonstrated the existence of three
physically different regimes of MRI: the standard
MHD regime, the Hall regime, and the electron inertia
regime. MRI in the Hall regime is described by local
dispersion relation (3.14). The condition for the onset
of this instability is given by Eq. (3.16) and depends on
the helicity. The electron inertia regime includes the
subregime of a nonmagnetized plasma. In this subre-
gime, MRI is described by dispersion relation (3.17).

As in the standard MHD regime, in the subregime of
a nonmagnetized plasma, only perturbations with suffi-
ciently long wavelengths can be unstable. At the same
time, in contrast to the standard MHD regime, it is nec-
essary for the onset of MRI that the value of dlnΩ/dlnr
be positive. Characteristic wavenumbers relevant to this
instability prove to be on the order of k � ωpe/c, which
is typical for Weibel instability [18, 31, 32]. It seems
that surviving the Velikhov effect for ωBe  0, i.e., the
existence of MRI in the absence of a magnetic field, is
of primary importance in connection with astrophysical
problems like those discussed in [6–15, 22].

Turning to electron motion equation (2.1), we can
see that, in the electron inertia regime, both the per-
turbed electric and magnetic fields are important. In
[22], however, the effect of the perturbed magnetic field
on the electron motion was ignored. Therefore, it seems
that the analysis of [22] is incomplete.

We have calculated the permittivity tensor of rotat-
ing plasma beyond the standard MHD regime. For arbi-
trary ratios between ωBi, Ω and ω and ignoring electron
inertia, this tensor is given by Eqs. (4.19)–(4.21). For
ωBi � (Ω, ω), it is of form (4.22), corresponding to the

D̂eB̃r
1

kz
2

----De
∂τB

∂r
--------– Ĥe B̃r( )– 0.=

B̃r
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standard MHD regime, while for ωBi � (Ω, ω), it is
given by Eq. (4.23).

In turn, in the electron inertia regime, the permittiv-
ity tensor is defined by Eqs. (4.24)–(4.27), which trans-
form into Eqs (4.28)–(4.31) in the limit ωBe  0 and
into Eq. (4.32) for ω2 � κ2. In considering the FR
approach for the regimes under study, we have derived
the pair of canonical equations (5.6) and (5.27). Then,
we have demonstrated that this approach leads to the
same dispersion relation as the standard local approach,
in which variations in the perturbation amplitudes are
ignored.

We hope that the results of the present paper can be
useful for subsequent astrophysical applications to the
problems considered in [3, 5–15, 22].
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APPENDIX

Explanation of the Appearance of the Anti-Velikhov 
Effect in the Standard MHD Regime

In the scope of the one-fluid approach in the ideal
plasma, one arrives at a pair of canonical equations of
the FR type, one of which is of form (5.6), while second
one is as follows [28, 29]:

(A.1)

where the prime stands for the radial derivative and C3

is a function of the radial coordinate (similar to D, C1,
and C2). An important feature of Eqs. (5.6) and (A.1) is
the antisymmetry of the cross coefficients: the coeffi-
cient C1 enters into both these equations. In order to
obtain the mode equation, we should exclude the vari-
able p∗ from the above set of equations. Then, from
Eq. (5.6) we find

(A.2)

Substituting (A.2) into (A.1), we obtain

(A.3)

i4πkzB0D p*
' i4πkzB0C1 p*– C3B̃r,+=

p* C1B̃r DτB–( )/ i4πkzB0C2( ).=

D
DτB

C2
----------⎝ ⎠

⎛ ⎞ ' D
C1B̃r

C2
------------⎝ ⎠

⎛ ⎞ '–  = 
DC1τB

C2
----------------–

C1
2

C2
------ C3–⎝ ⎠

⎛ ⎞ B̃r+

and, then, transform the second term on the right-hand
side of Eq. (A.3),

(A.4)

The terms with τB on the left- and right-hand sides of
Eq. (A.3) are mutually cancelled, so that we arrive at
the mode equation [28, 29]

(A.5)

where

(A.6)

(A.7)

(A.8)

For small-scale modes, Eq. (A.5) yields the dispersion
relation [28, 29]

(A.9)

Following the local approach and escaping the mode
equation, it is impossible to obtain the term b in
Eq. (A.6). However, it is this term that is responsible for
the anti-Velikhov effect. Note that, for small-scale per-
turbations, the term b (i.e., the second term on the right-
hand side of Eq. (A.4) is small as compared with the
contribution from τB to this equation. However, in
accordance with Eq. (A.4), mode equation (A.3) con-
tains two terms with τB, which are mutually cancelled.
If one deals with a pair of FR-type equations, whose
structure differs substantially from that of Eqs. (5.6)
and (A.1), one can ignore the anti-Velikhov effect. Such
a situation is considered in Section 5.
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