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Abstract. Weintroduce generalized Langevin and Fokker-Planck equations that
have as st.at.ionnr}- solution distribution introduced by Tsallis in the framework
of & generalized statistical mechanics. We show that the Langevin and Fokker-
Planck equations preserve the classic form provided we define & suitable genera]:zed

potential. As a by-product we obtain one of the famous Einstein relations for the

Brownian motion.
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Based on multifractal concepts Tsallis {1} generalized the classic informstion

theoretic definition of entropy [2):

W
S= —kzpl]npl (1)

=]
where k is Boltzmunn's constant and the p,’s are the probabilities of W' micro-

scopic states of the system under study (¥%, p, = 1). The generalized entropy

reads:
w
): (1 - | (2)

with ¢ being any rea) number. The limit ¢ — 1 recovers Shannon’s form. For
general values of ¢, S; possesses the usual properties of positivity. equiprobability,
irreversibility and concavity and generalizes the standard acfditivit_\': if p# and pP

are the probabilities associated with two independent systems A and B then
So(P5F) = Sopl) + Solp]) + (1 = 0)S(p?)Silp}) (3)

S, is additive only in the ¢ = 1 case and we could think of 1 —¢ as & parameter that
measures the lack of additivity (or extensivity) of the system. Actually the lack
of additivity is & property of many more systems than one a priori would suspect.
Problems ranging from stellar structure [3){a) to statistical inference in economics
[4) share this characteristic. By means of suitable variational conditions on the
generalized entropy. Tsallis [1) put the basis of a generalized statistical mechanics.
Subsequently much work has beern done by several authors accomplishing succes-
fu] generalizations of equilibrium thermodynamics [5), the Boltzmann H-theorem
[6] [7](a.b). the Schroedinger equation {8]. the Ehrenfest theorem [3](b). the von
Neumsnn equation [3](c). the variational method in statistical mechanics [9) and

consistent testing in econometrics {4).
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In the present work we pose the question of whether 3t ezists o subjocent
stochastic dynomics sn phase apsce that essymptotically, i.e. for long fimes. pro-

duces the equilibrium generohized cononical distribution tutroduced by Tsolhias [1]:

1- B(1 - gV}
p = L8 2.9)] (4)

with

N
z,=Y [1- 801 - gVJi= (5)

where 8 = 1/T is the inverse temperature. 1" the potential. Z, the partition
function and ¢ & real parameter that charscterizes a particular statistics.

As is well known the Langevin and Fokker-Planck equetions that describe the
Brownisn motion play that role in classical statistical mechanics [10]. The simplest
form of the Langevin equation for & particle moving in 2 potential V" and subject

to an additional random force b(1) reads:

ax,  18v
@ - ooy, + bi(t) -{6)

where 7 i¢ the viscosity and b,(f) is a gaussian distributed random variable with

zero mean and variance

(bi(2))b;(12)) = 248,,8(1, — 1) ‘ (V)

The associated Fokker-Planck equation that describes the temporal evolution of

the probability distribution of X,, P(X,.t), bas the form:
oP 8 1{8v a*p
% = {axs (a57) + 453} *

It can be demonstrated that, under very general conditions on the potential V', this
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Fokker-Plunck equation has » stationnary solution thet corresponds to the canonical
Boltzmann-Gibbs distribution P o ¢~#" [11].

Now we will ook for a suitable generalization of eys.(G) and (8) that will
generste the generalized canonical distribution (4). Let us introduce a “generalized
potential”:

V=

1
In]l - )WV
Be=T) n|l + 3(g - 1)V] (9)

We can write the Langevin and Fokker-Plunck equations in terms of ¥ prescrving

the form of the equations:

dx, 18V

o = -"'?"a"-\—..-i-b.'(f) _ (19)
OF 8 1{6V 8’P .
& = Tl (oxr) + 4om) o)

It is straitforward to show that the generalized canonical distribution (4) is 2

stationary sojution (%’;’ = 0) of the generalized Fokker-Planck equation:

8 [{18V F.]
0= ; X, [("5 X, + Aa.\..) P] : (12)

YPx[1-8(1- q)'t"]"l'* then:

8P _ 8P av
aX; ~  [1-8(1-qV)dX;
= P % mn-sa-ogv 13/
= U-qdx ¢ g
Lo

Now

0=za—i_:[(l-A5) %:P] (14)°
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This last equality is satisfied if n48 = 1. This is one of the celebrated Einstein
relations for the Brownian motion that is preacrved inverient an the present gener-
clization. It is interesting to note that the generalized canonical distribution can

be written s & standard canonical distribution in terms of Y

Pal-301-gV)= = fmmmbh-su-at] (15)

e~ BV

and the particular functional form of the generslized potential YV is the one that
recovers additivity in the present formalism.

Summarizing we have shown that the generalized canonical distribution (4)
can be obtained as the assymptotic equilibrium distribution of suitable Langevin
and Fokker-Planck equations by means of 8 properly defined }éeneralized potential.
The Langevin and Fokker-Planck equations preserve the standard form and as a

consequence one can obtain a generalized Einstein relation that is also preserved

invariant.
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