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1 Abstract

We exhibit the Godel’s (1949) geometry in terms of a set of gaussian sys-
tems of coordinates, the union of which constitutes a complete cover for
the whole Manifold. We present a mechanism which induces a particle to
follow a closed time-like line (CTL) present in this geometry. We generalize
the construction of special class of observers (Generalized Milne Observers)
which provides a way to define the largest causal domain allowing a stan-
dard field theory to be developped.

Key-words: GHdel's Universe; Synchronization; Generalized Milne

observers.
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2 Introduction

A simple inspection into any book of Relativistic Cosmology displays an
interesting common characteristics: all cosmological models are depicted
in gaussian systems of coordinates - with just one remarkable exception:
Godel’s 1949 rotating Universe [1).

This particularity is in general interpreted to be nothing but a conse-
quence of the well-known impossibility of the construction of an unique
global gaussian system in this geometry. However, such property does not
forbid the uses of local gaussian system.

Indeed, the Theory of Riemannian Differentiable Manifolds asserts that
it is always possible, at least in a restrict domain, to represent point-events

by means of a gaussian coordinate system. The extension of this system
beyond a given domain depends on properties of the geometry at large.

Although there have been some comments in the literature concerning
synchronized systems on Godel’s cosmological model, an explicit form has
never appeared. We intend to remedy this situation in this article exhibiting
2 set of gaussian systems of complementary domains, in such a way that
their union constitutes a complete cover for the whole manifold.

The restriction on each synchronized frame can be understood as a con-
sequence of the highly confinning property of Godel’s geometry. A question
here then appears: How could one conciliates such confinment with the ho-
mogeneity property of this metric ? How.could a point (any point) of such
homogeneous space-time acts as an irresistible attractor ? - which is pre-
cisely the condition to limit the extension of a chosen family of time-like
geodesics, inhibiting it to go beyond & certain domain, restricting thus the
region covered by the associated chart. To understand this one should look
more carefully into the dynamical behaviour of free particles. Since the
velocity of photons is the highest allowed one, let us just consider their
propagation.

From the electrodynamies and gravity standard coupling photons travel
along null geodesics. Now, from the behaviour of geodesics in Gddel’s ge-
ometry [2], [3] one reachs that photons’ trajectory, which passes through
a point P, can be equivalently described as if the particle feels an attrac-
tion to P by a potential V(r) = Votanhr - in which V, is a constant -
having an energy £ < V, [2]. This means that the net consequence of
such potential is just to forbid the particle to leave the region D(P) which
consists in the points encircling P of a given radius. The actual value of
the maximal allowable radius depends on the strength of the vorticity Q.
Thus, any geodesic which passes an (arbitrary) point P remains — and for
its complete history - confined in a cylinder around P of radius ro. This has
an imediate consequence, which we refered previously: e.g; if one displays
a gaussian coordinate system from a point © (arbitrary) then this system



CBPF-NF-031/91
—2—

cannot be extended beyond ro. This is a consequence of the dependence of
the gaussian system on a particular choice of time-like geodesics ') which
precisely yields the identification of the local (gaussian) time to the proper
time of T’ (0)-

We can build another gaussian system centered on another point ¢’
distinct from O This new system can be located either within the domain

of the previous gauss-I system - in the region 0 < r < ry or beyond it. We
can then follow the same procedure as in the previous case and define a
new gaussian chart (call it gauss-1I) based on point ¢”. This method can be
repeated sucessively and complete the covering of the whole manifold. We
present in section (2} a short resumé of such peculiar behaviour of time-like
geodesics in Godel’s Universe.

The possession of each synchronized system has a direct by-product: it
allows one to stablish in a standard way the foundations of a field theory
in the Godel’s background. The ultimate reason for this can be understood
in the following way. One of the most fundamental principle of physics
is the one associated to the set up of Cauchy initial-value problem for a
given field. In order to follow this program one starts by fixing a given
foliation of the background space-time. This is in general provided by the
identification of flat surfaces in which time coordinate is constant. One can,
alternatively, deal with others imbedings,e.g. considering space-time hyper-
boloids in which translational time invariance is not explicitly guaranteed.
Nevertheless, any of these choices is & good one as long as it provides a
set of Cauchy successive surfaces in which the standard methods of causal
modelling in physics could be applied.

However, this is not the kind of situation we face in Godel’s Universe.
The impossibility of global synchronization inhibits the set up of standard
Cauchy initial-value problem. The true origin for such difficulty rests on
the existence of closed time-like lines (CTL) in this geometry. In order
to overcome this situation we will follow a procedure which has its roots
on Milne’s characterization of fundamental observers in flat space-time. In
section (4) we will review briefly the properties of Milne’s frame in the case
for which it was originally created, that is, of 2 Minkowski background.

We shall see that & very similar class of observers can be set up in Godel’s
geometry, inducing a framework which allows a description of a restricted
causal domain on this Universe. However, there is & crucial difference
between Milne’s rstricted space-time in Minkowski background (which we
call the U+ region) and the analogous construction in Godel’s ST (which
we call the G* region): the U+ has a fictitious big-bang that generates an
ever expanding structure; the G* has not only a non-homogeneous initial
singularity (a false big-bang) but also an ending configuration (a false big-

Thus a well posed Cauchy problem can be set up in the G* domain.
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All the above arguments, which led us to the limited Gauss domains
comes from classical physics (e.g. the behaviour of null geodesics in Godel's
background). One could wonder if these considerations should be modified
if some new effects at the quantum level change the confinning property.
The proof that this is not the case has been presented some years ago
(M. Novello and 1. D. Soares, in Gddel’s Container, unpublished essay,
Honorable Mention, 1982, Gravity Research Foundation)[6]. We review
briefly this in the appendix. The main idea runs as follows. From the
reduction of the behaviour of null geodesics to the exam of the dynamics
of a particle submitted to an effective potential V{(r) we can generate the
corresponding Schriodinger’s equation yielding a one-particle problem in a
Posch-Teller potential. The net result of such direct quantization confirmes
the classical confinning behaviour. One could suspect on this, from the
properties of the infinite range Posch-Teller potential.

Finally, it remains to analyse a question concerning the closed time-like
lines (CTL). Once it has been known, since Gédel’s original paper, that
these curves are not paths of free particles a problem then appears: what
is the characteristics of the force which induces a particle to follow such
strange way? We present a solution of this question in section (6) in which
we show that a (weak) magnetic field can induce a charged particle (say,
an electron) to follow this path.

3 Preliminaries: Godel’s Geometry

In this section we will briefly review some basic properties of Godel’s ge-
ometry. The manifold has the structure of H2 ® ® of a 3-dimensional
hyperboloid - in which coordinates (t,r,¢) are defined with the range
—0<t<w,0Lr <o, £ ¢ £ 27, respectively — times the
infinite linear coordinate (z) defined on the real line . In this cylindrical
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coordinate system the fundamental element of lenght takes the form®
ds? = a?|dt® — dr? — d2? + 2h(r)dtdy + ¢(r)dy?) (3)
The constant a is related to the amplitude of the vorticity §2 of the
matter Q2 = 2/a?. The functions g(r) and h(r) are given by
g(r) = sinh®r(sinh?r — 1) (4)
h(r) = V2sinh?r

The source of this geometry is a perfect fluid with density of energy p
and no pressure:

Lo =pVuV, ()

In the cylindrical coordinate system, V, = 6J. The congruence of the
fluid has no expansion (© = 0), no shear (o, = 0} but has a non null
vorticity

Wyy = huhﬁ[Va.ﬁ Vsial ' (6)
with h" = 5" V.V

The vortlclty vector w” = 17y, 4V, has components
we = (0,0,0,) (M

Thus at each point of this space-time a privileged direction is defined.
Einstein’s equations with a cosmological constant A is satisfied if between
constants a, A and the energy p the following relations holds

p=292=f;=~2z\ (8)

1Note that under this form of geometry it is not possible to obtain the limit metric for
1 — 0. This, however, can be achieved if before the limit is taken we make a re-scalling
by setting
t—t' =at
r—v=gr

by =p ™
r— 2 =az
Then the metric takes the form
ds? = [dt' + 2 o8 inh? \/—Qr'd ¢ - 7 L ginh? V2Qrdy? — dr'? — dz" (2)

In this form the limit 2 — 0 yields the Mmkowskmn geometry in the cylindrical system
of coordinates.
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Although the above cylindrical system of coordinates can be used through-
out the whole manifold it does not allow a bona fide formulation of the
Cauchy problem.

The best way to provide the necessary conditions to stablish a well
defined formulation of the initial value problem in this geometry is to jump
into a frame in which a synchronization can be made (at least in some
region of Gédel’s space-time). We will follow this procedure in this work.
The first step toward this way is to select a given set of time-like geodesics
and solve a corresponding Hamilton-Jacobi equation g 2585 = 1 | for
the new time coordinate S. The remaining associated spatial coordma.tes
i are obtained from the solution S(z*, A') of this Hamilton-Jacobi equation
through the derivatives ' = £Z. Let us then look into the possible classes
of time-like geodesics in order to make a definite choice.

The study of the geodesics in Godel’s Universe was made by Chan-
drasekhar and Wright [3] and in an alternative manner by Novello, Soares
and Tiomno (NST) [2]. We will follow the NST version in the present
paper.

The equations for the geodesics z# = z¥(s) with four-velocity v* =

& = ({7, ,2) are

f 22 Cy
o =04 - ol
| i = Aol1 — 2r] 4 Lo ®)
| 72 = A - D} - [Yifutinhe _ o Be )

Instead of going into the immediate integration of this set of equations
it is more convenient for our purposes to pause for a while and look into
the generic behaviour of the time-like families of geodesics from the exam
of their effective potential. In this vein, let us re-write the equation of r in

the form
7= A2 - V(r) (10)
in which the effective potential V(r) is given by
2Apsinh
Vir) = D} + (Vosizbr P (1)

coshr smhrcoshr
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and .
Di=Cé+ = (12)

We can thus interpret the constant A2 as the square of the total energy
(per unit of mass) and By as the total angular momentum. Indeed, if we
define the momenta P, = g,, 2" it then follows that

Py = A

P, = -+

iy (13)
Pz = —CD

A complete characterization of the main features of the behaviour of

the geodesics can be obtained by just examining the equation (11). We
distinguish three cases according as

By >0 _
{ By = (14)

once the associated potentials have distincts features.

It seems worth to define the parameters v+ = B2 and 8% = (%)2. Once
we are interested only on time-like geodesics we will limit our analysis only
to the case in which 0 < $? < 1. The form of the potentials are depicted
in fig.1 for the three cases.

A direct inspection on these graphs give the information we are looking
for. For any geodesic the radial coordinate r oscilates between the values
r, and r; given by

142v27 - 8°
2(1 + B?)
VI= (27 + V2P - (1+67)
+
21+ 87)
This represents a true confinement in the classical regime once the total
energy A2 is a fixed quantity (for each geodesic) and thus the trajectories

are kept within the cylindrical shell r; < r < ry. For 4 € 0 the potential
V(r) produces the phenomenom of confinement of all trajectories within

sinh®r;
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the cylinder r < r. with sinhr, = 1 2. Such powerful attraction of gravity
is the reason that forbids the extension of any local gaussian system beyond
a certain region.

4 From Time-like Geodesics to the Gaussian
System of Coordinates

We are now prepared to undertake the first step toward a synchronized
frame. In the geometry (3), the equation satisfied by the associated Hamilton-
Jacobi equation S takes the form
[sinh’r - 11(3_3),'_ 2v2 858s
cosh’r ' Bt coshir Ot 8¢
1.
_—y2 : (T vg
+ or y+ sinh’r cosh’r \3(,0)

( )’+a =0 (15)

We can make the ansatz
S{t,r,p,2) = Mt + A + A3z + F(r) (16)

where the A; are constants.
The problem is then reduced to the integration of the equation for F(r).
A straightforward calculation yields

F(r) = g aresin %—-{—\/74;?1
A esin (@2 = 2))
2 z\/Qz —4PA2
|Q + P + A3 (Q+2P)r+Q—2)
arcsin
2 (z +1)/Q* ~4P)3

ZNote that in case ¥ > 0 the behaviour of the particles depends on the momentum
along the axis z; the width of the cylindrical shell diminishes and can attain the value zero
for =1
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in which

z = sinh’r
{PE£+£+J
Q = 2\/§A1A2 + 4\2 - l\g - a’

Inserting F(r) into the expression (16) completes the definition of the
new time. From it we can obtain the remaining spatial components * by
just taking the derivatives of S with respect to the parameters );, where
t = 1,2,3. This procedure provides then a local synchronization through
the construction of a set of hypersurfaces which are space-like and such that
the family of geodesics choosen intersects each surface just once. There
remains just one remark: to identify among the time-like geodesics which
satisfy (9) those characterized by the above choice (16) of S(X;,¢,r,p,2).
This can be made easily once in NST an explicit integrated form for these
geodesics is given. The result of this identification can be summarized as
follows. _

From the previous qualitative analysis of the behaviour of the geodesics
(see fig.1) one can infers that in order to set up a gaussian system the origin
of which starts at (an arbitrary) point O we must select the value of the
constant By as being null.

From now on we will call such system as Gauss-I system (centered at
0). To complete the system we make the following chaice for the values of
constants Ao, By, Cp and Dy which appeared in the expression (9)

do=t
By=Cp=0 ' (17)
Do=1

in which we have defined u = iu'- and set A; = A3 = 0, in order to conform
with the solution (16) and F(r).

Let us display here for further references the explicit formula of passage

from the cylindrical coordinate system (2,r,¢,2) to the Gauss-I system
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(&, €, 2):

[ § = pat + \/marcsin'lf+“‘7';81'08inﬁ

£ =t 4 arcsin ¥ + -4 arcsin A
47t et + g 18)
7=(p—3)+larcsinA

Z=z

in which .
{ ¥ =1-2¢2 sinh?r

1 (19)
—%T.-"l_nnh r+1 = sinhir41

The Godel's geometry in the Gauss-I system takes the form

ds® = df* ~ a®(p? - 1)d€* + a?g(1,€)diP + 2ha®({, E)dédi — a®dz®  (20)

in which the functions g and % are the same as given in (4) with the sub-
stitution of the radial coordinate r in terms of the new ones. From the
transformations {18) it follows that

) sinh?r
l-sinM= 28‘." her, (21)
with
2-1
c 12
and

= g,/'_z +1(F ~ paf) (23)

Thus, making the uses of these relations we can write

{ gd,6) = —45%(1 —sin M)[p? + 3 + (p* ~ 1) sin M]

h(E,€) = =11 —sin M) (24)

Let us point out that such synchronization procedure generated by the
new system (Z, ¢, 7, #) is valid only in a restrict domain. In terms of the r
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coordinsate it is given by 0 < r < r, for r, defined by (22) Let us make a
final comment on this.

Distinct values of u = %‘- yields (within the same class of geodesics,e.g.
By, = Cp = 0 and Dy = 1) different types of curves and consequently
distinct, although equivalents, coordinate systems. Now, for each fixed
family (e.g. fixed values of A;) and by noting that u = & = Y2\, it
follows that when the vorticity increases (2 — o) we achieve the maximum
possible value for the gaussian domain: sinh®r, = 1. On the other hand, by
means of a simple re-scaling of the cylindrical coordinates - as we did earlier
- we can show that in case the vorticity vanishes the domain of validity of
the above synchronization can be extended through the whole space-time
manifold (i.e; it reduces to the empty Minkowski geometry).

5 The Fundamental Observers of Gauss-1 (Gen-
eralized Milne Frames)

The complete characterization of the gaussian observers can be achieved
through a direct integration of the geodesic equations. In the cylindrical
coordinate system this is accomplished by setting (NST)

r

Z=2y
iz = 11 + cos 2T F 1(s — %))

< cos(‘P - ‘pﬂ) = ﬂi—l ll'.ll.hi 9+l (25)
tan -"gi[t + &(s — 30)) = :z:l tan 3@(3 -~ 3g)

.

We can thus read from these formula the value of the components of
the four-vector I* of this observer. We obtain

inhZ r—
(0= —peimhgm
n= /42 =1—(u? +1) sinh? r

< acoshr (26)
Pl

B=0
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This vector I in the Gauss-I system of coordinates takes the value
I» = 84, just by construction. We have seen in section (2) that the matter
flow has components V# = 15§, which in the gaussian system takes the
form V* = (u,1/a,0,0). This can be used to give a simple geometrical in-
terpretation for the parameter 4 which we have used to distinguishe among
the infinite set of equivalents systems of transformation (18) : it measures
the angle between the fluid four-velocity V* and the geodesic *. Indeed,
from the above expressions it follows that

p= Vol (27)

Just for completeness let us make one more remark concerning such
kinematical properties. Although the matter content of Gédel’s Universe is
conveniently represented by the form (5) , when represented in terms of the
gaussian observers it appears more complicated fluid with non-vanishing
pressure and heat flow. This reflects the fact that a tensor ¢,, can be
represented by projecting into non-equivalent frames. This is explicitly
realized by the equality

PVaVs = plals — Pgap — lalp) + Galp) + Fap (28)
in which )
p = pu?
p=o(* -1) (29)

a = pp(Vy, — uly)

Let us now turn our attention to the behaviour of the congruences gen-
erated by the l“-geodesics. From the definition of the congruence 8 = i
it follows, using (26) and (20) that

Vit +1
a

= -2 tan M (30)
in which M is given by (23). Thus, © diverges at the boundaries of validity
of the gaussian system (see fig.2)

The region covered by this system, the G(*) Universe, can be described
in an alternative way as the evolution of a solidary, unique, compactified
region which we will try now to describe.
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The behaviour of the expansion © suggests the interpretation of the
Gauss-I system as the establishment of a frame generated by a fictitious
class of observers which retains much of the equivalent construction of the
fundamental observers in Minkowski background as proposed many years
ago by Milne [4].

In order to understand this let us briefly review the properties of this
frame in the case for which it was first created. i.e., of a Minkowski back-
ground.

According to Milne’s idea, from an arbitrary point © of Minkowski
space-time an infinite number of idealized particles (without any material
properties - that is, no mass, no volume - almost ghosts) is shot out in all
directions in a completely random way, with all possible velocities. Thus
at O there exists a sort of spacetime creation mechanism, a false Big-Bang,
which is nothing but the reduction of the whole Minkowski spacetime to
small portion of it - the region which we denote by U(,). Such U(4) consists
of the region inside the light cone H generated from O. This U4, region is
called the Milne Universe.

The geometry at U,) takes the form

ds? = dt? — ?do? (31)

Milne’s fundamental observers are comoving, i.e., V* = §5. The expan-
sion factor of the congruence © takes the value © = 1/¢; it diverges at H,
in which ¢ = 0.

Thus, Milne’s frame contains a trivial Cauchy horizon once it consists
of & choosen limited gaussian system of coordinates which however can be
extended beyond A by another choice of coordinates.

In this sense it has been argued - not completely without reason - that
Milne’s Universe is nothing but a self-limited artificial construction of a
handicaped frame used to describe minkowski spacetime.

Nevertheless, in some other classes of spacetimes there are global prop-
erties such that the accomplishment of a class of observers similar to Milne’s
should not suffer from the above criticism but instead it becomes precisely
the most adaptable frame to which a causal history of events could ever be
displayed.

We will provide an exemple of this assertion by looking precisely into
the properties of Gédel’s Universe.
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From the previous analysis of the behaviour of geodesics in Godel’s ge-
ometry we concluded that any material particle (or photon) which passes
through an arbitrary point, say A, is confined into a cylinder of radius r.
encircling A. Once this geometry is completely homogeneous, such confine-
ment is guaranteed for any of its points. Such curious confinement aspect
has been analysed extensively [2], {3].

Thus if one intends to obtain a gaussian system of coordinates for this
geometry by means of timelike geodesics one faces the above limitation -
which is nothing but the counterpart of the occurrence of closed time-like
curves (non geodesics) in this geometry.

We nre thus prepared to undergo the construction of Milne type ob-
servers in Godel’s background.

In every plane z =constant we consider-an infinite number of test par-
ticles shot out, in this plane, in all directions in a chaotic way. The infinite
"source” of these observers is a string which we may locate arbitrarily at
the origin of the r-coordinate. In the Minkowski case, the origin of the
Bang is a point. Here, in Gédel's, it is a string. This means that these
observers are devised in such way as to exhibit the background symmetry.
Thus, for r = 0 this part of Godel’s Universe, expressed trhough Milne’s
coordinates, evolves as a closed Universe, once © diverges both at r = 0
and r = r,, where the critical radius r. is given by (25) sinh®r, = ”,;}
There is a false Big-Bang at r = 0 and a false Big-Crunch at r = r.

Let us note that an inspection on the above dependence of the original
coordinate r on the gaussian coordinates ({, £) shows that the Bang is not
homogeneous: it can be depicted as a configuration similar to a lagging
core typical of a white hole (see fig.4). That is, there is not for the gaussian
system, a unique moment of creation but separate parts enters in the gaus-
sian domain at distinct moments, as viewed in terms of the cosmic time .

From the theory of geodesics in Godel’s geometry [2], [3] it follows that
the region covered by such Milne observers - which we call the G+ Universe
- is the largest causal domain of G6del’s model (see fig. 4 and 5). Thus the
hypersurfaces  — paf =constant provides Cauchy surfaces for all points in
the Gt Universe.

This in turn can be used to examine the evolution properties of any
ﬁeld theory described by initial data on surfaces ¢ — paf =constant in

. Equivalently, one can define standard commutation relations at ¢ —
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paf =constant and propagate them throughout G+ in order to elaborate a
canonical quantum version of a field theory.

Although in these considerations we were concerned with Gédel’s Uni-
verse, the construction of similar Milne type observers for different classes
of geometries can be achieved through the generalization of the procedure
shown in the above exemple. Some of those (e.g. Minkowski) are of limited
importance (generating trivial Cauchy horizon), but other can be of crucial
value (e.g., the above G* Universe) in the set up of a field theory.

Therefore, from what we have learned we could dare to enunciate a
conjecture according to which Milne's observers provide the most natural
frame in which a Quantum Fijeld Theory may be stablished in space-times
which contain closed time-like curves.

6 Beyond the Gauss-I system

We have seen the reasons which forbid the analytical continuation of Gauss-
I system beyond a certain finite radius r.. However, we can find another
gaussian system for r > r. by just choosing another set of fundamental
observers.

This is equivalent to define a new local time {; through the choice of
another class of time-like geodesics. Thus, in the new system (call it Gauss-
II), instead of the values (17) for the parameters which characterize the
congruence in Gauss-1, we set:

Ay=%
Bo = E
Co=0 (32)
Dy=1
Then, the constants v and §? take the values:
r=¢
{ g1 (33)
u

From the previous analysis it follows that we must select u? > 1. Then
0 < B? < 1 guarantees the existence of Gauss-II system of coordinates. We
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note that the parameter v is the true factor which defines the domain of
validity of Gauss-II. The explicit transformation formula which relates the
cylinder system of coordinates (3) to the Gauss-II system is given by:

( 1, = pat + vap + 2/u% + 1arcsin ¥; — % arcsin x; + $(v+ V2p) arcsin A,

LE=t+ Mmarcsin\l'g + JparcsinA;
fiz = ¢ + larcsin A, — L arcsiny;

| =2z
in which _ &
U, = -};[—2(;:2 + 1) sinh?r 4 2y/2uv + p? — 1]
A2=Jf;[22333 mnlirl- 3 3,2.1] (35)
Y2 = _f;;[-zy’+(2\/.i2';?}:;-|;p’]sinh’r]
in which o
g=2V2uv +ut -1 - 4v3(,u’___+ 1) (36)

Just for completeness, we can exhibit the components of the four-
velocity p* of the Gauss-II observers which in the cylindrical coordinates
system are:

[ 1° = o [p(1 — sinb?r) + V24
P' = —l=i=l(#? — 1) cosh® rsinh® r — (v2usinh?r — v)?
P = oy [V2usinh’r - 1]
p’=0
We can use this to make the direct proof that the angle between Gauss-
II observers four-velocity p* and the four-velocity V*# of the matter content
of the Godel's Universe is precisely the same as the Gauss-1 observers

(37)

PVas PVa=p (38)

This reflects the continuity property which yields a coincidence of the
two classes of Gauss observers in the limit » — 0. Combining the values
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of the parameters A4,,8,,Cp and D; from (32) with the form (11) of the
effective potential we conclude that the domain of validity of the Gauss-II
system is bounded by the range r; < r < r; a5 given previously by fig. (1)
which is the classically accessible region for a free particle.

One can make an overview of those coordinates systems in the following
terms:

The system Gauss-I covers a part of the Godel’s geometry that consists
in those points limited from an arbitrary origin (say point @) which we
gauge r = 0 to r = r, with sinh’r, = ﬁ;:—i

Thus the extension of such domain depends on the value of the param-
eter u.

The range of the second (Gauss-II) system depends not only on x but
also on the value of the parameter v, and it is bounded by r, and r,. We
can choose these parameters in such a way that we have r; < r, - having a
non-vanishing intersection of both systems. This allows for the continuity
of the covering of the Gédel’s geometry from r =0 to r = r,.

We can proceed further and define a third gaussian system (call it Gauss-
ITT) - which will display the same feature as Gauss-II. This procedure can be
repeated once and for all. The net result of this is nothing but a piece-wise
synchronization of the whole Godel’s Universe.

Let us pause for a while and consider what we have achieved.

From what we have learned above it follows that the impossibility of
the definition of a unique global time can be interpreted as the requirement
of the uses of non-gravitational forces to accelerate an observer in order
to provoke its passage from a given geodesic congruence (which provides a
definite local synchronization) to another one (correspondingly, to another
gaussian time).

The set of gaussian observers which we use to define the Gauss system
encounters some unusual properties due to the existence of closed time-like
lines (CTL) in this geometry. It seems worth then not only to look into the
properties of these CTL but also to try to answer the question: how could
a material particle be accelerated in order to follow a CTL? Besides this,
one could contemplate that the question difficulty of extending the path
of a real particle beyond a certain region in Godel’s Universe, to be just
a classical hindrance. Is it possible that some sort of quantum tunneling
effect would led a particle to escape from the confinement which we have



CBPF-NF-031/91

. -17-

described earlier?
In the next section we will elaborate a solution for these two questions.

7 Backwards Time Travel

Gaodel's geometry has five Killing symmetries. One of them, which in a given
basis can be characterized by 2Z is of particular interest. This is because its
unusual property which guarantees that the vector % is space-likeforr < r,
and becomes time-like for r > r.. Such property has been employed, since
the original Godel’s discovery, to adapt an observer to a closed time-like line
(CTL). Indeed, the line defined by® r = ry =constant, z = z, =constant,
t = tp =constant and 0 € ¢ < 27 is a CTL for ry > r.. Once this curve
cannot be a geodesic (cf. our previous remarks), the question then appears:
what is the required force which constrains a particle to follow such unusual
path?

The most natural candidate for this enterprise should be a rocket which
carries enough fuel to undertake such incredible journey. However, it has
been shown in a very direct way [5} that the fuel consuption on such path
would be so high (of almost 100 % of all initia!l mass contained on the
rocket) that it could preclude such backwards time travel.

Instead of considering some sort of technological arguments which pro-
vide a better economic utilisation for the fuel, we will turn our analysis into
a more fundamental question: how should a machine operate in order to
set a real particle of well-known properties to travel backwards in time?

We will discuss the case of setting an electron to undertake such travel.
We decided to proceed in this way because it seems to us that, if we answer
this question for the electron, then we would quite naturally gain some
insight into the corresponding question of travelling backwards in time for
huge macroscopic bodies, at least as far as theoretical arguments are con-
cerned. The problem can thus be clearly stated as follows.

Consider an electron which follows the trajectory I' characterized (in

3we are using here the cylindrical coordinate system
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the cylindrical coordinates system) by

1t = 1y = constani
r =rg = constant

z = 25 = constant (39)
0<p<2r
The normalized four-velocity ¥ of the electron is given by
B = (0,0, ! 0) (40)

asinhry/sinh?r — 1’

The corresponding four-vector acceleration b* defined by b = b b is
directed along -g; that is

cosh #{2sinh?r — 1)
" a?sinhr(sinh*r - 1)’

b= (0 0,0) | (41)

As we have stated above, only the gravity field cannot provide for such
travel. The question we face is then the following: what force maintains
the electron in such strange orbit? What is responsable for such motion?

Our strategy to solve this problem is just to look for a combined effect
of gravity and electromagnetic forces. We decided to turn our attention
to these two forces because they are the unique known long-range forces.
This seems a good criteria, once as we know (e.g., the analysis we made
in the previous section concerning the limitation of gaussian domain for a
coordinate system) the breakdown of synchronization is a global effect.

We will examine the orbit (39) in Godel’s Universe. Thus, any electro-
magnetic field present on it must be treated just as a small pertubation.
In order to simplify our model we restrict the analysis to a sourceless pure
magnetic field, as viewed in the frame comoving with the rotating matter,
which is the source of the geometry. In the cylindrical coordinates system,
the unique non-vanishing component of the electromagnetic field is set to
be

F'=H (42)

For the comoving matter with four-velocity V* (cf. (58)) this is indeed a
pure magnetic field directed in the z-direction. However, in the electron’s
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frame which has four-velocity ¥ (cf. (40)) this is not a pure magnetic field.
Indeed, for the electron we have a non-null electric tensor given by

E,=F 0V =F,P+#0 (43)

The Lorentz force provides the necessary acceleration to keep the elec-
tron in the orbit I', for r = ry, if the strength of the field is given by

m coshr(2 sinh’r — 1)
ea? sinhr
Solving Maxwell’s equations as a test field in the background of Godel’s
geometry yields the dependence of H
Hy
H= sinh 2r

Combining equations (44) and (45) for a given value r = rg yields the
value of the intensity Hy, that is

H(r)= (44)

(45)

_2m cosh? ro(2sinh?rg — 1) -
® ™ ea®sinhro(sinh® rp — 1)3/2

(46)

This is the strength of the magnetic field which maintains the electron
in the I orbit. It remains to be proved that the energy of such field is small
enough compared to the matter density p as given by (8) in order to do not
disturb significantly the geometry of the background.

Let us thus look for the physical components of the stress energy tensor
in a local inertial frame. We choose to work in a tetrad e such that

Cf&)efe) NAB = $ap (47)

in which indices A, B, ... are tetrad indices; 45 is Minkowski metric, diag.
(+ — ——). Using the cylindrical coordinates system we have

€)= €(1) = i3y = @
e?z) = v/2asinh?r (48)

ef,) = asinhr coshr
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O P
Ly inhr
&) = - (49)
b1
2 o sink r cosh r

in the tetrad frame the energy of the matter is a constant given by (cf.

(8))

4
To=p= e (50)
The energy of the magnetic field is also given by a constant
mag. a‘
Too) = TH; (51)
We should then require 16
| H} < pr (52)

or substituting in this inequality the previous results, yields

cosh® rg(2sinh®ry — 1)
sinh ro(sinh® ro — 1)3/2

e
<«2— (53)

Thus, given the value of the ratio e/m, (53) yields a limit value for
ro in order to do not violate the above requirement. Using the values of
the properties of the electron we conclude that the minimal value of the
radius ro of the orbit T’ is near the critical value r.. Thus, it suffices to
choose a massive charged particle to allow for a travelling backwards in
time, circunventing thus the difficulties pointed out by Malament [5).

8 Field Theory in Causal Domains: a Gen-
eral Scheme

From what we have learned in the precedent sections we conclude that the
gaussian coordinates (Z, ¢, 7}, ) constitutes a natural framework in which the
evolutionary equations for n arbitrary test field ®(z*) should be examined.
In this section we present an overview of the standard scheme which allows
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for such analysis. We consider a real scalar field &(z*) which satisfies the
wave equation

0% =0 (54)

where O is the d’Alembertian operator in the metric
ds® = dP® — a*(u? — 1)d€? + g(Z, )dii® + 2h(F, €)aldii ~ d*  (55)
in which the functions ¢ and h are given by

g=—igimp(l = sin M)[u? +3+ (s’ - 1) ~ M]
| k= %ﬁ;:—:(l — sinM) (56)

and

2 « | P
= - 2 -
M = ~\fu? + 1( - paf) (57)
Using the definition of the d’Alembertian in the metric (55) it follows:

e _JuT+1 2%
0% = 5 -2 ’"a tan M o
1 1
T (p? - 1)+ 1)1 +sin M
42 1 %
" a?(u? — 1)1 + sin M 95
2u 1
T VB + 1a3(u? — 1) cos M(1 + sin M)
4/ 2uTF 1 1 iad
" au?—1) cos M(1+4sinM) 8
4241 1 8@ 18°®

N
[ﬂv2 '|'3‘|'(j'-l2 - ].)Sll!l.ﬁa‘f]a—é..2

Tam - leosMOR @0
In order to solve this equation let
&..(z) = e*e~*EF(M) (58)

in which F(M) is a solution of the equation

a( MYF" 4+ B(MYF' +4(M)=0 (59)

{4 + 3 + (p* ~ 1)(sin M — cos? M)]%%
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where F¥ = % and

1 — (3% ~1)sin M =(3u2+1
o(M) = iu"-nj)(:ni-l-x)hmu'l)
- n2y?2 -
BM) = s~ tan M
1 + 3 [(243)+{p® =1 }{ain? M+sin M -1 (60)
& in’—lﬁy;-l-_ru_l cos M(1+8in '_rlu

=_ nyZu - n? 2
‘Y(M) - {u’—l)“p’-}lm“(liﬂiﬂm (ﬂz—l)M,M + “(l-l +1)

We define the scalar product of functions &, and &, in the standard
way
(#1,8) =i [ 85,87 (61)

We know that a foliation of space-like surfaces in G, is provided by the
hypersurfaces ¥ = { — yaf = constant. The time-like vector N, normal to
these hypersurfaces is given by N, = 8,¥ = (1, —pua,0,0) and thus it yields
dT# = N*,[idet§,, |dfdijds.

We are thus prepared to pass to the quantization in G, by setting the
canonical comutator relation, like for instance

[@(%,61), 8(F2, &)l = 0 (62)
From the Lagrangian
£ = /-¢0,98, ®g*
_ aw?—1) 3_'1’2 92 i
= 2\/‘m°°5M[(3g) +(a£:)9
02909 ,, 022 52 1 %,
We can proceed to obtain the associated moment
6L
R ()

and the remaining conventional procedure of field theory.
It seems worth to point out that some authors (Leahy, IJTP, 1982)
argue that the standard quantum field theory may not make much sense
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in a space-time which contains closed time-like lines (CTL) as in Gadel's
Universe. Note however that by using the generalized Milne coordinates, it
is possible to construct a frame in which the local causal structure of the
ST is explicitly guaranteed. One could envisage thus to apply this method
to any space-time which contains CTL. We postpone the complete analysis
of this question to a forthcoming paper.

9 Conclusion

In this paper we have analysed the main properties of the synchronization
mechanism in Gddel’s Universe.

The impossibility of the construction of a unique global gaussian system
of coordinates is related to the confinment properties of the geodesics in
this geometry. This unusual behaviour is demonstrated in a direct and
simple way through the method of the effective potential introduced earlier
to reduce the analysis of the geodesics to the dynamics of a single particle
submitted to a central force.

After a review of the geodesics we present a set of gaussian system of
coordinates in such a way that their union provides a complete cover for the
whole manifold. We have identified the existence of closed time-like lines
(CTL) with the property that forbids the extension of a local gaussian frame
beyond a certain region. Thus, we recognize the impossibility of stablishing
a global Cauchy surface. This yields the alternative: either we abandon the
project of constructing a causal chain of events from a given set of initial
data; or one should restrict the description of the evolution of a field to a
finite region inside the frontiers of a causally related bounded domain of
space-time. This has led us to construct a convenient frame which is the
generalization of Milne’s idea of special observers. This generalized Milne’s
‘observers constitutes a special frame to which a causal field theory can be
constructed.

We are thus led to conjecture that it is possible to use such kind of
frame into any space-time which contains closed time-like lines in order to
provide for a formulation of a causal field theory.

~ On the other hand, we have presented a mechanism which consists of
a combined action of long range fields (electrodynamics and gravity) that
induces a real particle - say, an electron - to undergo a backwards time
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travel.
Finally, we argue that going into a quantum version of the theory does
not modify the confinning character of Godel’s geomeiry.

10 Appendix: Schrédinger’s Quantum Equa-
tion

In this appendix we will present an overview of the arguments presented
in (4) and which intend to answer the following question: can a quantum
mechanism induce a particle - interacting only via gravitational process -
to go beyond the classical confined region?[6]

We have seen in precedent sections that the mechanism of confinement
depends only on the behaviour of geodesics under an r-displacement (we
will work here in the cylinder coordinate system).

Using the momentum P, defined previously we can re-write the equation
for the r variable (9). It is sufficient to consider the case in which By =

" Cp =0 (cf. eq. (17)). We then have

2
cosh?r

P? + D} + AdJ1 - ]=0 (64)

Following the standard prescription of the first quantization, we will treat
P, as the operator

L, d 1
F, — #‘(df‘ + ;) (65)
to obtain the Schrodinger’s equation
& 2d . 2A%

[dr2 + rdr Do + cosh’r]‘p Ao¥ (66)
or, setting \
24,
2
2mV(r) = D, P I (67)
2mE = — A} (68)
thus,

£ 2d
—(gz+ ) =2m(E-V)¥ (69)

-
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We set 1
¥= ;u(r) (70)
to arrive at 2 AA 1
g+ + o) =0 (1)
in which A= 1) = 242
{ ¥ = —(D} + A2) (72)

Thus, the dynamical behaviour of a particle in Godel’s background un-
der the standard Schrodinger’s quantization is reduced to the problem of a
particle in a Posch-Teller potential (71).

This potential has a well-known structure, and appears in conection with
completely integrable many-body systems in one-dimension; it appears also
in soliton solutions to the Kortweg-deVries equations, etc.

Changing to a new variable y = cosh’r (which maps the domain 0 <
r < oo into the transformed one 1 < y < o) eq. (71) can be written in the
more fashionable form

d*u 1 du
y(l- ”)Ty’ + (5 - y)g;

2 —
_(."‘l_+i‘l_._1.).)u=o (73)
Write
u =y %u(y) (14)
to obtain the equation for v as
v(1- y) =+ +1/2) - (A - l)y]—
- 4-(,\2 +Kw=0 (75)
Re-defining ,
= (A +ik)
{ be f((A —ik) (76)

27
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We re-write this equation for v as

v(l-v) +[c—(a+b+1)v]——abv 0 (77)

withe=a+b+1/2

This procedure led us to eq. (77) which can be recognized as a typical
equation for hypergeometric functions. The radius of convergence of this
series is given by |y| < 1.

It is possible to extend analytically this function for the whole complex
plane through the cut (1, 00)..

Define the variable z =1 — y; then

2(1 —z) +[1/2 (a+b+ l)z]—-—abv 0 (78)
The solutions of which are given by
v =cF(a,b,1/2,2z) + (1 — y)/*F(a + 1/2,b+ 1/2,3/2,2) (79)

In order of ¥ to be finite at the origin r = 0 we must set ¢, = 0.
In the other limit r — 0o we can write

U & Sem(At1) 41
r

I'(b—a) 2;: 1, -(2a41)r
ARl Yy v
" I'(a—b) 92+l e-(zb-l-l)r]
TI‘(a +1/2)'(1-9%)

and thus e A

U et &t (80)
r r

In order to normalize ¥(r), the first term of the expression above should
be null. Thus,

l-a=-n (81)
or

%+b=-—n (82)
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Thus, the T function has poles in these values.

Setting,
a=3A-\/D}+A}
A= %(1 + \/1 + 8A%) (83)
E= .‘2_"':1
we can find a functional relation
{
E" = f(n, Do, m) (84)

where n is an integer and > 0.

We can now interpret particles of mass m following geodesics in Godel’s
Universe as quantum particles submitted to a Posch-Teller potential. The
functions ¥ being normalized permit us to achieve the expression of the
energy which depends only on Dy, the mass m and an integer number n.
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Vain ~8 A = —AE i£+1 ]
Y

Figure 1: Graphs of the Effective Potential for the free particles in Godel's
geometry.
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Figure 2: The domain of Gauss-I system of coordinates constitutes the
region inside the linesr =0 and r = r., which we will call the G* Universe.

The null cones are provided by di = ay/p? — 1d¢.
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Figure 3: The ghost observers of Milne in Minkowski space-time. The False
Big-Bang occurs at (an arbitrary) point O.

=70

| * 2R

Figure 4: The ghost observers of Milne in Godel space-time. The False
Big-Bang occurs at 7 = 0. The False Big-Crunch occurs at r = r..
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Figure 5: Restricted Cauchy Problem - any point P in D*(S) (the Cauchy
development of the surface S) is related to data defined on the surface
S : § =constant. H*(S) is the Cauchy horizon. The data given on §
(within G+) allows the prediction of the future dynamics within D*(S).
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Figure 6: The Godel's causal Universe: G*. The line r = 0 represents
the beginning of the G+ Universe; the line r = r, marks its end points. A
particle which borns at A ends at B (for G*). The fact that the boundaries
at r = 0 and r = r, are tilted in the (£,£) plane yields the lagging effect.
Some parts of G+ come into being latter than others parts. The foliation
of the G* Univese is made through the hypersurfaces 1 — paf =constant.
The Cauchy problem is well defined in these hypersurfaces within Gt.
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