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Abstract. This note is an improvement of the available methods for getting

results on the weighted approximation of continuously differentiable functions.
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We shall present what we believe to be a simplified version of the reasoning
to establish some results concerning weighted approximation of continuously
differentiable scalar functions on R" (see Zapata [3]). For references to weighted
approximation of continuous scalar functions on R" see Horvath{l] and Nachbin
[3]. Lemma 1 reduces the search for sufficient conditions in order that a weight
on R be C™-fundamental to the finding of sufficient conditions for a weight on
R to be C- fundamental. Similarly, Lemma 2 reduces the finding of sufficient
conditions for a weight on R® to be C™-fundamental to the search of sufficient
conditions for a weight on R to be C™-fundamental. We then apply Lemmas 1
and 2 together to obtain Propositions 2, 4 and 5.

Fix integers n € N, n > 1 and m € N (the case m = oo will be excluded
since it follows easily from all m € N). Let K denote either R or C. Consider the
algebras P(R™) of all K-valued polynomials on R® and C™(R") of all continuously
m-differentiable K-valued functions on R®. Write N%, = {a € N* ; la| £ m}
where |a| = a3 +---+an if a = (aq,...,a,) € N*. Let D®f be the a-th partial
derivative of f € C™(R"} for @ € N,. Denote by D™(R") the subalgebra of
C™(R™) of all functions with compact support.

A C™-weight on R" is a family v = (ve;a € NJ) of upper semicontin-
uous functions v, 2> 0 on R®. Such a weight v defines the vector space
C™us(R™) of all f € C™(R™) such that v,D*f tends to zero at infinity for
every a € NP, Set [|fllo, = sup{va(?) - |D*f(t); t € R"} to get a semi-
norm f € C™ve(R*) — ||f|lv. € R+ for every a € NZ,. The finite fam-
ily of such seminorms makes C™v(R") into a seminormable space, actually
a seminormed space if for instance we use the seminorm f € C™y(R™)
1flle = sup{l|flva; e € Ni} = sup{va(t) - [D*f(2)|;t € R",a € N7} € Ry.
We now have that D™(R") C C™vo(R"). It is known that D™(R") is dense in
C™veo(R™) if the weight v is decreasing in the sense that for every «, 8 € Np,
with A € a there exists Cpg > 0 such that v, < Cogvgs (see Lemma 1 in Zapata
[3]). D™(R") may be dense in C™v,(R™) even if v is not decreasing, and it
may fail to be dense as well. The weight v is said to be rapidly decreasing if
P(R™) C C™vs(R™). If, moreover, P(R™) is dense in C™v(R™) then v is called
C™- fundamental.
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LEMMA 1. Let m € N, v; > 0(: = 0,...,m) and u 2 0 be upper semicontinuous
on R. Counsider the C™-weight v = (vo,...,vm) on R which is assumed to be
decreasing. Let u be C-fundamental on R, such that s,t € R, |s] < |t| imply
u(t) < uls), and that [t]™vi(t) < u(t), vi(t) S uft) fort €R, i =0,...,m.
Then v is a C™-fundamental weight on R.

PRrRoOOF: The lemma is true if m = 0 because then v < u and hence vy is C-
fundamental along with u. Assume now that m > 1 and that the lemma is
true for m — 1. Notice that P(R) C C™voo(R) because P(R) C Cu(R) and
v; L u(t =0,...,m). Hence v is rapidly decreasing. Fix any f € D™(R) and
€ > 0. Then f™) € D(R) C Cuco(R) and there is P{™ € P(R) so that

(1) u(t) - [PU(t) - fM () < e (tER).

Choose P € P(R) whose m-th derivative is P{™) such that P()(0) = f()(0)(i =
0,...,m —1). We claim that

@ w() - |PO@) - FOW) S e (tERi=0,...,m).

In fact, for i = m this follows from (1) and v,y £ u. For every t € R,
i =0,...,m—1 there is s € R, |s] < |t| such that [PO)(¢) — fO)(¢)] <
t|m=t - |P(™)(s) — f(™)(s)| by the mean value theorem applied m — ¢ times.
Notice that [¢[™*v;(¢) < u(t) < u(s). Hence (1) with s in place of ¢ shows that
(2) istruefor ¢t = 0,...,m — 1 as well as for 1 = m. It follows that D™(R)
is contained in the closure of P(R) in C™v(R). Therefore, P(R) is dense in
C™vw(R) along with D™(R). Thus v is C™-fundamental.

Let v > 0 be upper semicontinuous on R. We say that v is an analytic weight
on R when there exist C > 0, ¢ > 0 such that v() < Ce~clll(t € R). It
is then known that v is a C- fundamental weight on R (see Lemma 2, §28 in
Nachbin [2]). More generally, if v > 0 is upper semicontinuous on R", we say
that v is an analytic weight on R™ when there exist C > 0,¢ > 0 such that
v(t) < Ce~c(lt+-+ltaD(¢ € R™). It is then known that v is C-fundamental on
R™.
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PROPOSITION 2. Let m € N, v; > 0 (i = 0,...,m) be upper semicontinuous
on R. Consider the C™-weight v = (vy,...,vm) on R which is assumed to be
decreasing. Let each v;(i = 0,...,m) be an analytic weight. Then v is a C™-

fundamental weight on R.

PROOF: Assume that v;(t) < Ce~ll(t € R,5 =0,...,m) for some C > 0,¢ > 0.
Choose D > 0, 0 < d < ¢ so that, if u(t) = De~4lt(¢t € R), all assumptions in

Lemma 1 are satisfied. R

LEMMA 3. Let n € N, n > 1,m € N,vy > O0(a € N},) be upper semicontinuous
on R. Consider the C™- weight v = (vy; @ € N%, ) on R® which is assumed to be
decreasing. Let u;; 2 0(t =1,...,n,j7 =0,...,m) be upper semicontinuous on
R. Consider the C™-weights u; = (uio,...,%im) (£ = 1,...,n) on R which are

supposed to be decreasing and C™-fundamental. Assume

Va(t) < t1a,(t1) - tinan (ta)(t €R™, @ €N ) .

Then v is C™-fundamental on R".

ProoF: Consider the n-linear mapping = that with every (fi,...,fn) €
C™(u1)oo(R) X <+ X C™(tin)oo(R) associates f; ® «++ @ fn € C™vo(R™) where
(A® & fo)) = fi(t1) - fa(fn) for t € R®. The assumptions make it sure
that « is well defined and continuous because

1f1 ®:--® fallow < [fillura, = Ifallune,, -

Since P(R) is dense in C™(u;)oo(R) by hypothesis, then D™(R) is contained in the
closure of P(R) in C™(u;)eo(R)(z = 1,...,n). Therefore x[D™(R) x --- x D™(R))
is contained in the closure of 7[P(R)x- - -x P(R)] in C™v(R"). Hence the vector
subspace D™ (R)®- - - @ D™ (R) generated by #[D™(R)x - - - x D™(R}] is contained
in the closure in C™ v (R™) of the vector subspace P(R”) = P(R) ® --- ® P(R)
generated by 7[P(R) x --- x P(R)]. It is known that D"(R)® --- ® D™(R)
is dense in D™(R") in the natural inductive limit topology of D™ (R™), hence
in the coarser topology on D™(R") defined by the norm f € D™(R") +— sup
{|D2f(t)|;t € R |a|] < m} € Ry, hence (because all vy are upper bounded
along with all ;;) in the even coarser topology that the natural topology of
C™voo(R"™) induces on D™(R™). Since D™(R") is dense in C™voo(R™), then
D™(R)®- - -®D™(R) is dense in C™voo(R™). The fact that D"(R)®---®@D™(R)
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is contained in the closure of P(R") in C™ve(R") implies then that P(R") is
dense in C™veo(R™). Thus v is C™-fundamental. fi

PROPOSITION 4. Let n € N, n 2 1, m € N, vo = 0{a € NI) be upper
semicontinuous on R™. Consider the C™-weight v = (vq;a € N2) on R® which is
assumed to be decreasing. Assume that each vo(a € N2) is an analytic weight.

Then v is C™-fundamental on R™,

PROOF: Let vo(t) < Ce~c(tik+tal)(t € R®, 0 € NP ) for suitable C > 0,¢ > 0.
Choose u;j(t;) = CV/me~cltil(; = 1,... |n,j =1,--- ,m) so that all assumptions
in Lemma 3 are satisfied. §

Let v 2 0 be upper semicontinuous on R and rapidly decreasing. Put M,, =
sup {|t™] - v(t);t € R} € Ry(m = 0,1,---). We say that v is a quasi-analytic
weight on R when £%._,1/%/M,, = +oco. It is then known that v is a C-
fundamental weight on R, and that every analytic weight on R is quasi-analytic
(see Lemma 2, §29 in Nachbin [2]). More generally, if v > 0 is upper semi-
continuous on R, we say that v is a quasi-analytic weight on R™ if there are
quasi-analytic weights v, --- , v, on R such that v(t) L vi(t1)--- va(ta)(t € R).
It is then known that v is C-fundamental on R”, and that every analytic weight

on R™ is quasi-analytic.

PROPOSITION 5. Let n € Nyn > 1,m € N,vs > 0(a € N?) be upper semicon-
tinuous on R*. Consider the C™-weight v = (vy; € N7} which is supposed
to be decreasing. Assume that there are quasi-analytic weights vi(i = 1,--- ,n)
on R such that va(t) < vi(t1) - vn(ta)(t € R*,a € N%,). Then v is a C™-
fundamental weight on R™.

PROOF: All assumptions of Lemma 3 apply. I

LEMMA 6. The linear mapping D : f € D}(R) — f' € K(R) = D(R) is injective.
Its image is DD'(R) = {g € K(R); f ¢ = 0}. If u > 0 is upper semicontinuous on
R, this image is dense in Cuoo(R) if and only if [ 1/u = +o0.
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PROOF: Only the final part of the lemma requires a proof. Consider the linear
form I: f € K(R) — ff € K. Assume f1/u = +0o. We claim that I is
not continous on K(R) for the seminorm induced by Cus(R). In fact given
any ¢ 2 0 there is f € K(R) such that 0 < f < 1/u, [ f > c. Therefore
| f lu< 1 and I(f) > ¢ show that I is not continuous on K(R) for the seminorm
induced by Cuco(R). It follows that I-1(0) = DD (R) is dense in Cuco(R).
Conversely let ¢ = [1/u < 400. Then the set where u vanishes has a void
interior. It follows that the seminorm on Cu(R) is actually a norm. We claim
that [I(f)| < c. || f [lu for f € K(R). Thisis clear if || f |lu= 0. If || f [|> 0 then
WO I £ ll implies |F(A)] S| £ fu /u(t) for t € R, bence [T(H] < < |
for f € K(R) as asserted. Thus I is continuous on K(R) for the norm induced
by Cuc(R) and I extends uniquely to a continuous linear form I on Cuq(R)
since K(R) is dense in Cug(R). We know that I 3 0 because I does not vanish
on K(R), but that I vanishes on DD'(R). It follows that DD'(R) is not dense
in Cuc(R). 1

EXAMPLE 7. Consider vg = 0,v; > 0 upper semicontinuous on R, and the C? -
weight v = (vo,v1) on R. (Notice that v is not decreasing unless vy = 0.} Then
D'(R) is dense in Clvoo(R) if and only if [ 1/v; = +o0.

PROOF: Since vy = 0 we see that D'(R) is dense in Clu(R) if and only if
DD!(R) is dense in C(v;1)oo(R). There remains to apply Lemma 6 with v; in
place of u. I
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