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A well known method for the study of ancmalles in Field Theory 1s the
Heat Kernel method which allows to express the anomaly in terms of the
low-parameter ("temperature") expansion of the dlagonal part of the solution
of the "Heat equation" associated to the corresponding operator {for
instance, the axial anomaly may be expressed in terms of the "heat Kernel"
associated to the operator ,232}. More generally, let S[¢] = <¢,H¢> be some
classical action, invariant under some group of transformations. Then there
exists some quantity 4 which is vanisﬁing, the divergence of a conserved
current. [ may happens that in the gquantized version of the theory, the
expectation value of the corresponding operator, <A>, does not vanish but
equals some value, the so called anomaly A. The physical meaning of
anomalies in Quantum Theory is not yet completely understood, and it is an
opinion that it may reflect deep physical phenomena (see for example Jackiw
in ref. [1].

Here we adopt a more mathematical physiclist’s point of view. Our
starting point 1is our Mellin transform expansion for the solution of the
"heat equation" BtF(t;x,y)-'-HF[t;x.y] = 0; F(0;0,y)=8(x-y), assoclated to an
elliptic operator H of order m, of the type studied by Seeley in his
classical paper of ref. [2]. Those are Calderon-Zygmund operiators
{differential or pseudo-differential), generalization of differentlal

D
operators of the type H= z Hua“ , with ja|= z:aj. {multiindex notation is
j=1

|u =m

used) acting on points X of a compact manifeld of dimension D. The
parameter t is a "time" or "temperature" parameter (in physical applications
t can represent time or inverse temperature, which means we deal with a

short-time or high-temperature (seml-classic) expansion). For definiteness,
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we consider in this note only operators of order m esen.

The expansion we derived in ref. [3] is based on the connection through
a Mellin transform between the Heat Kernel and the Seeley's kernel,

K(s;x,y), of the s-th complex power of the operator H, H*,

*? dinms s
Fl(t;x,y) = 5in t” I'(-s)K(s;x,y) ., (1)

where Res<-D/m. Then displacing the integration path to the right and using
the analytic properties of K(s;X,y) in s [2] (K(s;x#y} is an entire function
and K(s;x,x) 1is meromorphic with poles on the real s-axis), we plick up
successively the contributions from the poles of K(s;x,x) at s=[j-D)[n. for
J=0,1,2,... Incidentally we remark that very simllar techniques for
obtaining asymptotic expansions have been extensively used by us also in
other contexts, to investigate asymptotic behaviours of Feynman Amplitudes
[4). The diagcnal elements of the Heat Kernel are thus expressible as the

following series,

(J-D}/m

© _ ©
Ftsx,x) = -} t"[ac(x} + by0tn t] - ¥ ¢ FLD-3)/mIR, (x) (2)
&=o

j=o

where the sum over J excfudes the terms such that (j-D)/m=0,1,2,...In the

case H is a differentlal operator the coefficlient a!(xJ is given by al(x]=
41

{(-1) . .

— K(;%x,x), and Rj(x) is the residue of the (simple) pole of K(s;x,x)

at s=(j-D)/m. The logarithmic terms in (3) are absent if H is a

differential operator, in which case the residues of the poles of K(s;x,x)
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at integers s all vanish.

Conversely.if H is a poeude-dlfferential operator, K(s;x,x) may have
simple poles at integer values of s. Therefore I'(-s)K(s;x,x) has double
peles and logarithmic terms (like tﬁ% 4n t) appear in the expanslion. This
fact, that is not very cited in phyéics iiterature, is peinted out in the
papers of Duistermaat and Guillemin {5] and Agranovitch [6] and was
communicated to us in a letter by Seele; [71].

The expansion (2} generalizes the de Witt-Schwinger ansaly currently
used by physicists. In the following we apply that expansion to point out
in a direct way the fact which entitles this paper.

From a work of Cognola and Zerbini [8], wusing the generalized
zeta-function regularization method, they consider non-negative second order
elliptic differential operators, H. The anomaly in the general sense

descrlbed above, may be written in the form,

1

1 =1

A=-qLimn Tr [(A+B) O I dtt F(t;x.XJ] . (3)
0 s [+

where A and B are some (non-differential) operators (e.g. for the chiral

%, or 1 for fermions, neutral or charged bosons

anomaly, A=B=175), q=-1,
respectively, and where the projection onto the zero modes has been done.

Let us consider two posslibillities for expanding the Heat Kernel
F(t;x,x):

a) If we use the de Witt-Schwinger ancaly,
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D

[ ]
F(t,x,x) = (4nt) 2 [ b )t" (1)

n=0

for expanding F(t;x,x) in (3}, we obtain

D

A= —qlam) 2 Tr[(A+B) bb(x}] ()
2 |

which shows that the de Witt-Schwinger ansaly is not suitable for odd

dimensien, it gives the anomaly only in ewsen dimension D, since the

coefficient bIJ exists only for entire Iz—)
2

b) Usling our Mellin transform expansion (2) in the case of a

diffenential operator, it is not difficult to get an expression to the

anomaly, an expression which is valid for anbithawy dimenailon D,
A=gq Tr[(A'I-B)K{O;x,x]] . (6)

The kernel K{0;x,x) is given by [[2],

19
c’clp b-m-n {x,€,pe )

K(O;x,x) = -1t J'dg , (6a)

M(ZII]D |£|-1

where arg A=@ is the ray of minimal growth along which passes a curve T
coming from « clockwise on a small circle around the origin and backwards to

infinity. The quantities b_m_J are obtained from the coefficlents a _, of
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m=-k

o
the symbol of H, ¢(H)(x,€)= g a (x,£), by the set of equations (2]

b (a-A) =1 ; &0 (7a)
- -]

_ S - « 1 )
b, = -(a-a) [[ﬁ] b0 o % ¢ PO (7b)

where multiindex notation for « is used, and the sum is taken for j<¢,

J*k+|a|=t, |a|= « +...+a . Now, from the definition of the a  's,
1 D -k

an_k(x,€]= z HNEN. where the Hu are the coefficlents of the operator
ot|=n-k

H, we see that the parity in the £-variables, of a . Iis (-1)* and from (7a)
that the parity in § of b_n is always equal to 1. Then by induction (the
recurrence hypothesis is easily verified for the two first steps]} we get
from (7b) that the parlty in € of b-.-t (x,§,A) equals [-l)t for any #&=0.
Let us take =D, and remember that we consider m ewsen . Then from equ.
(6a), since the integration over £ is constrained to the unit sphere (in the
cotangent space) |£|=1, we see that K(0;x,x) sanishes for D add.

Therefore we see from equ. (6) that all the class of anomalles
described by Cognola and Zerbini (which includes the axial anomaly) cannat
exist in compact aspoces of add dimension. This is to be compared with
previous results from both the mathematical and physical literature, such as
those in the papers by Greiner [9], Gilkey [10] and Romanov and Schwartz
(11]. A mathematical result emerging from the literature is that an

elliptic differential operator acting on a odd-dimensional compact manifold

without boundary has zero index. From a physical point of view this may be
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interpreted as the absence of anomalies. 1In thls note we recover this fact

in a direct and original way.
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