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Abstract

We propose that the phonons in 4He obey a q-deformation of the Heisenberg algebra
and give an algebraic interpretation for the polynomial expansion of the small momenta
phonon dispersion relation. Comparison with CV experimental data shows that our spec-
trum reproduces the experimental one within less than 5% of discrepancy. .
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The super
uid properties of 4He [1] are well described by Landau theory [2]; neverthe-
less, even for temperatures as low as 10K there are still unsolved discrepancies between
theory and experiment. In Landau theory, the super
uidity follows from phonon and
roton elementary excitations [3]. The anomalous dispersion of phonon spectrum in 4He,
!(p) = c0p(1�
p2) (c0 is the sound velocity), was theoreticaly derived [4] and 
 estimated
to be positive. On the other hand, data from 4He speci�c heat measurements �t to a
di�erent expression for the dispersion of phonon spectrum and give a negative 
 for most
values of the pressure [5{6]. Negative 
 leads to an unstable phonon spectrum, which
is con�rmed by experimental measurements of phonon lifetime in scattering of neutrons
[7]. In this letter we show that this di�culty can be overcome if we treat the phonons as
bosonic q-oscillators [8]. Using A, B and D values experimentally determined by �tting
the low-temperature phonon speci�c heat

Cphonon
V = AT 3 +BT 5 +DT 7 ; (1)

with measured speci�c heat data of 4He[6] at the temperature range 0:14 � T � 0:86,
our model leads to unstable phonons for all the analysed values of the pressure.

Bosonic q-oscillators [8] are a generalization of the Heisenberg algebra obtained by
introducing a deformation parameter q. For q > 1 [9], an ideal q-gas presents Bose-
Einstein condensation and the speci�c heat exhibits a �-point discontinuity [10], two
features connected to super
uidity [11]. On the other hand there have been interesting
indications that the continuum descriptions of physical quantities break down both in
a convergent 
uid 
ow [12] and, more recently, in super
uid 4He [13]. As a similar
breakdown has been observed in connection to deformed algebras [14], we are led to think
that they might have a role to play in the study of super
uidity.

Let us then consider the algebra generated by a, a+ and N satisfying

[N; a+] = a+ ; [N; a] = �a (2)

aa+ � q�1a+a = qN (q 2 R) :

Assuming that a and a+ are mutually adjoint, N = N+ and the spectrum is non-
degenerate, the following representations of (2) were obtained [15] for q > 1:

a+jni = q�0=2[n+ 1]1=2jn+ 1i ;

ajni = q�0=2[n]1=2jn� 1i ; (3)

N jni = (�0 + n)jni ;

where [n] = (qn� q�n)=(q � q�1) and �0 is a real free parameter which goes to zero when
(2) becomes the usual Heisenberg algebra (q ! 1). Note that only when �0 = 0, N is the
usual particle number operator for the normalized vector state jni; otherwise the particle
number operator is N̂ = N � �0 and �0 is a parameter that classi�es the inequivalent
representations of the algebra (2) [15, 16, 17].

Generalizing previous results obtained for �0 = 0 [18], in the Fock space spanned by
the vectors jni, we can express the above deformed oscillators in terms of the standard
bosonic ones, b and b+, according to

a = q�0=2
 
[N + 1� �0]

N + 1� �0

!1=2

b ; a+ = q�0=2 b+
 
[N + 1� �0]

N + 1� �0

!1=2

(4)
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and it can be easily shown that

aa+ = q�0[N + 1 � �0] ; a+a = q�0[N � �0] ; (5)

where N � �0 = b+b. This shows that bosonic q-oscillators, in arbitrary representations
�0 and for real q > 1, can be reinterpreted as standard bosonic oscillators.

We propose that the phonons in 4He are described by a q-gas. Considering that our
model will be compared with the experimental results at the temperature range 0:14 �
T � 0:86 [6], where the rotons contribution is at most 0:5% of the total speci�c heat [6],
they will be treated as usual [3]. We take for the phonon gas the Hamiltonian

H =
X
i

!ia
+
i ai =

X
i

!i
�
[Ni]� qNiC

�
; (6)

where C = q�N ([N ]� a+a) is a Casimir operator of the algebra (2) and in the represen-
tations (3) one has

Cjni = q�0[�0]jni : (7)

In (6) ai and a+i are the annihilation and creation operators of particles in levels i with
energy !i and Ni is the number operator of particles in levels i plus �i0, which we are
assuming level dependent.

As the partition function factorizes for the above system the canonical potential is


 = �
1

�

X
i

ln
1X
n=o

e��!iq
�
i
o [n] : (8)

where � = (kBT )
�1, with kB the Boltzmann constant.

The phonon anomalous dispersion relation is !(p) = c0p(1��p2), with c0 the velocity
of sound, and we propose the dispersion relation

�0(p) =
�2

�
p2 =

p2=2m

E�
(9)

with � an algebraic dimensional constant, [�] = gr�1cm�1sec, and q = e�. As a conse-
quence of the dimensionlesness of �0(p) it appears in (9) an energy scale, E�, that we take
as E� = kBT�, where T� is the temperature at which liquid 4He undergoes a transition
and becomes super
uid. Moroever, it seems natural to take m = mHe4 since we have
for �0(p) the non-relativistic classical dispersion law. For small phonon momenta we can
expand our energy-momentum relation as

q�0(p)!(p) = e�
2p2c0p(1� �p2) = c0p[1 � (� � �2)p2 � (��2 �

1

2
�4)p4 � � � �] : (10)

We are thus presenting an algebraic interpretation to the usually ad-hoc introduced small
momenta phonon dispersion relation [3, 5, 6].

It follows from a straightforward calculation that the low-temperature q-phonon spe-
ci�c heat per mole is given by

Cphonon
V;q = ~AT 3 + ~BT 5 + ~DT 7 + ~GT 9 + � � � ; (11)



{ 3 { CBPF-NF-091/95

where

~A =
2k4BV

�2~3c30
!(3) ; ~B =

15k6B(� � �2)V

�2~3c50
!(5) ; ~D =

28k8B
�
7
2
�4 + 4�2 � 7��2

�
V

�2~3c70
!(7)

~G =
15k10B (�81�6 + 110�3 + 243��4 � 270�2�2)V

2�2~3c90
!(9) (12)

with V the molar volume and

!(m) =
Z
1

0
dy ym�1

1X
n=0

[n]e�y[n]

1X
n=0

e�y[n]
: (13)

Using its usual dispersion relation, !r(p) = �+ (p� p0)2=2�, where � is the energy gap,
p0 is the position of the energy minimum and � is the e�ective mass of the roton, the
roton contribution to the molar speci�c heat is:

Croton
V =

2V �1=2p20�
2

(2�)3=2~3k1=2B T 3=2

�
1 + kBT=�+

3

4
(kBT=�)2

�
e��=kBT (14)

and the total speci�c heat is

CV = Cphonon
V;q + Croton

V : (15)

Taking for the coe�cients ~A; ~B and ~D the least-squares �ts for A; B, and D in (1)
[6] of the measured speci�c heat data (analysis 2 in ref. [6]) and ~G = 0, we obtain for
q; �; � and c0 the results listed in table I. The values of q are derived from

ln q = 2mHe4�
2kBT� ; (16)

which is a consequence of (9), and c0; � and � from relations (12). As the very large errors
in the T 7 coe�cients for the samples 10-16 [6] lead to a high inaccuracy in the derivation
of expression (16), we restrict our analysis to the samples 6-9 [6].

In table I we see that the values of q increase with the pressure, and that the values
of c0 are around 4% lower than the directly measured sound velocities [19]. These results
are obtained by least-squares �ts of the speci�c heat data [6] with the expression (15),
considering terms up to T 7 in Cphonon

V;q . Since in our model higher powers of T are relevant,
in the second row of table II we show the results obtained considering terms up to T 9

in (11) and taking ~A = 80 � 104 erg=mol K4; ~B = �21 � 104 erg=mol K6; ~D =
83� 104 erg=mol K8 and ~G = �67:5� 104 erg=mol K10. These values reproduce, within
5% of accuracy, the curve resulting from least-square �t of CV data for sample 6 [6], with
CV = AT 3 + BT 5 +DT 7 + Croton

V (see Fig. 1). We see that the c0 value is then more in
accordance with the experimental one. We note that for a given value of q, c0 and the
parameters � and � are obtained directly from the values of ~A, ~B and ~D through relations
(12). The coe�cient ~G of T 9 is crucial to show the consistency of our model. In fact,
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with the values of �, � and c0 in the lower row of table II, the coe�cient ~G calculated
from the last relation (12) is equal to �67:5 � 104 erg=mol K10.

In summary, considering the phonons in 4He as being described by a quantum q-gas in
a special representation of the Heisenberg algebra, we have shown the q-algebraic nature of
the polynomial expansion of the small momenta phonon dispersion relation. Moreover, our
estimated values of c0 are in good agreement with the directly measured sound velocities.
To test the present model we have compared it with the available experimental data: our
spectrum reproduces the experimental one for the entire 0:14 � T � 0:86 range, within
less than 5% of discrepancy. Finally, we would like to stress that as a consequence of the
proposed dispersion relation (10), with only two free parameters (q; �0) we have been able
to �t the experimental data with the three coe�cients ~B; ~D and in ~G in the speci�c heat
expansion (11).

Acknowledgments

The authors thank C. Tsallis for many helpful suggestions and A.C. Olinto and V. Elser
for useful comments and references.



{ 5 { CBPF-NF-091/95



{ 6 { CBPF-NF-091/95



{ 7 { CBPF-NF-091/95



{ 8 { CBPF-NF-091/95

References

[1] P.L. Kapitza, Nature 141, 74 (1938); J.F. Allen and A.D. Misner, Nature, 141, 75
(1938).

[2] L. Landau, J. Phys. USSR 5, 71 (1941); J. Phys. USSR 11, 91 (1947).

[3] See for instance: I.M.Khalatnikov in The physics of Liquid and Solid Helium, Part.
I, Vol. XXIX, (John Wiley & Sons, Inc., New York, 1976).

[4] S. Eckstein and B.B. Varga, Phys. Rev. Lett. 21, 1311 (1968).

[5] N.E. Phillips, C.G. Water�eld and J.K. Ho�er, Phys. Rev. Lett. 25, 1260 (1970).

[6] D.S. Greywall, Phys. Rev. B18, 2127 (1978); Phys. Rev. B21, 1319 (1979).

[7] E. Talbot and A. Gri�n, in Proceedings of the 75th Jubilee Conference on Helium {
4, edited by J.G.M. Armitage (World Scienti�c Publishing Co. Pte. Ltd., Singapore,
1983); E.C. Svensson and V.F. Sears, Physica 137B, 126 (1986).

[8] A.J. Macfarlane, J. Phys. A22, 4581 (1989); L.C. Biedenharn, J. Phys. A22, L873
(1989).

[9] M.R-Monteiro, I. Roditi and L.M.C.S. Rodrigues. Mod. Phys. Lett. B7, 1897 (1993).

[10] M.R-Monteiro, I. Roditi and L.M.C.S. Rodrigues, Phys. Lett. A188, 11 (1994); Int.
J. Mod. Phys. B8, 3281 (1994).

[11] F. London, Nature 141, 643 (1938); Phys. Rev. 54, 947 (1938).

[12] W.G. Unruh, Phys. Rev. Lett. 46, 1351 (1981).

[13] V. Elser, Phys. Rev. E51, 5695 (1995).

[14] A. Dimakis and F. M�uller-Hoissen, Phys. Lett. B295, 242 (1992); S. Majid, Int. J.
Mod. Phys. A5, 1 (1990).

[15] G. Rideau, Lett. Math. Phys. 24, 147 (1992).

[16] C.H. Oh and K. Singh, \Generalized q-Oscillators and Their Hopf Structures",
preprint NUS/HEP/942, to appear in J. Phys. A.

[17] M.R-Monteiro and L.M.C.S. Rodrigues, Mod. Phys. Lett. B9, 883 (1995).

[18] P. Kulish and E. Damaskinsky, J. Phys. A23, L415 (1990); A. Polychronakos, Mod.
Phys. Lett. A45, 2325 (1990).

[19] B.M. Abraham, Y. Eckstein, J.B.Ketterson, M. Kuchnir and P.R. Roach, Phys. Rev.
A1, 250 (1970).


