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Abstract

We propose a deformed g-oscillator system that allows the study of its ther-
modynamic properties when a deformation parameter ¢ < 1. Our analysis shows
that deformation is somehow connected to A-point transitions and that the different
values of the deformation parameters can either favor criticality or render it more
difficult to attain. We show that in the non-relativistic case the critical temper-
ature of condensation of the system presented can be much smaller than in the

non-deformed ideal bosonic gas.
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1 Introduction

Quantum groups [1-3] are a mathematical structure, also called Quasitriangular Hopf
algebras, that have attracted a great interest from physicists and mathematicians in the
last two decades; they are connected to g-oscillators [4,5], which are objects that satisfy
deformed Heisenberg algebras. The dynamical properties of ¢-oscillators and their relation
to anharmonic oscillators [6] have been studied by means of a Lie-algebraic approach [7].

The application of deformed algebras to physics has attracted much interest and they
have seen to be useful in several different areas and problems [8-24]. A particular feature
of g-deformed systems, which began to be explored more recently [25-27], is that they
present nonextensive properties and are consequently connected to nonextensive statistical
mechanics [8].

The thermal properties of ideal qantum ¢-gases, which are systems described by de-
formed Hamiltonians made of bosonic g-oscillators, have been studied in the case of ¢ > 1
[29-35]. As it is quite difficult to obtain exact expressions when studying the statisti-
cal properties of such Hamiltonians, most of the papers have considered approximations
around the deformation parameter g. Those deformed systems have been analysed both
in the fundamental [31,34,35] and in inequivalent representations [32,33] of a g-oscillator
algebra and they have been shown to exhibit Bose-Einstein condensation phenomenon in
all cases. They were applied to describe phonons in * He and results compatible with the
experimentally proved stability of the phonon spectrum were obtained [18,36,37].

In this paper, our purpose is to analyse the thermodynamic properties of a deformed
g-oscillator system when ¢ < 1. As will be seen, for those values of the deformation
parameter the Hamiltonian studied in the papers quoted above [29-36] leads to models
lacking of interest, and a somewhat different Hamiltonian is proposed. The interesting
result is that the values of the critical temperature of condensation of this system can
be much smaller than in the non-deformed ideal bosonic gas. This is a new result as in
the quantum ¢-gas models so far analysed T > T. [31-35]. We note that the measured
temperature of A-point in *He is also smaller than 7.

This paper is organised as follows: in Section 2 we make a brief review of g-oscillators;
in section 3 propose a q-deformed Hamiltonian that is more adequate for ¢ < 1; in Section
4 we study the Bose-Einstein condensation and the behaviour of the specific heat for our

deformed system; finally, in section 5 we discuss our results and present some conclusions.
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2  Brief review on g-oscillators

Let us consider the q-oscillator algebra generated by the elements A, AT and N de-
scribed by the relations [4,5]

[A, AT]y = AAT — ?ATA =1, [N,AT] = AT

Y

and [N, A] = —A, (2.1)

where ¢ is a real parameter, —oo < ¢ < oo, and N* = N. Also, with a pair of indepen-
dent g-oscillators it is possible to realize the su,(2) algebra analogously to the Schwinger
construction of su(2).

A representations of the relations (2.1) in the Fock space F' spanned by the normalised

eigenstates |n > of the number operator N is given by

Al0>=0 , Nin>=nln> |,
1 n
where [n]! = [n][n — 1]...[1], with [n] = q:;—__ll, known as Gauss number. Note that

[n] — n. In the Fock space F it is possible to express the deformed oscillators in terms

qg—1

of the standard bosonic ones b, bt as [38]

N 4+ 1]1/2 N 4 1]1/2
L Ch et (2.3)
(N +1)1/2 (N +1)1/2
where btb = N; it can easily been shown in F' that
AAT =[N +1] , ATA =[N], (2.4)

and, as expected, the standard bosonic algebra is obtained in the ¢ — 1 limit.
It is very well known that Heisenberg algebra describes the algebraic structure of the

harmonic oscillator. It is possible to define the Hamiltonian
H = hwATA = hw[N] (2.5)

that recovers the harmonic oscillator Hamiltonian for ¢ — 1 and whose algebraic structure
is the g-oscillator algebra (2.1): the creation and annihilation operators AT, A generate

the spectrum of the system described by (2.3), as AT|n >— |n+1 > and Aln+1 >— |n >.
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It is interesting to note that the energy eigenvalues €, of Hamiltonian (2.3) follow a

Fibonacci-type relation [39]. By definition,
Hln >= ¢,|n >, (2.6)

where €, = hw[n] and from (2.2), (2.4) and the definition of the Gauss number, it is simple

to show that ¢, satisfies

eni1 = (1 +¢%)en — ¢Penr. (2.7)

3 A model for non-relativistic ideal g-gases with ¢<1

The Hamiltonian of an ideal deformed system has in general [30-36] been defined as
= ZAZA;I_ = ZwZ[NZ]A 5 (31)

where A;, AY and N; are interpreted respectively as independent annihilation, creation
and occupation number operators of particles in level ¢, with energy w;. These operators
satisfy algebra (2.1) and commute for different levels.

The grand-canonical partition function is given by
Z=Trexp[—p(H — uN)] = e, (3.2)
where 8 = (kBT)_l, kp the Boltzman constant; N is the total number operator
N = ZNi ) (3.3)

i is the chemical potential, and 2 is the grand canonical potential. For the above system,
7 factorises and the grand canonical potential is given by a sum over single-level partition

functions
1
Q= —BZlog Z2 (wi, Bop) (3.4)

where

O (wi, By ) Z e . (3.5)

As we will be interested in the non-relativistic g-boson, the dispersion law is
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and the general expression for the grand canonical potential (4) is

V gl
Q:—h?)ﬂ/d?’plnz_%e B —wm) (3.7)

Integrating over the angular variables, defining the new variable = #(p/2m), and inte-

grating by parts, €} can be rewritten as

2T 3/2 h3ﬂ5/2 oo 02”6 [2Jaz '
where the thermal wavelength A,
9 3/2
p-e = Zmr) (3.9)

(6h2)3/2 ’

is the relevant expansion parameter in the thermodynamic functions.
For the g-oscillator in 3-spatial dimensions and energy spectrum given by (12), the

pressure > = —Q/V and the density n = dP/0u|; are then:

P(T,z) = KTATY,(2) (3.10)
n(T,z) = A y,(2), (3.11)
where [35]
Yy(z) = 3/2 Z”EO[O]ine[xlﬂ (3.12)
and
yo(2) = 20.Y,(2 35//22 /d 1/2 HOO"ZZ: [Zlf (3.13)

Let us consider functions Y,(z) and y,(z) given by (3.12) and (3.13). It has been
shown [35] that these functions always converge when ¢ > 1. We have now analysed their

behaviour for ¢ < 1 and verified numerically that they do not converge for those values.

1
1—¢2

This is a consequence of the fact that for ¢ < 1 [r], goes to the asymptotic value
and this asymptotic level is infinitely degenerate. Therefore the exponential in the sums
in (3.12) and (3.13) converge to a finite value which contributes to the series an infinite
number of terms. Another consequence is that no other state constributes when the mean
values of physical quantities are calculated and what we have is effectively a one-system
state. In this paper we propose a Hamiltonian that breaks this degeneracy, allowing us

to analyse the thermodynamic behaviour of the system.
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Let us then consider that our system is described by the deformed Hamiltonian

AZ'A-»I— %LA-I— N; N\ 4
lezwi 7 +7 7 :sz[ ]A+7[ ]A
- 1+~ - 14+~

: (3.14)

where v is a real constant, 0 < ¢ <1 and ¢ > 1.

We have now two sets of operators A, A*, Ny and A, A*, N each satisfying relations
(2.1) for two different values of the deformation parameter, ¢ and ¢q. For each of these
sets we construct a Fock space representation of algebra (2.1), according to (2.2). The
Hamiltonian operator(3.14), that has to be written in a more complete way as

S Y AAT @ I +vAATF @ 1, Z Ja @ 15+ 7[Nds ®]A
Z L+ L+

(3.15)

where [4([z) is the identity operator on the Fock space generated by |n >, (|n >;), acts
on the Fock space generated by the normalized eigenstates |n >, @|n >; according to

— Zwiw(m >, @ln > . (3.16)

Hy(Jn >, Sl >,) e

For the Hamiltonian above expressions (3.12) and (3.13) for Y, (z) and y,(z) will be

replaced by
32 Zn OE Zrem Pt

Yig. q)(= S (3.17)
and
@, 9)(z) = 20.Yy(2) = 3/2 /d 1/2 Soooon;n:_;j (3.18)
where
E, = W (3.19)

We have analysed the behaviour of functions Y, ;(z) and y,4(z) when ¢ = 1 and ¢ > 1,
in both cases keeping ¢ < 1, for different values of gamma. We found that they always

converge, which means that the degeneracy presented by Hamiltonian (3.1) was broken.

4 Specific heat for ¢ < 1 non-relativistic g-gases

We are now able to study the Bose-FEinstein condensation for the case ¢ < 1. Following
the usual path [40], when z — 1 (or T — T., T. being the critical temperature) we

have to take into account the zero-point energy and single out its contribution in the
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functions Y, ;(z) and y,4(z). If we keep n constant and decrease the temperature, nA®

and, consequently, z increase, until z = 1, which happens when T' = 797 by definition
) B2n2/3
797 = — (4.1)
KYqq (1)
The deformed critical temperature above is related to the critical temperature T, for the

non-deformed non-relativistic ideal gas of the same density n, according to

Te [ 261 1*°
i B [yq,q(l)] (42
where
h2n2/3
©T 2612k (4:3)

As in the vicinity of 777 we have to take into account the zero-point energy and single

out its contribution in (3.16)and (3.17) [40], the expressions for P and n become

P(Tv Z) = 6_1/\_31/!1@(2) ’ n(Tv Z) = + A_Syq@(z), (4'4)

z
V(l-2)
where the first term on the right side of n(T, z) is relevant only for 7' < T2%, due to the
contribution of the zero energy.
By definition, C'y, the specific heat per particle, is
Cyv 1 Oe

— = ——; 4.5
kB kn aT |n7 ( )
e is the internal energy per volume. We obtain 'y in the two regimes:
7o qer v 15%54(2)  9yaa(2)
¢ kp 4A%n 4y (2)
~ Cy  15Y,4(1)
T<T¥? =7
S 0 T A
with
9yq.4(2)
' (2) = 2L 4.6
Yg.a(2) P (4.6)
The existence of a A-point kind of transition depends on the value of A, by definition,
9 _
y(/q,Q)(Z) A (4.7)
4y(q. q(2)

From (4.2) and (4.6), we see that the thermodynamic behaviour of our system depends
on the functions Y, 7(z) and y, ;(z), which are given by expressions (3.16)and (3.17), and

on

3/2 S0 2ples T 5000 e vEn
r _ d 1/2 n=0 n . n=0 n 4.8
hal) = g [ [ )

S0 g zme whn >, Z”e;xE"]z 7
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which are all convergent, well behaved functions. Our interest is to study the behaviour of
the specific heat and the existence of A-point transitions. We will then analyse equations
(4.2) and (4.6) for ¢ < 1 in two cases: (a) ¢ =1 and (b) ¢ > 1.

(a) When ¢ < 1 and ¢ =1, Y, 4(2) can be trivially rewritten as

Bz n, —FEnz
32 Zn OEze —I—Z:no_l_lEnze

q7q n 0 2N e . + Zno-l—l 2Te —FEnr
1 L+ 1
= daa®?2 4.9
I'(5/2) / I+ 1, (49)
where now
o datom (4.10)
1+~
If ng+1 is the lowest value of n for which £, above reaches the asymptotic value u—flw7
then the four terms of the integrand in (13) become respectively
I = ZO: Lnla & m ’ynzne_["]fa%x?
n=0 1 + v
00 1 —Ltn
= Z 1o +—7n2n6_1_giv 907
no-l—l 1 —I— 7
_[nlatyn
Z Zle” T,
Tt
= Z 2te” T 14 . (4.11)
no-l—l

The terms [, and 14 can be easily summed. For the sake of simplicity, let us define

1
= Tmaary
S 7.
=1
B = A+5(ne+1). (4.12)

After some straightforward calculations, recalling that

i 1
TeTIE — 4.13
Z_: = 1 — ze—az’ ( )

we rewrite [, and 14 as

Zno—l—le—Bx

b=y |

B(l —ze™ ") + ’726_%’] \
—Br _ng+1
L= (4.14)

1 — ze "
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Therefore, our Y'(¢, q)(z) becomes

(XnZo 7[71]1’::% Z”e_[n]fq%l’)(l — ze )2

“Tlatan, - -
0ozme” T )1 — zeTT7)2 o zrotle=Be(] — ze—7)

e‘Bl’Z”O‘H(B(l — ze ) 4 Hze )

_[nlatan
(nZo 2me” 55 N1 — ze™77)2 4 zrotle=Bo(] — ze=77)

Y(q,q)(= n

(4.15)
Following a similar procedure, we obtain for y(q, ¢) the expression
[n] A4+n _
(i neme” ") (1 -z
y(g,9)(= [ oveED - —
0ozte” 1 ) (1 — zem )2 4 zrotlemB(] — zemT)

e=B2m0 ((ng + 1)(1 — ze~7) + ze7)
[n] g+
(Ti2g zne™ 15 )(1 = 2e717)2 o zrotle=Ba(] — ze=7e)

(4.16)

From (4.15) and (4.16) we can compute the specific heat per particle (4.6) for different
values of v and ¢. In figure I, we show some results for ¢ = 1 and four different values
of ¢. (b) When ¢ < 1 and ¢ > 1, the specific heat (4.6) can be numerically calculated
from (3.16), (3.17) and (4.8). We note that for ¢ < 1, y(¢,¢)(1) is larger than the non-
deformed value y(1) = 2.61 and increases as ¢ decreases. On the contrary, for ¢ > 1,
y,(1) was smaller than 2.61 and the deformed critical temperatures were larger than the
non-deformed value T, obtained from the non-relativistic ideal bosonic gas [35].

The results for ¢ < 1 and ¢ > 1 are presented in figure II .

5 Conclusions

The deformed Hamiltonian here presented enabled us to complete the study of the
non-relativistic deformed bosonic gas for deformation parameters ranging from 0 to oco.
Our analysis showed that deformation is somehow connected to the existence of A-type
transitions. Besides, different critical temperatures are obtained and criticality can either
be favored or rendered more difficult to attain, depending on the values of deformation
parameters taken.

When ¢ = 1, we have analysed the results of numerical calculations of the specific heat

(4.6), for four values of ¢ smaller than 1 and two values of 7. As can be seen from figures
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I, the A term is zero and the specific heat passes by the critical value of the temperature
continuously. No A-point type of discontinuity appears in those cases.

We have also studied the behaviour of Cy for four sets of values of ¢ smaller than 1
and ¢ larger than 1 and two values of 4. In these cases, A # 0 and the specific heat does
present a A-point transition, as shown in figures II.

We note that in all cases, there is, for 1 < ¢ < oo, the deformed critical temperatures
T(q,q). are smaller than the usual T..

Therefore, we found that the presence of the Bose-Einstein condensation phenomenon
in the non-relativistic ¢-gas only happens when one of the g-oscillators terms in Hamilto-
nian (3.15 ) has a deformation parameter larger than one. Recalling that all the ¢-gases so
far studied have a critical temperature larger than the usual one, which is obtained from
the non-deformed bosonic gas, we can also conclude that the presence of a deformation
smaller than 1 is a necessary condition to have lower critical temperatures.

Analysing the results shown in Table I, we see that the critical temperature always
decreases when any of the two parameters ¢ or v decrease and ¢ approaches 1.0, indicating
that we can get very low critical temperatures by choosing sufficiently small values of ¢
and «. This means that the critical temperature goes down as the weight of the ¢ < 1
term in the Hamiltonian that describes our deformed system gets larger.

In the model here presented, the possibility of decreasing the critical temperatures
indicates that quantum symmetries might as well play some role in the study of *He, in

which the phenomenon of superfluidity is associated to a very low critical temperature of

the order of 1072K.

6 Acknowledgements

One of us (LMCSR) thanks PRONEX for financial support.



CBPF-NF-087/00 10

Table I

(a) Comparison of the values of T?? for the same values of ¢ and ¢ and two values of v
G=1.01, ¢=03, v =10, T%7 = 0.7917,
G=1.01, ¢=03, v =01, 7% = 0.2807,

(b) Comparison of the values of T2 for the same values of ¢ and v and two values of ¢
G=1.1,q=09,~ =01, T%7 = 0.9877.
G=1.01, ¢=0.9, v =01, T%7 = 0.5327,

(c) Comparison of the values of T2 for the same values of § and v and two values of ¢
g=1.01, ¢ =09, = 0.1, 797 = 0.5327.
g=1.01, ¢=0.3,~ = 0.1, 797 = 0.2807.
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Figure I

Specific heat per particle C,/kp (4.6) for the system described by the Hamiltonian (3.15),
0=T2/T,, with ¢ =1 and:

(a) ¢ =0.1,y=0.1 and T? = 0.1787;

(b) g =03,y =0.1 and T? = 0.1817;

(¢) g=0.9,~v=0.1 and T? = 0.2707., ;

(d) ¢ =0.1, v =1.0 and T? = 0.6307...
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Figure 11

Specific heat per particle C,/kp (4.6) for the system described by the Hamiltonian (3.15),
0 =TT, with:

(a) ¢ =0.3,¢=1.01,v=0.1 and 727 = 0.2807. ;

(b) ¢ =09, g=1.01, v = 0.1 and T%7 = 0.5327. ;

(¢)g=03,¢=1.01,y=1.0and T2? = 0.7917;

(d) ¢ =09, =11, 5= 0.1 and 797 = 0.9877T.;
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