
CBPF-NF-074/98

TELEPORTATION OF SCHR�ODINGER CAT STATES

E. S. Guerra

Instituto de F��sica, Universidade Federal do Rio de Janeiro

Caixa Postal 68.528, 21945-970, Rio de Janeiro, Brazil

and

J. C. Retamal

Depto. de F��sica Universidad de Santiago de Chile

Casilla 307 Correo2 Santiago, Chile

PACS number(s): 03.65.Bz, 32.80.-t, 42.50.Wm

Abstract: In this work we propose a scheme in which a Schr�odinger cat state generated

in a cavity C1 can be teleported to another cavity C3 by using a three level atom A2 as

the intermediate system. We have borrowed the teminology introduced by Bennett et al.

(Phys. Rev. Lett. 29, 1985 (1993)) and called this process as teleportation of Schr�odinger

cat states.
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Nowadays, the possibility of constructing electromagnetic cavities with large quality

factors allows for the engineering of electromagnetic �eld states with very peculiar features.

Among these states are Schr�odinger cat states. Such states are coherent superpositions

of two distinct macroscopic states and have interesting properties related to fundamental

questions in quantum mechanics [1]. One may construct mesoscopic superpositions of

coherent states which are known in the literature as even and odd coherent states which

are superpositions of two di�erent coherent states and have been studied extensively in

the literature[2].

In what follows we make use of these peculiar states in connection with an also very

peculiar process, i.e., the teleportation process[3][4]. We have borrowed the term tele-

portation from the original work by Benett et al [3]. More speci�cally, using a relatively

simple and interesting scheme, here we show that it is possible to reproduce a Schr�odinger

cat state j�i1, which is a superposition of an even and an odd coherent state prepared

in cavity C1 to another cavity C3, i.e., j�i1 is teleported from cavity C1 to cavity C3:

Therefore, the proposition presented here involves the teleportation of a quasi macro-

scopic state of the electromagnetic �eld. Of course, we have to work with cavities of

extremely high quality factors (Q) so that the decoherence process does not \kill the cat"

before, during and after the teleportation process. We should remind that the progress

in building up cavities of very high Q factors is relatively recent [5][6] and maybe future

technological developments will permit the construction of cavities with Q factors higher

than the ones available nowadays. This would impose less restrictive conditions in exper-

iments involving quasi macroscopic quantum objects such as Schr�odinger cat states. In

spite of the restrictive conditions due to decoherence, it is important to develop studies

involving Schr�odinger cat states since they shed light on fundamental questions in quan-

tum mechanics, and also envisaging future technological achievements that could yield to

the possibility of realization of experiments which are considered as hard in the present

days. The process described below could also serve as an starting point for future simple

schemes of teleportation involving �eld states or atomic states as well.

In what follows we will show that the teleportation procedure works for a given set of

states. Alice is given a Shr�odinger cat, so that she cannot identify completely which state
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she has. However, she will be able to send this state to Bob. The set of allowed states

which can be teleported are,

j�i = c+j+i+ c�j�i; (1)

where the states j�i are the normalized Schr�odinger cat states in a cavity,

j�i �= 1p
2
(j�i+ j � �i); (2)

where we have assumed j�j2 � 1 and 2(1 � e�2j�j
2

) �= 2. Notice that this is valid for say

j�j2 � 10.

First we will discuss a possible way of building up states like (1) in cavity C1 and the

restrictions on these states. Secondly we discuss the teleportation process, that is, given

a cavity C1 prepared in an unknown state j�i1 to the sender (Alice) she will be able to

\teleport" it to the receiver's cavity C3 elsewhere (Bob).

We start with the Hamiltonian of a degenerate three-level lambda atom interacting

with a �eld cavity mode

H = �h!aya+ �h!aajaihaj (3)

+�h!bbjbihbj+ �h!ccjcihcj
+�hga(jaihbj+ jaihcj) + �hgay(jbihaj+ jcihaj);

where jai, jbi and jci are the upper and the two degenerated lower atomic levels respec-

tively. We have assumed the same coupling constant g for the coupling of the �eld mode

with the transitions jai*) jci and jai*) jbi. In the far o� resonance limit we can eliminate

level jai adiabatically so that the dynamic evolution of the atom-�eld system is given by

the time evolution operator [7] [8]

U(� ) =
1

2
(ei'a

ya + 1)jbihbj + 1

2
(ei'a

ya � 1)jbihcj (4)

+
1

2
(ei'a

ya � 1)jcihbj + 1

2
(ei'a

ya + 1)jcihcj;

where ' = 2g2�=� with � = !ab � !, and � is the atom-�eld interaction time.

In the �rst step someone prepares a cat state superposition in cavity C1. For instance,

a possibility of building up state j�i1 in cavity C1 can be realized as follows (see Fig.
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1). Suppose we prepare cavity C1 initially in a coherent state j�0i1. Then we prepare a

two-level atom A0 in a coherent superposition passing through a �rst Ramsey zone R01

j  i0 = ca j ai0 + cb j bi0

and after that, it 
ies through cavity C1. The j ai0 *)j bi0 transition is far o� resonance

with the cavity so that the interaction of the atom with the cavity mode in C1 is described

by the time evolution operator

U(� ) = e�i�(aya+1) j ai00ha j +ei�aya j bi00hb j;

where � = �g2=�. Let us write the amplitude of the coherent state j�0i1 as �0 = �ei�=2

(� being any complex number), where j � j2� 1. After the atom passes through C1 the

state of the system A0 + C1 is given by

j  i01 = �ica j ai0 j �i1 + cb j bi0 j ��i1;

where we have chosen � = �=2. Then, the atom enters a second Ramsey zone R02. After

the atom cross the Ramsey zone R02, the state of the system A0 + C1 is given by

j i01 = i
1

2

�
(ca � ei�cb) j +i1 + i(ca + ei�cb) j �i1

� j ai0

�1

2

�
(e�i�ca � cb) j +i1) + (e�i�ca + cb) j �i1

� j bi0;

where � is the relative phase betwenn the �elds in R01 and R02 and we have written the

�eld states in terms of j �i1 = (j �i1� j ��i1)=
p
2. Now, in order to obtain a state

j�i1(see Eq. (2)) in cavity C1, we just detect atom A0 in j ai0 or in j bi0.
Let us therefore assume that the �eld in cavity C1 has been prepared in a state of the

form

j�i1 = c+j+i1 + c�j�i1; (5)

where the states j�i1 are the normalized Schr�odinger cat states in cavity C1

j�i1 = 1p
2
(j�i1 � j � �i1) (6)

and this cavity is given to Alice. Notice that if c+ = c�, then the renormalized state in C1

is j�i1 = j�i1 and if c+ = �c�, this state is j�i1 = j � �i1. In the cases in which c+ = 0
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the renormalized state in C1 is j�i1 = j�i1, and if c� = 0 the renormalized state in C1

is j�i1 = j+i1. which are not a coherent superposition of the states j�i1. We are not

interested in these cases since the important information to be sent are the amplitudes c+

and c�. Finally notice that as the atom-�eld interaction is in the far o� resonance limit,

there is some 
exibility in choosing the amplitude of the coherent �eld which builds up a

state j�i.
We will assume that the state j�i3 = c+j+i3+ c�j�i3 produced in cavity C3 after the

teleportation process has been completed, involves the coherent states j�i3 and j � �i3
where j � j2 could or not be equal to j � j2. If j � j2 6=j � j2 we would have a process

similar to the teleportation of the state of a two-level atom of a given specimen prepared

in a coherent superposition to another two-level atom of a di�erent specimen.

As we will see the teleportation process is based on the atom-�eld interaction in the

far o� resonance limit described by Eq. (4). Note, as it will be clear, that Alice and Bob

need to share the information that in their teleportation machine they must use a three-

level atom A2 (see Fig. 2) which interacts with the cavity �elds in the far o� resonance

limit described by the time evolution operator (4). As we have seen, Alice is given a

Shr�odinger cat state with unknown parameters c+ and c�, so that she cannot identify

completely which state she has. It will be clear that Alice needs to know the coherent

state j �i1 involved in the preparation of the j�i1 since, as we will see, in the teleportation

scheme to be discussed shortly below, Alice has to displace the cavity �eld state in C1 by

�. Even though Alice does not know j�i1completely, she will be able to send this state

to Bob. The fact that Alice has to know j �i1 imposes no restriction on the process, since

in our teleportation machine, we could agree beforehand in always using a certain state

j �i1 known to everybody.

The teleportation process starts with Bob sending a three-level atom labeled as A2

and initially in the state jbi2, from cavity C3 to cavity C1 along the z-axis (see Fig. 2).

Cavity C3 has been prepared previously in a coherent state j�i3. Making use of Eq. (4),

the subsystem A2 + C3 evolves to the state

j	i23 = 1p
2
(j+i3jbi2 � j�i3jci2); (7)

where jci2 is the other lower level of A2 and we have assumed a coherent state such that
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j�j2 � 1. The states j�i3 are the Schr�odinger cat states (de�ned in Eq. (2)) associated

to cavity C3. Then the atom 
ies through cavity C1 which was prepared, as we have

seen above, in the state j�i1. Before the interaction of A2 with the �eld in C1 the global

state of the system is given by j�i1 
 j	i23 and after the atom A2 has left cavity C1 the

system evolves to the state

j	i123 =
1p
2
j+i3(c+j+i1jbi2 � c�j�i1jci2)

+
1p
2
j�i3(c�j�i1jbi2 � c+j+i1jci2): (8)

Now we perform a detection on atom A2 by the detector D2. If A2 is detected in level

jbi2 the renormalized correlated state of the subsystem C1 + C3 is

j	i13;b2 = (c+j+i1j+i3 + c�j�i1j�i3): (9)

If the atom is detected in level jci2 the renormalized state is

j	i13;c2 = �(c�j�i1j+i3 + c+j+i1j�i3): (10)

Alice wishes to teleport state j�i1 to cavity C3. The state she wants to teleport to

cavity C3 is already present in the correlated state j	i13;b2 and not in j	i13;c2. She can

achieve this goal in the following way. First she displaces the �eld in cavity C1, applying

the displacement operator D(�) to the state (9). Making use of Eq. (6) the displacement

of the �eld in cavity C1 transform the state j	i13;b2 to

D(�)j	i13;b2 =
1p
2
j0i1 
 (c+j+i3 � c�j�i3) (11)

+
1p
2
j2�i1 
 (c+j+i3 + c�j�i3):

Now she lets a two level atom A4, with excited state jei4 and lower state jfi4, to in-

teract resonantly with cavity C1. If A4 is sent in the lower state, under the Jaynes

Cumming dynamics we know that the state jfi4j0i1 does not change, however, the

state jfi4j2�i1 evolves to jei4j�ei1 + jfi4j�fi1, where j�ei1 =
P

n

Cn sin(gt
p
n)jni and

j�f i1 =
P

n

Cn cos(gt
p
n)jni and Cn = e�j2�j

2=2(2�)n=
p
n!. By using this fact we can write
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the state of the system C1 + C3 +A4 as follows

j	i134 =
1p
2
jfi4j0i1(c+j+i3 � c�j�i3)

+
1p
2
(jei4j�ei1 + jfi4j�fi1)(c+j+i3 + c�j�i3):

(12)

From the above expression we see that in order to complete the teleportation of j�i1 to

cavity C3 Alice must now perform a measurement of the atomic level jei4 by the detector

D4, which gives us the desired result

j	i13 = j�ei1j�i3 = j�ei1(c+j+i3 + c�j�i3): (13)

In this way Alice has \teleported" the state j�i1 (generated in C1) to a distant cavity

C3. Notice that the state generated in cavity C1 has to be destroyed (j�i1 ! j�ei1) in
order to teleport this state to cavity C3 (j�i3).

The teleportation process described above can be summarized as follows. First, as we

have mentioned above an information that Alice and Bob must share is that the coherent

�eld states prepared in their cavities should interact with three-level atoms in a lambda

scheme in the far o� resonance limit. Then, say that Alice is going to teleport state j�i1
to Bob. Notice that it is not necessary that she knows where Bob is. When Bob receives a

classical information from Alice informing him that she wishes to start the teleportation

process, he sends an atom A2 through C3 towards cavity C1, preparing j	i23: After
this atom has interacted with the �eld in C1 and has been detected in level jbi2, Alice
completes the teleportation process displacing the state in C1 and sending an atom A4

through cavity C1 to be detected in jei4 after leaving cavity C1.

A limitation of the above scheme is related to the detection of jbi2 and jei4. If Alice
detects jbi2 and jei4 successfully she calls back Bob and informs him that the teleportation

was successful. If states jbi2 and jei4 are not detected successfully, the state j�i1 has to

be prepared again and given to Alice. Then she calls back Bob informing him that they

should start the process again. The cavities must also have a high quality factor. However

nowadays it is possible to build up niobium superconducting cavities with high quality

factors Q. The atoms to be used in the teleportation scheme described above could also
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be Rydberg atoms of long radiative lifetimes [9]. It is possible to construct cavities with

quality factors Q � 108 [5]. Even cavities with quality factors as high as Q � 1012 have

been reported [6], which, for frequencies � � 50 GHz gives us a cavity �eld lifetime of the

order of a few seconds.

The process of injecting a coherent �eld to displace the �eld in cavity C1 can be

considered also as a realization of a quantum switch. We have two choices to displace the

�eld in cavity C1

D(�)j	i13;b2 =
1p
2
j0i1 
 (c+j+i3 � c�j�i3)

+
1p
2
j2�i1 
 (c+j+i3 + c�j�i3); (14)

and

D(��)j	i13;b2 =
1p
2
j � 2�i1 
 (c+j+i3 � c�j�i3)

+
1p
2
j0i1 
 (c+j+i3 + c�j�i3): (15)

Then after sending atom A4 through C1 and detecting it in the excited state, as we

discussed above, the state of the system C1 + C3 can be found in one of the states

j	i13� = j�e�i1(c+j+i3 � c�j�i3): (16)

Where j�e�i1 are the states of the �eld in C1 after the detection of jei4. Therefore,

changing the �eld in cavityC1 properly, we can switch cavityC3 to j i3 = c+j+i3+c�j�i3
or j i3 = c+j+i3 � c�j�i3.

Concluding, we have presented a scheme which permits teleportation of superpositions

of quasi macroscopic states of the electromagnetic �eld. In addition the scheme allows

for the realization of a quantum switch. The case involving two-mode cavities is also

interesting to be investigated. This study is under development and will be the subject

of a future work.
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FIGURE CAPTION

Figure 1. The �gure shows a scheme to prepare the initial state j�i1 in cavity C1.

The dashed lines represent the cavity �eld. The state j�i1is prepared by the far o�

resonance interaction of the two-level atom A0 with a coherent �eld j�i in C1. The atom
A0 is prepared initially in state j  i0 = ca j ai0 + cb j bi0 in the �rst Ramsey zone R01

(bottom left). Then it 
ies through C1 and after leaving C1, A0 is rotated in the second

Ramsey zone R02 and detected in D0 (top right).

Figure 2. The �gure shows the cavities and the atoms used to build up our tele-

portation machine. The dashed lines represent the cavity �elds. On the right we show

cavity C1 where the state j�i1 is generated. On the left we show cavity C3 where j�i3
is produced. Atom A2 on the left travels along z axis through C3 and C1 entangling the

�elds, and is detected in D2. After the �eld in C1 has been displaced by �, atom A4, on

the bottom right, travels through C1 and is detected in D4 (top left of C1) completing

the teleportation process.
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