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Abstract

In this work we propose a scheme in which it is possible to generate atomic GHZ
states by letting three-level atoms in alambda configuration to interact with a cavity
field followed by a displacement of the cavity field and a selective measurements on
two-level atoms which disentangle the atoms and field states. We also propose a

GHZ test based on such states.
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I INTRODUCTION

Since the development of quantum mechanics, there has been several proposals to test the
theory against theories based on local realism. The first formal tests which would decide
between the two theories rely on Bell’s theorem [1] based on an inequality which yields
different predictions depending on if we consider a deterministic hidden-variable theory or
quantum mechanics. There has been several attempts to implement experiments based on
this theorem with results overwhelmingly supporting quantum mechanics [2]. Recently
Greeberger, Horne and Zeilinger (GHZ) [3] have proposed a test in which a particular
variable take on a specific value depending on which of the two theories is considered.
Whereas experiments based on Bell’s theorem involves a statistical experimental analysis,
the GHZ proposal involves only one experimental run. For a very elegant and simple dis-
cussion about Bell’s theorem without inequalities see the paper by Mermim [4]. However,
the experimental implementation of such test is not simple. There has been several pro-
posals of models in which the GHZ test could be realized. In a recent work, Gerry [5] has
proposed a mesoscopic cavity QED realization of the GHZ test. The GHZ state, in this
case, would be entangled coherent states built up from even and odd coherent states by
means of a dispersive atom-cavity field interaction. In this work we propose the realiza-
tion of an atomic GHZ state based also on dispersive atom-cavity field interaction. Here
the atoms are three-level atoms in a lambda configuration which interact with the cavity
field as described below. We also assume that the atoms used in the scheme discussed

here are Rydberg atoms [6]
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II PREPARATION OF GHZ STATES

We start with the Hamiltonian of a three-level lambda atom interacting with a field cavity

mode

H = hwa'a + hwagla)(al
+hwep |b) (b] + hiwee|e){c|
+hga(la)(b] + la)(c|) + hga'(b)(a] + |c)(al), (1)

where |a), |b) and |¢) are the upper and the two quasi-degenerated lower atomic levels
respectively. We have assumed the same coupling constant ¢ for the coupling of the field
mode with the transitions |a) = |¢) and |a) = |b). In the far off resonance limit we can
eliminate level |a) adiabatically so that the dynamic evolution is given by the evolution

operator [7]

1, . 1 .
U= e 0]+ (e = 1]

(@ ] + 1 4 Dle) (e )

where ¢ = 2¢°7/A with A = w, —w, —w = Wy — W, w,, wpand w are the frequencies
associated to levels |a) and |b) and the cavity frequency respectively and 7 is the atom-field
interaction time.
In the first step we send atom Al prepared in level |b); through cavity C. Cavity C is
prepared initially in a coherent state |a). If we choose the phase ¢ = & we have
[®)cn = Myla)[b)r + I_[a)|e)
1

= S(H)o) = [=)en). (3)
where we have defined the non normalized states

[+) =) £[—a) (4)

with N* = (£ | +) =2 <1 + e—2la|2> 8] and

1 .
I = S(e™ 41), (5)
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. = 5(6”“*“ —1). (6)
Notice also that

I +) = [+), (7)

=) =0, (8)

I_|=) = —|-), (9)

I_|+) = o0. (10)

Now we let a three-level lambda atom A2 fly through cavity C'. As above the levels
of atom A2, |a)s, |b)2 and |c)2 are in a lambda configuration so that the |a); = |¢)2 and
|a)z = |b)2 are the far off resonance interaction limit. Again the atom-field time evolution
operator is given by Eq. (2). Assume now that A2 is prepared initially in the state | b)s.

It A2 passes through the cavity and again we have ¢ = 7, taking into account
U = 11 [b)22(b] 4+ 1_[b)22{c| + 1_[¢)22(b] + ILy |c)22(c| (11)
the initial state | b),®@ |®)c 1 evolves to

[1)16)1[6)2 + | =) )] e)e] (12)

(NN

|P)e12 =

Finally we let another three-level lambda A3 fly through cavity C'. Following the

above prescription the state (12) evolves to

|®)ca23 = |P)i-ananz = 5 [[4)10)1]0)2]0)s — | =)[e)1]e)a]e)s] - (13)

1
2

Now let us inject a coherent field |a) in cavity C'. Then we have

|®; +a)cazs = 5 [(12a) +10))[b)1[b)2[b)s — (12a) —[0))|e)1]e)a|e)s] (14)

[N

Then, we send two-level atom that we call A4, with |s); and |r)s being the lower and
upper levels respectively, through C'. If A4 is sent through C' in the lower state, under
the Jaynes Cummings dynamics we know that the state |s)4]|0) does not evolve, however,
the state |s)4|2a) evolves to |r)a|x,) + [$)alxs), where |xs) = > Cpnsin(gty/n)|n) and
I:) = 3 C, cos(gty/n)|n) and O, = e7122F(2a)" /v/n!. Using this fact we can write the
state of 7Ehe system C' 4+ Al + A2 + A3 + A4 as follows
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D5 +a)ca23s = %[|r>4|xr> + [s)alxs) + 1)4l0)  16)1]6)2]b)s —
%[|r>4|xr> + [s)alxs) = [s)410)]  [e)ile)zle)s). (15)
Now, if we detect state |r)4, we get

Wita)eazs = A Balbalb)s — lohale)ale)s)
= [@)e @ [0 ) (16)

where 1/N is a normalization factor. That is we have disentangled the cavity-atoms state,

where
95 )os = @i = < {BlHalbls = ehle)lc)s) (1)
It again we start from
@)z = 5 [FIBIBIbS — =) lehile)sle)s]. (15)
but now we inject a coherent field | — @) in cavity C', then we have
19; ez = 1 [10) + |~ 2a)oh )a16)s — (10) — |~ 20))|edale)ale)s]. (19)

As above we send two-level atoms that we call A4, with |s)4 and |r)s being the lower
and upper levels respectively, through C'. Then we can write the state of the system

C + Al 4+ A2 + A3 4+ A4 as follows

|®; —a)c1231 = %[|5>4|0> + [rhalxe) +s)alxs)  116)1]6)2lb)s —

SU)al0) = Ir)alxr) = [s)alxs)] enle)ale)s). (20)

DO | —

and if we detect state |r)4 and we get

Wi—a)eazs = IS + [ale)ale)s)
= |®)c @ |P;+)a (21)

Now let us go back to the displaced states and assume that | |x,) |*>| |xs) |*

19 e % SlIralxe) + Is)al0) 1818 18)s -

1

Slr)alxe) = 1s)al0)] Jenle)zle)s). (22)



-5 - CBPF-NF-073/98
and

9 —a)ezss & STIshl0) + Il 18018 18)s

%[|5>4|0> —r)alxnl  lehile)zle)s). (23)

and if we detect atom A4 in state |s)4, we get (injecting |a) in (')

[Ws o) ~ \%|O>[|b>1|b>2|b>3 + [e)ile)z|c)s] =

D) @ | D5 +)at (24)
and (injecting | — a) in C)

(Ws —a)caos = —=|0)[[6)1]6)2]6)3 — [e)1]c)z|c)s] =
) @ @5 —)ar- (25)

&y

Notice that we can probe the cavity field in €', which is left approximately in the vacuum
state |0) by sending an auxiliary atom Ab posteriorly. If we send another two level atom
A5 in the lower state through C', as |s)5]|0) does not change, after atom A5 leaves the
cavity it will be detected in state |s)s with large probability (since we have assumed

| D) P> xs) 1)

On the other hand, if we detect atom A4 in state |r)4, we get (injecting |a) in C)

|U: 4+a)cas =~

|
7§|Xr>[|b>1|b>2|b>3 — [e)1le)z|e)s] =
D)o @ |0; —)u (26)

and (injecting | — a) in C)

Vs =)o & %|xr>[|b>1|b>z|b>3+|c>1|c>z|c>3] =
[P)c @ [®;4)at (27)

Again, the displacement of the cavity filed followed by the selective detection of a
state of a two-level atom plays the role of a Stern-Gerlach apparatus for measurement of

031022023
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111 GHZ TEST

As we know the GHYZ test is based on the measurement of the three operator product

010203, where in our case o,;, belongs to the algebra defined by the operators
ok = |0k (b] — [c)ar(c]
Ouk = |0 rr{c] + | rr (D] (28)
oy = 1([0)rr(c] — [€)rx(b])

and £ = 1,2 and 3. Namely we have

0-9010-1’20-1’3|(I); _>at - _%(|b>1|b>2|b>3 — |C>1|C>2|C>3)7 (29)
Therefore
at<q); —|0'l,10'1,20'1,3|(1); _>at =-—1 (30)

Then a single set of measurements of o,; is sufficient to demonstrate that local theories
can be discarded since such theories would predict as result +1 for the expectation value
of 0,10,90,3 contrasting with the prediction based on quantum theory, that is, —1.

Let us assume that we have prepared the state
1
D5 —)ar = [P)atianz = —2[|b>1|b>2|b>3 — [e)1le)z|e)s] (31)

and let us denote the eigenstates of o,;1by

Ak £) = =18} )]

where k£ = 1,2 and 3. Then we can write
1
@5 =)ae = Sl(AL+) + AL =))[0):[b)s — (JAL +) — AL =))|e)ale)s]  (32)

1
= SIALH)([B):2[0)s = |e)ale)s) + AL =) (le)2]e)s +[0):[0)3)]. (33)
Consider the rotation matrix (see Appendix A)

1 [ 1 -1
K=—

V2 i1 1

or

1

K= —=[1){b] + [e) {c] + [b){c] = |¢)(b]]

S

2
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where we have omitted the atomic subindexes. Applying the rotation on Al
, 1
K|®; =)ac = Slle)1(10)2]b)s = [e):2lc)s) + [b)a(le)z]e)s +10)210)3)] (34)

Detection Al in |¢); is equivalent to detection of |Al;+). The renormalized state we

obtain is
Blas = = (halbhs — [clale)) (39)
= SUA24) A% D= (A2 4 - A2 )l (36)
= A48 = [e)a) + 42 =) ()a + [8)) "
K|8)a: = 5(16)2([b)a — [e)2) + [Ba(lehs + 51 39

Detection A2 in |¢)3 is equivalent to the detection of |A2;+). So the final state and after
rotation lead us to |A3; —)3. Now we can apply the rotation K again and detect A3 in |b)s.
Therefore, the rotations by K and the measurement sequence |¢)y|c)2]b)s is equivalent to
a measurement of the three product operator 0,10,20,3.

But we realize that any of the sequence of measurements presented in the bellow table
lead us to the eigenvalue —1 for the expectation value of the three operator product

Op10:20,3, that is

)1 le)2 [b)s
)1 1)z [e)s
6)1 le)2 [e)s
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IV DISCUSSION

In the above schemes, as we have pointed, the injection of | + «) in C followed by the
detection of A4 in one of its levels play the role of a Stern-Gerlach apparatus. For instance,
in the case we assume | |y,) [*>>] |xs) |?, the injection of |a) in C' followed by the detection
of A4 in state |r)4 and the detection of A5 in state |r)s is associated with the atomic state
|®)emz and therefore with eigenvalue —1. The same happens if we inject | — «) in C
followed by the detection of A4 in state |s)4 and assuming | |x,) |*>>] |xs) |*, we detect
A5 in state |s)s with a large probability.

The magnitude of the coherent state |a) can be small, and therefore, for a very high
quality factor, decoherence could be negligible. Therefore, the atomic decoherence would
be a more important factor of limitation in our scheme. However, Rydberg atoms present
a relatively large lifetime and should be used in the experiments. Of course as in any other
scheme involving atoms, the atomic state detectors are another limitation due to their
efficiency. However, with tecnological developments of good cavities and atomic state
detectors we believe that the above scheme could be implemented to produce atomic
GHYZ states and, most important, we have shown that applying a sequence of rotations
and detections on |®; —),; it would be possible to perform the GHZ test, in other words,

to measure the eigenvalue of g,10,90,3.

V Appendix A

In this appendix we show how the operator K we consider in the measurement processes
on the observable ¢,10,30,3, can be physically implemented. After each atom has passed
through the main cavity, it enters an additional cavity before it is detected. Considering
the classical limit in the three level lambda atom interacting with two dephased modes
with the same frequency it is not difficult to show that the matrix elements of the evolution

operator read as:

[e7"82(cos \/2 | € |2 +A2/41

%
up = 14+€a

1
2] el
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A
+1 siny/2 | €2 +A%/41) — 1]
20/2 | e|> +A2/4

Uee = 1+ 63622 i |2[6_iAt/2(cos V2| €e|?+A%/4t
€

A
41 sinA/2 | e |2 +A2/4¢) — 1
sy VAT P

1 .
Uy = €€ [T 82 (cos /2 | € |2 +A2/4t
2] e
: A :
+1 siny/2 | €2 +A%/41) — 1]
2./2 | e|> +A2/4

1 .
Upe = €165 [e7"82(cos \/2 | € |2 +A2/41
2] e
: A :
+1 siny/2 | €2 +A%/41) — 1]
20/2 | e|*+A2/4

where we have used
qar — ¢ = ce™

G2z — € = ce'®

In the high detuning limit we obtain the expression

1 .
Upp = §(€w + 1)

1 .
Uee = §(ew —I‘ 1)
1
U = 56_“‘5(62@ - 1)
1 . .
Upe = 56“‘3(62@ - 1)

where ¢ = 60, — 0, and ¢ =2 | € |*t/A . Choosing ¢ = 7/2 and ¢ = 7/2 we get
U:Leiﬂ/4 bl
V2 11
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