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ABSTRACT

In this letter the algebraic renormalization method, which is independent of any kind
of regularization scheme, is presented for the parity-preserving QEDj3; coupled to scalar
matter in the broken regime, where the scalar assumes a finite vacuum expectation value,
(¢)=v. The model shows to be stable under radiative corrections and anomaly free.
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In the present letter, the model proposed in ref. [1] is renormalized, in the broken regime (where
the scalar assumes a nonvanishing vacuum expectation value), by using the algebraic renormalization
method [2, 3, 4]. This algebraic approach is based on the BRS-formalism [2] together with the Quantum
Action Principle [5], which leads to a regularization independent scheme. The stability of the model
under radiative corrections is analyzed as well as the possible presence of anomalies. The algebraic
renormalization of the model in the symmetric regime was presented in ref. [6].

The gauge invariant action for the parity-preserving QED3 coupled to scalar matter [1, 6] is given by

Einv = /de {_%anan + ZE+I/D1/)+ + Za—lp’l/)— - mO(E-I-’l/)-I- - EJ/)—) +

— Yy =P )T + DT Do — 70 — S(9"0) = ST ¢ (1)
where the mass dimensions of the parameters mg, p, {, A and y are respectively 1 |1, 1, 0 and 0.
The covariant derivatives are defined as follows :

Dy = (P +iggd)vs and Dy = (9 +iQgAn)e (2)

where ¢ is a coupling constant with dimension of (mass)% and ¢ and @ are the U(1)-charges of the
fermions and scalar, respectively. In the action (1), Fi,, is the usual field strength for A, ¥4 and ¢_
are two kinds of fermions (the & subscripts refer to their spin sign [7]) and ¢ is a complex scalar.

The form of the potential is chosen such as to ensure the broken regime, where {(p)=v. Imposing
that it must be bounded from below and yields only stable vacua, we get the following conditions on the
parameters :

A>0, ¢(<0 and 2<3§ (3)
’ =16

The vacuum expectation value for the ¢*p-product, v?, is chosen as the solution

of the equation

pr P+t =0 (5)

expressing the minimization of the potential. The complex scalar ¢ is parametrized by
p=v+H+i0 |, (6)

where ¢ is the would-be Goldstone boson and H is the Higgs scalar, both with vanishing vacuum ex-
pectation values. Tt should be noticed that the parametrization given by Eq.(6) does not introduce
nonrenormalizable interactions, to the contrary of the unitary gauge parametrization [§].

With the parametrization (6), the action (1) reads:

Einv = /de {_%anan + ZE+I,D1/J+ + ZE_LD’l/)— - mO(E-I-,l/)-I- - E_’l/)—) +

— Yyt =¥ )((v+ H)? +0%) + 0" HOp H + 9™ 00,0 +
+ 20QgA™ 00 + 2QgA™ (HOm0 — 00, H) + Q*¢* A™ Ay (v + H)? + 6%) +
¢

— (v + H) +0%) = S((v+ H)* +6°)" = %((v +H)" + 92>3} : (7)

The masses arising from the action (7) for 11, A,, and H, are respectively given by m=mg + yv?,
M3i=2v2Q%* and MAZ=2v?(C + 2Xv?).

In order to quantize the system (7) one has to add a gauge-fixing action Yyt — we choose the &-gauge
— and an action term X for the coupling of the BRS transformations to external sources :

Yo = /d% {BamAm + ng + zmc} : (8)
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S = /d% (Qpsthy —Oosipe — 50,04 +50_Q_ +500 +sHE} 9)
The BRS transformations are given by :
sH=—=Qcl , s0=Qec(v+H) ,
sy = igevs sty = —igey

1
$Apm = —=0me , sc=0
g
_ 1
sc==-B, sB=0, (10)
g

where ¢ 1s the ghost, ¢ is the anti-ghost and B is the Lagrange multiplier field.
The complete action, X, we are considering here is

Y =Yg + ng + Yext - (11)

The QEDg-action (11) is invariant under the reflexion symmetry, P, whose action on the fields and
external sources is fixed as below :

P P

Tm — l‘m :(an_x1a$2) )
P . — P —P —
1/):|: — 1/)£ = _1711/):F 3 1/):|: I 1/):|: = “/):prl 3
Am L Ai = (AOa _AlaAz) ) (12)
6 — oF=¢, oé=HOccB
P P . 1 — P _P o~ 1
Q4 — QL =17 Qr Qr — Qp =iQxy
o L ef=e, = L =P==

The ultraviolet and infrared dimensions, d and r respectively, as well as the ghost numbers, ®II, and the
Grassmann parity, G P, of all fields and sources are collected in Table 1.

| ||A1m|€f|f|¢i|6|5|§|?|f|9i|
AR
LA | N 0 -2 L O - -2 O A

QU 0 [0 0] 0 [T|—-1]0]-1|-1]-1

GP| 0 oo 1 1|1 ]0o]1|1]o0

Table 1: UV and IR dimensions, d and r, ghost numbers, ®II, and Grassmann parity,
GP.

The BRS invariance of the action is expressed in a functional way by the Slavnov-Taylor identity

s PR - = - — + -
g0 Tsam T yUse T e, 50y 0. 6y_ 804 o0, | 6Q- 80
ST 6T 6% 6% } .y

S(z):/d%{_lam 6% 1_8% 8N 6% 6N &Y Y 8% 6% 6N
5060 SE6H (13)

In addition to the Slavnov-Taylor identity (13) the gauge condition, the ghost equation and the
antighost equation read

>

= = 0"An +EB 14.
B d +¢(B (14.a)
%
— =0c¢ ; 14.b
= ¢ ; (14.b)
% 6 ex

—i— = 07— i—* (14.c)

be be
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We notice that, the right-hand sides of Eqs.(14.a — 14.c) are linear in the quantum fields, then are
not subjected to renormalizations.
The solution for the Eqgs.(14.a — 14.b) is simply

2:2(¢i,H,9,Am,c,Qi,®,E)+/de{BamAm+ngJrch} . (15)

Putting these informations into (13) we find that the constraint on X is given by
- 1 6% L 8% 8% 8Y 8X 8E X 4%
S(E):/d?’x ——0M¢ + = - — - — + =
g SA™ L 6Qy by $Q_ 6y Q4 sy 00 Sy
DY
00 60 6= 6H

=0 . (16)

The corresponding linearized Slavnov-Taylor operator for any functional F reads
- 3 1., ¢ §F 6 §F 6 §F 6 §F 6
= [ &’z —=0"¢ + = - — + — — —
g SA™ 5O, 0hy Q- by  6vy Q. oY 6O
F 6 8F 6 F 6 8F 6 8F &  6F 6

T80y 60, 09 sy au, 00, 5u_60_ T 5080 T 50 60

-t~ ) an
The following nilpotency identities holds :
SES(F)=0, VF ; (18.a)
SgSg =0 if S(F)=0 . (18.b)
The operation of S5, over the fields and the external sources is given by
Ss¢p =56 , ¢ =g, by, H 0, Ay, ¢, ¢and B |
— 0% - >
29+=m ; SEQ—:_W—_ :
S5y = _x , SsQ = LD ,
57, 50
Sg@z—(;—? : SEE:—% : (19)

In order to study the stability [2] of the action (11) under the radiative corrections, we perturb the
classical action by local functional, X%, having the same quantum numbers as ¥ :

Y Y = N4 exe (20)

where ¢ is an infinitesimal parameter. Then requiring that the perturbed action X' satisfies the same
conditions as X we obtain :

SgXf=0 (21)
8%¢ 8%¢ 8%¢
5B 0, 5c 0, be 0 (22)
which follow from the Slavnov-Taylor identity and from the conditions (14.a — 14.c), and, moreover:
WrigidEc =0 s (23)
where Wiigiq is the Ward operator of rigid U(1) symmetry defined by
5 5 — 6 — ¢ 5 5
Whigia = [ d° — - — =1 H)— +1Q0 —
gid / x{q¢+w++q¢ F_ q1/)+w+ qv ol Qv+ H)op + Q0% +
5 5 — 6 — 6 5 5
Qp—+ ¢ — — ¢y — — ¢ — — Q= — 4+ iQO— . 24
g g Aol iQ 6®+ZQ®6E} (24)
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Eq.(23) follows from the rigid U(1) invariance of the action® in the Landau gauge:
Wrigia =0 . (25)

The BRS consistency condition in the ghost number sector zero, given by Eq.(21), constitutes a
cohomology problem due to the nilpotency (18.b) of the linearized Slavnov-Taylor operator (17). Tts

solution can always be written as a sum of a trivial cocycle Sgi, where ¥ has ghost number —1, and
nontrivial elements X nys belonging to the cohomology of Sg (17) in the sector of ghost number zero:

N = Yphys + g2 (26)
where the trivial cocycle ngl corresponds to field renormalizations, which are unphysical. On the other

hand, the nontrivial perturbation Xppys corresponds to a redefinition of the physical parameters — coupling
constants and masses. An explicit computation, yields the following solution for Eq.(26):

0 0 oy
Yphys = Zg (g— — Na+ Np —2€—) Y+ 2z, m— +

dg 0¢ om
oY , 0% oY oY
$5 = si/d% Loy (T Q= gty — DO+ Qi) + 21 [00 + (v + H)Z])

= 2y (N¢+ + Nz, + Ny_ + Ny — N, — N, — No_ — Nﬁ_) v

- (Ng + Ny — No — NE) s, (27.b)

where the counting operators are defined by
s _ _

No= [@ro 5 620 T 095 0, 0,5, Ay and B
~ s
Ny = /d% (v+ H) T (28)

The stability proof we have given corresponds, at the quantum level, to the multiplicative renormaliz-
ability of the model: all the possible counterterms induced by the radiative corrections correspond to a
redefinition of the parameters of the starting classical theory. The parameters z4, 2, 2y, ZM25 2 Ex
zg and zy are then renormalization constants, which are fixed by the following normalization conditions
— expressed on the vertex functional I', which coincides with the classical action X in the classical limit:

0
Crm(p?) =0, WFHH(Pz) =1,
p2=M3 p p2=k?

Taaas(p) =—C, Tupuounu(p) =-X,

p=p(x) p=p(x)
M) =00 grnw] =
Yz fmtm Toop vav= s ’
0
3—szATAT(P2)p2:K2 =1 g, nn(P) =T (29)

where & is an energy scale and p(k) some reference set of 4-momenta at this scale.
To complete the proof of the renormalizability of the model, we show that all the symmetries defining
the model can be extended to the quantum level, for the vertex functional T’

r=%+0(h) . (30)

'Rigid invariance itself follows from the antighost equation (14.c) and from the validity of the Slavnov-
Taylor identity (13).
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Now, it is trivial to verify that the solution of Eqs.(14.a — 14.b), that are linear in the quantized fields, is
given by

[ =T(s,H,0,Ap,c,Q1,0,5) + /d% {BamAm + 232 + zmc} (31)
As a consequence we have the following conditions on T' — defined from T similarly to (15):

5T

or

T 2.b

=0 (32)
6F .6Eext .

—is j —i (32.¢)

Wrigidr =0 s (32d)

where Wiigiq has already been defined by (24), and where (32.c) is the quantum extension of Eq.(14.c).
According to the Quantum Action Principle [4, 5] the Slavnov-Taylor identity (13) gets a quantum

breakin
’ S(F):S(f):A~F:A+(’)(hA) , (33)

where A is a local integrated functional with ghost number one.
The nilpotency identity (18.a) together with

Sp =S5 + O(h) (34)
implies the following consistency condition for the breaking A :
SsA=0 . (35)

In order to identify other constraints for A, we use the following algebraic relations, valid for any
functional F with zero G P:

6S(F) 7767:" L
6S(F) 7767:" o
= S}-E =0 ; (36.b)
5o § 6% _
_. 3 JE— = 3 _._ y eXt —_— .. .
z/d xécS(}") + S}-/d x ( zécf—l— i—. ) = WrigiaF (36.c)
WhiigiaS(F) = SeWiigia F = 0 . (36.d)

Taking into account Egs.(32.a — 32.d), Eq.(33) and assuming F=I in Eqs.(36.a — 36.d), the following
consistency conditions on the breaking A are found :

% =0 ; (37.a)
dA

==0 (37.b)
/de%A =0 ; (37.¢)
WiigaA =0 (37.d)

The Wess-Zumino consistency condition (35) constitutes a cohomology problem like in the zero ghost
number case (21). Tts solution can always be written as a sum of a trivial cocycle 823(0), where A(®
has ghost number 0, and of nontrivial elements belonging to the cohomology of S8s (17) in the sector of
ghost number one:

AW = A 4 oA (38)
where A() must be even under P-symmetry and obey the conditions imposed by Fqs.(37.a - 37.d). The
trivial cocycleASgﬁ(O) can be absorbed into the vertex functional I' as a local integrated noninvariant
couterterm —A(),
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Now, from the condition (37.c), we conclude that
AL = /d% K% ame . (39)

By analyzing the Slavnov-Taylor operator Sy, (17) and the Wess-Zumino consistency condition (35), we

see that the UV and IR dimensions of the breaking A() are bounded by dg% and r>2. Therefore, KT(,S),

of ghost number 0, has dimensions bounded by d<2, #>1.

29
.. (0 . . .
Now, rewriting I&T(n) as a linear combination

8
EY =3 "a; K" (40)

i=1
where

KDt = A, , KV? = A,A"A, |

K\ = Ap (A" An)* K = Ap(Pyty =0 _0)

K95 = A A" Ap((v+ H)2+6%) , KO = A, ((v+ H)2 +62) |

KT = An((v+ H)? +6%)" and K(D® =9 yntbs + 0_ymt- (41)

and solving all the conditions it has to fulfil, we can easily show, with the help of Eqs.(19), that there
exist local functionals A(°) such that

/d% KO gme = SgA®F | j=1....8 . (42)

This means that A = 0 in (38), which implies the implementability of the Slavnov-Taylor identity to
every order through the absorbtion of the noninvariant counterterm — 3", a; A

In conclusion, the algebraic method of renormalization allowed us to show that the model is pertur-
batively renormalizable to all orders. The study of the possible counterterms has led to the conclusion
that the model is multiplicatively renormalizable, namely that the counterterms can be reabsorbed by
a redefinition of the initial parameters. Finally, we have proven that anomalies are absent. We stress
that our algebraic analysis does not involve any regularization scheme, nor any particular diagramatic
calculation.
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