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I. INTRODUCTION.

The need of different types of space-times with closed spatial sections, in classical [1] and quantum
[2] models of the Universe, has produced over the last years an increasing number of works where one
turns into compact, or compactify, open manifolds [3], [4].

An interesting motivation, at the classical level, for the use of space-times which initially open spatial
sections were compactified, are the works by Fagundes [3]. There, he proposed an explanation to the
so-called quasar redshift controversy (see Ref. [5] for a review), by means of multiply images of a single
source produced in an universe with compact hyperbolic spatial sections.

Another motivation to consider space-times with compact spatial sections comes from quantum cos-
mology [2]. There, one works with these space-times because one does not know, in the general case,
how to treat the contributions coming from boundary terms at the spatial infinity [2]. However, we may
mention few attempts to write the quantum mechanics of gravitational systems with open spatial sections
[6].

The work of Louko and Ruback is an example, in quantum cosmology, where one has to compactify
the initially open, flat, spatial sections of a set of space-times in order to compute the ‘no-boundary’
wave-function [7] for certain universes.

An important property of the compactification process, is that it may cause the development of sin-
gularities of conical, or even more complicate nature in the resulting space-times [4], [8]. And sometimes,
as in the case of the space-times contributing to the ‘no-boundary’ wave-function [7], one is not interested
in the presence of singularities. It means that it would be important to determine what are the conditions
for one obtaining a regular space-time with compactified spatial sections.

Recently, a technique aimed at identifying, in a systematic way, the presence of conical singularities
in a given space-time has been introduced. Tt is the so-called holonomy method [9].

In the present paper, we would like to apply the holonomy method to investigate the regularity of
space-times with spatial sections which are closed as the result of compactifications. The use of the
holonomy method implies that we will treat, here, only the cases where after the compactifications the

space-times may have, at most, conical singularities. In particular, we would like to determine if there are
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conditions on the physical constants describing these space-times, when we require them to be regular,
and what these conditions are.

We may divide the space-times to be studied in two sets: the first with negatively curved spatial
sections and the second with flat spatial sections. Here, we shall consider only space-times of the first set
leaving the others, belonging to the second set, to a future work.

As a matter of simplicity we shall restrict our attention to space-times which spatial sections have
a constant negative curvature. In order to facilitate the calculations, we shall work in (2+1)-dimensions
and comment, at Sec. V, on the modifications needed in order to treat (3+1)-dimensional space-times.

The next section, Sec. II, is devoted to the introduction of the particular space-time studied here.
It is the (241)-dimensional anti-deSitter space-time with compact spatial sections. We shall modify the
usual anti-deSitter metric by the introduction of an arbitrary and constant lapse function [10], N, which
will allow us to treat a certain set of cases.

In Sec. III, after demonstrating that the singularities that may be formed by the compactifications
are, at most, conical, we apply the holonomy method to the anti-deSitter space-time, written with an
unspecified lapse function. Our final result in this section is a holonomy matrix which elements depend
on N, among other quantities.

In Sec. 1V, we shall derive the regularity conditions for two elements of the set mentioned above.

The first case is treated in Subsec. IV A. It is the usual expression for the anti-deSitter space-time
metric, with N equal to the identity, which is relevant to classical cosmology [3]. The regularity condition,
in this case, is a constraint upon the periods of the parameters introduced to describe the compactified
directions.

In Subsec. IV B, we treat the second case where N is a given function of few constants present in the
chosen space-time. As we shall see, in the Appendix A, this space-time contributes at the semi-classical
level to the ‘no-boundary’ wave-function of a certain universe. It means that this case is relevant to
quantum cosmology. Here, the regularity condition turns out to produce a transcendental equation for
the only free physical parameter of the model, the cosmological constant A. For certain values of the

integration constants, this equation has solutions which form a discrete and finite set.
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Finally, in Sec. V, we conclude by outlining the main results of the paper and commenting on

generalizations of the present analysis to other (24+1) and (34+1)-dimensional anti-deSitter space-times.

II. (241)-DIMENSIONAL ANTI-DESITTER SPACE-TIME WITH COMPACT

SPATIAL SECTIONS.

In (2 + 1)-dimensions the anti-deSitter space-time has the following metric [11],

ds? = —N?dt? + a®(t) (dx® + sinh® y d6?), (1)
where,
0<t<1; 0 < x < 0 <6 <2r; (2)
Nt 1
a(t) = +asin (7) ; and a? = m (3)

A, in eq. (3), is the negative cosmological constant.

The presence of a constant and arbitrary lapse function in the metric (1), allow us to treat a set of
different expressions of the anti-deSitter space-time, each differing from the others by the value of N.
Let us call this set ADS. The physical significance of the possible choices of N can be appreciated in Ref.
[10].

i From the literature [12], we know that for fixed values of ¢ the spatial sections of the anti-deSitter
space-time (1) are two-dimensional one-sheeted hyperboloids. The separation between the origin of the
coordinate system and the pole of the one-sheeted hyperboloid is given by the scale factor, a(t), at that
instant. It means that the spatial sections are open. Therefore, since we are interested in the case where
they are closed we must compactify them.

In what follows, with the aid of few mathematical results we shall introduce the relevant compact
spatial sections.

The one-sheeted hyperboloid mentioned above, is a representation of the two-dimensional hyperbolic
space H?. In two dimensions, every closed orientable surface of genus at least two allows a geometric

structure modeled on the H? (see the review article Ref. [13] for more details on this result due to
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Poincaré, among others). Based upon this result and in order to keep our treatment as simple as possible
let us choose our closed orientable surface to be a double torus. Then, the one-sheeted hyperboloid, which
describes the spatial section of the space-time (1), will be compactified into a double torus.

One way to proceed is working in a projection of the H? onto a plane, which results in a disc called
the Poincaré Disc (P.D.) [14]. The conformal transformations which takes one from the coordinates (y, f)

to the polar coordinates (r, ) on the P.D., are,

r = y/a? — v2 tanh(y/2); 6 is unchanged , (4)

where

This mapping from the H? to the P.D. induces a non-trivial line element on the disc, given by,

(dr? + r2d6?)

dS%D = 4(‘3‘2 - 03)2 (a? — v2 — p2)2° (6)
0

The next step in the compactification process, is the selection of a fundamental region (in general a
polygon) which tessellates [15] the P.D., and may be transformed into a double torus. Then, we shall take
this fundamental region and construct the double torus, or in other words, the quotient surface H?/T,
where T is a certain symmetry transformation of the H2.

In two dimensions, the unique symmetry transformations of the H? capable of generating compact
surfaces are the hyperbolic ones [16], in other words, Lorentzian boosts. Our compact surface will be
fabricated by the identification of the sides, through the relevant boost transformations, of the above
selected polygon.

The simplest fundamental region which gives rise to a double torus is the regular octagon [14]. If we
now identify the opposite sides of this polygon, with the aid of four different boost transformations (one
for each relevant direction), we obtain a representation of the desired compact surface.

Therefore, the spatial sections of our space-time will be given by the time evolution of a double torus

with line element (6).
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III. THE HOLONOMY MATRIX.

We start by writing down the line element of the space-time described by the evolution of the double

torus, in Cartesian coordinates, with the aid of egs. (1), (2) and (6),

4(a? —v2)? (dz? + dy?)
(0 — v —22 —y?)2 (7)

ds? = — N2di? +

Where the ranges of z and y will depend on the octagon dimensions; the opposite sides of the octagon
are identified; and ¢ has the range given in eq. (2).

Observing egs. (1) and (3), we notice that the anti-deSitter space-time has a singularity at ¢t = 0.
This singularity can, at most, be conical. One can see it by noting that for Robertson-Walker space-times
all the scalars, formed out of contractions of the Riemann tensor, are proportional to appropriate powers
of the curvature scalar (R). And from direct calculations one finds that our space-time has an everywhere

constant curvature scalar,

R = —6A| (8)

In fact, it is known that this singularity is a coordinate singularity [12].

The same conclusion does not directly apply to the space-time with line element (7) because at the
event t = 0 (v2 = a?), due to the identifications mentioned after eq. (7), a conical singularity may have
formed.

Let us, then, apply the holonomy method in order to investigate the presence, or not, of a conical
singularity in the space-time with line element (7), at the event ¢ = 0.

Following the instructions of the holonomy method [9], we start by writing down the parallel transport
equations for a fiducial vector v, along a closed loop (to be specified), in the space-time represented by
eq. (7).

The easiest way to derive them, from eq.(7), is by working on the orthonormal basis, defined by the

transformations,
, 2 (a? — )
t _ 7 0
w' = di; w _az—vg—xz—yzd“ 9)

where i = x,y and z; = x,y.
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The non-vanishing connection coefficient components in this basis are,

—20gvo(2? + y?)
Tyow = Ty = = Ty = Ty, 10
R e e 1)

—x;

T—v% = _Fijia (11)

Lij; =
where j = x,y; 1 # j and { and z; vary as in eq. (9).

The parallel transport equation for the fidutial vector v, is given by [9],

d 1
+ 075, 0 = =0, (12)

/UO(

dA
where A is an affine parameter describing the curve; the Greek indices vary over all the coordinates; and
the matrix Q relates the non-coordinate basis with the coordinate one.

In order to obtain the explicit expression of eq. (12), we have to introduce the closed loop around
which we shall parallel transport v.

We start by noting that for a given instant ¢ there are four independent, closed directions, one for
each pair of opposite, identified, sides of the octagon. Each one of the four independent, close, direction
gives rise to a set of closed loops, which we shall call S; (¢ = 1,...,4). All closed loops which may be
constructed, taking in account the identifications, are made up of at least one element of the four S;.
Therefore, since the space-time event under investigation is in the ¢ direction, the simplest closed loops
we can choose are the elements of the four S; at constant and different values of ¢t. These loops will
collapse to ¢ = 0 when we take the limit ¢ — 0.

Then, the results derived by the use of the elements of the four \S; will be enough to draw conclusions
about the regularity of our space-time.

In order to apply the holonomy method to one of the four S;, we must choose an element of this set.
Let us say the closed loop C' formed by joining the middle points of each opposite sides. Now, we orient
our axes so that the z axis coincide with C. In terms of our coordinates, the parametric equation of C',

for a certain instant of ¢, is
t = constant ; y = 0; z = g(A), (13)

where A is a periodic parameter varying in the range [Ag, Af], Ay = Ag + pa, and py is the period of A;

g(A) is a function of A, to be specified, which describes # in terms of A and varies between the extreme
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values of @, [—zg(t), 20(t)]. The extreme values of # are the following time dependent functions from eq.

(4),

ro(t) = y/a? —v2 tanh(xo/2); 0 =0,n, (14)

where yp 1s one fixed value of y.

So, with the aid of the relevant © components, we may write the parallel transport equations (12),

for C' eq. (13),

dv¥
o = 0, (15)

dvt Ay fAdf/dN)

ﬁ + WU = 0, (16)
dv” 4y F2(df /dX
T = o )
where,
_ 9 _ _ %ov

Observing eq. (14), we note that the main motivation for the introduction of the new parametrization
function f(A), eq. (18), is to restrict all the time dependence of our subsequent results to be concentrated
in v, eq. (18).

The solution of eq. (15) is given by,
W= o, (19)

where v} is the value of v¥(A) for A = Ag. The two remaining equations (16) and (17), form a coupled
system of first order differential equations. In order to solve it we shall have to introduce the explicit
value of f(A).

One of the simplest choices for f(A), which gives periodic solutions for the system (16)-(17), is

obtained by demanding that,

412 (df/d))

TEBE = cot(yM). (20)
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Which gives, after an integration, the following implicit equation for f as a function of A,

-\ 2f .
(m) exp (1_;,2) = Asin(yA), (21)

where A is an integration constant.

Now, introducing our parametrization choice eq. (20), in the system (16)-(17) and solving it, we find

the general solutions,

D [BZ +sin?(yA) B? — sinz(’y/\)]

3 _ T _ D
V() = 2 Bsin(yA) ] and v (3) = 2 [ Bsin(yA)

where B and D are integration constants to be determined by the initial conditions.

Observing the solutions (22), we note that ( for non-vanishing C' and D) they are singular whenever
A = 2n7/v, n being an integer. This property comes directly from our choice for the parametrizing
function f(A), eq. (20). This singularity of the solutions do not prevent us from use them in the
holonomy method, because the holonomy matrix is computed by comparing the fiducial vector v at the
same point [9]. Before and after the parallel transport of v around the closed loop. Therefore, we must
only avoid choosing as the initial point of the loop, one of the singular points of the solutions (22).

For the initial conditions,
V(A= Xo) = v, (23)

where j = ¢, #, and the solutions (19) and (22), we obtain the following holonomy matrix M,

v'(Af) My M 0 v
A | T | Mo My 0 v | (24)
v (Ay) 0 0 1 vy

where,

. 2 A . 2 A
My = My, = S0 0%) £ si70A) (25)
2sin(yAp) sin(yAy)

.9 i
My = My, = S000A0) —sin"(0As) _ (26)
2sin(yAp) sin(yAy)
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IV. REGULARITY CONDITIONS.

The next step in the holonomy method is the determination of the limit of the holonomy matrix
elements as the closed loops collapse to the event ¢ = 0. It means that we must take the limit of the
non-trivial elements of M, given in eqs. (25) and (26), as ¢ — 0.

The limits of My, eq. (25), and M_, eq. (26), as t — 0 are easy to determine because they depend

on t only through . With the aid of eqs. (5) and (18) we compute the limit of 7 as,

limy = — N (27)

t—0
iFrom eq. (27), the desired limits of My are,

sinZ(N/\o) + sinZ(N/\f)
2sin(N Ag) sin(N Ay)

lim My = (28)

where the + and — signs in the right hand side of eq. (28) are associated, respectively, with the limits of
My and M_.
Since we would like to obtain the conditions to have regular space-times; following the holonomy

method, we have to impose that the limits of My and M_ are,

limM, =1 and ImM_ = 0. (29)

t—0 t—0

Before we impose that the limits of M} and M_ have the value given by eq. (29), we must rewrite them
in terms of the other free parameter (besides N) of the model. Tt is the period ps of the parameter A
which describes the closed loop C, eq. (13).

Using the expression which relates Ay with Ag and pa, shown just after eq. (13), we may introduce
pa in the My and M_ limits eq. (28). If, after doing that, we impose that the resulting expressions have

the values given in eq. (29), we obtain the following independent equations for generic values of Ag,

sinZ(NpA) =0, (30)

sin(Npy) cos(Npy) = 0, (31)

sin(Npy)[cos(Npy) — 1] = 0, (32)
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cos?(Npy) — 2cos(Npy) + 1 = 0. (33)
The most general solution to this system of equations (30)-(33), in the variables N and py, is
Npy = 27n, (34)

where n is a non-zero, positive, integer.

Let us now consider what conditions eq. (34) will introduce for two elements of the ADS, eq. (7).

They will have definite values of the lapse function N.

A. The case relevant to classical cosmology.

For this case, as mentioned in the introduction, the lapse function is equal to the identity,
N = 1. (35)
It means that eq. (34) is reduced to the below condition upon py,
pa = 27n. (36)

iFrom the discussion on Ref. [9], we know that the closed, or angular, direction must be defined in

the range [0, 27]. Therefore, we can only accept the solution (36) for eq. (34), such that,

B. The case relevant to quantum cosmology.

Here, as demonstrated in the Appendix A the lapse function has the following expression,
N = a[r/2 £+ arccos(ai/a)], (38)

where a; is positive, and is the value of the scale factor, a(t), for t = 1.
In the present case we do not need to restrict n to be given by eq. (37), because from eq. (34) with

N written above eq. (38), we may still have the closed direction in the desired range for a generic value

of n.
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If we introduce N, eq. (38), in eq. (34), we find the following equation for the variables py and #,

2mn

ayx = sin (— x) , (39)

Px

where z is related with the cosmological constant by,

r = \/W’ (40)

and varies in the range (0,1/aq).

For given values of a; and n, eq. (39) furnishes a relationship between py and the cosmological
constant. Tt is clear, then, that for a proper choice of py one may derive from eq. (39) the allowed values
of A, such that, the space-time is regular.

Suppose we adopt the same value of py as in the Subsection IV A, and for simplicity choose n to be

given by eq. (37). With these choices eq. (39) reduces to,
a1 = sinzx. (41)

Equation (39) has solutions for a; < 2/, and they form a discrete set. The number of solutions will
depend on a; due to its presence in the superior limit of x.

We may write an approximate rule to the solutions of eq. (39), if we separate them in two sets. The
first set has the even order solutions and the second the odd order solutions.

Calling m the order of the solutions, we have the following approximate rules for the two sets of

solutions,

Even order :  |Alx & (1—a1)*(2k—1)?7%, k=1,2,3,.., (42)

Odd order :  |Al; & (1+ay)?(207)*, 1=1,2,3,.., (43)

where k = m/2; | = (m — 1)/2; and we have used eq. (40). For values of n other than 1 we shall also
have equations and solutions similar to eqs. (41) and (42)-(43), respectively.
As we have discussed in Sec. III, the above conditions eqs. (36), (37), (42) and (43), guarantee the

regularity of the two expressions of the anti-deSitter space-time, as investigated by using closed loops of
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one of the four S;. Their regularity can only be assured if we repeat the above procedure to the other
three S;.

We start by choosing as the representative of each of other three S;, the closed loops which join the
middle points of each remaining pairs of opposite identified sides, as we did for the S; studied in Sec.
III. In the next step, we simply rotate our (z,y) axes, so that, the z axis successively coincide with these
three closed loops just introduced. Finally, we separately repeat the analysis above, Secs. 11T and 1V, for
each of the three cases.

The choice of the regular octagon as our fundamental region, means that all four independent closed
loops have the same length at any time. That property implies that after repeating the analysis above, we
shall obtain the same regularity conditions eqgs. (36), (37), (42) and (43), for each of the three independent
loops above.

Therefore, we may conclude that those conditions guarantee the regularity of the two examples of

different expressions of the anti-deSitter space-time studied in this paper.

V. CONCLUSIONS.

In the present paper we have applied the holonomy method to investigate the regularity of space-
times which spatial sections are closed as the result of compactifications. In particular we were interested
in the conditions to obtain regular space-times.

As a matter of definiteness and simplicity we have studied a (241)-dimensional set of different ex-
pressions of the anti-deSitter space-times (ADS). Each element of the set differing from the others by the
value of a constant, lapse function.

The holonomy matrix of that set was constructed in Sec. III. The regularity conditions for two
particular elements of the ADS were derived in Sec. TV.

The first element of the ADS, relevant to classical cosmology [3], will be regular only if the periods
of the compactified directions are equal to 27, Subsec. IV A.

The second element of the ADS, relevant to quantum cosmology as shown in the Appendix A, was

studied in Subsec. IV B. Here, the space-time will be regular if, for given values of the initial conditions
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and two other free parameters, the negative cosmological constant present in the model has the discrete
values of eqs. (42) and (43).

It is important to add that the discrete spectrum for the cosmological constant has been derived just
by demanding that the space-time be regular. This requirement, following Hartle and Hawking [7], can
be considered a first principle.

Our study, in the present paper, may be generalized to other cases. The most obvious generalization
is to consider elements of the ADS (7), with values for N different from the two studied here.

One may also apply the above procedure to investigate the regularity of (24+1)-dimensional anti-
deSitter space-times which closed spatial sections are negative curved surfaces of genus greater than two.
It means that the fundamental regions are not octagons anymore. If the new polygons are regular, the
analysis will be a repetition of what we did here for a greater number of independent closed loops. If, on
the other hand, the polygons are not regular we shall have to consider the regularity conditions derived
for each independent closed loops, separately, and demand that they all agree.

Finally, the use of the holonomy method to examine the regularity of (3+1)-dimensional anti-deSitter
space-times with closed, negative curved, spatial sections, follows directly from our work. The main
differences are the possible uses of differents projections of the H?2, and the presence of polyhedra, or
complexes, as the fundamental regions [8]. It is not difficult to show that although we have the differences,
mentioned above, between the (241) and the (34+1)-dimensional cases, the line element (7) changes only
by the straightforward introduction of an extra dimension, and the modification of the value of « [17].

Therefore, everything we did here may be generalized to this new situation.
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APPENDIX A

In this appendix, we would like to show that the anti-deSitter space-time with line element (7), lapse
function (38), compact spatial sections introduced in Sec. 1T, and regular as assured by the conditions (42)
and (43), contributes at the semi-classical level to the ‘no-boundary’ wave-function of a certain universe.

The ‘no-boundary’ conditions proposes that only regular, Euclidean spacetimes, with one single
spacelike boundary, should contribute to the path integral leading to the desired wave-function. It means

that in the semi-classical approximation the wave-function is given by the following expression [18]:

Uop[hly, o8] = No > Apexp[—Ti] (AL)
k

where: Np i1s a normalization constant; I is the action of the k-th solution to the FEuclidean-Einstein’s
field equations; and the sum 1s over these solutions. These solutions have a unique boundary which is
compact, spacelike, and has the given three-metric hfj and matter or gauge fields configuration ¢; on
this boundary. The prefactors Ay are given by determinants of small fluctuations about the classical
solutions.

We want to compute the ‘no-boundary’ wave-function of a (2+1) - dimensional, homogeneous,
isotropic, and constant negatively curved universe. For simplicity the only source of stress-energy is
a negative cosmological constant. We shall restrict our attention to the semi-classical limit.

We start by proposing the Euclidean F-R-W metric ansatz, with the compact spatial sections intro-

duced in Sec. IT . In terms of the ADM formalism [10], it is
ds? = N%(t)dt? + a*(t) (dx? + sinh® x d6?), (A2)

where N(t) is the lapse function; a(?) is the scale factor; ¢ and # vary as in eq.(2), Sec. II, and x has a
finite superior limit due to the compactifications.
Introducing eq. (A2) in the general expression for the Euclidean action [19], we obtain the following

result,
£ 9 2 2 201 L
I[N,a(t)] = - A /[a (t) = N* — a*())N A]th, (A3)

where: A is a finite defined number proportional to the volume of the compact, spatial sections; and we

chose the gauge where N is a constant.
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The variation of I, eq. (A3), in terms of a(?) and N, will produce the Euclidean-Einstein’s equations.
We shall solve these equations under the ‘no-boundary’ conditions, suitably adapted for minisuperspaces
[7]. For our case these conditions are,
(1) There must be an instant when the scale factor vanishes;
(2) The solution must have the scale factor specified at the boundary;
(3) The space-time must be regular.
We obtain two solutions satisfying the three conditions above.

The space-time which is important to the present study is the Lorentzian solution,

N = iNy, where Ny = Ozg + arccos(a—l); (A4)
a
() = asin(Ny D)0 o® = s (A5)
a(t) = +a sin(Ny —); a® = Al

valid for a; < a.

The solution eqs. (A4) and (AB) satisfy all the three conditions above. More specifically it satisfies

condition:

(1) because a(t) vanishes for t = 0;

(2) because a(t) is equal to the given value a; at the boundary, which is characterized by ¢ = 1;
(3) when the conditions (42) and (43), Subsec. TV B, are valid.

Therefore, we conclude that the anti-deSitter space-time with the line element (A2), lapse function
(A4), scale factor (Ab), compact spatial sections given in Sec. II, and for which conditions (42) and (43),
Subsec. TV B, are valid, contributes to the ‘no-boundary’ wave-function (A1) of this universe.

In order to complete our proof, we must identify the above solution with the anti-deSitter space-time
introduced in Subsec. IV B.

We start by renaming N7 in egs. (A4) and (Ab), calling it N. Tt leads us to eq. (38), Subsec. IV B.
This transformation also makes the scale factor eq. (A5) identical to the one in eq. (3), Sec. II. Then, we
apply the coordinate transformations (4), Sec. II, to the line element (A2). Finally, we write the resulting

line element in Cartesian coordinates which produces eq. (7), Sec. III, concluding our demonstration.
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