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I. INTRODUCTION

Some aspects of the nuclear structure of neutron-de�cient nuclei have been discussed

recently using the alpha-decay properties to decide on the persistency of the magicity gap

in the structure of proton rich nuclei [1]. A great experimental e�ort has been devoted

in improving the measurement of alpha-decay half-lives of these nuclei in order to get an

answer to this problem [2]. These more accurate and recent experimental data can be

also used as an exploratory test for the applicability of the theoretical models for cluster

emission in the region of nuclei far from the beta-stability line. Also, many astrophysical

situations for the development of nucleosynthesis processes in stars need for the knowledge

of alpha-radioactivity and �ssion properties of nuclei far from the beta-stability line [3].

Recently we proposed a model to describe alpha decay and cluster radioactivity pro-

cesses in a uni�ed theoretical framework [4]. In that model the Coulomb and surface

energies for the dinuclear shape were calculated analytically, thus obtaining the barrier

penetrability factor for cluster emission and alpha decay. Gamow's penetrability factor

[5] was calculated by considering two di�erent inertia coe�cients: Werner-Wheeler's coef-

�cient [6] and the e�ective inertia coe�cient [4]. Results have shown a strong dependence

of the half-life values on these inertia parameters.

During the last eight years or so, nuclear cold �ssion and cluster radioactivity processes

have been explored intensively both from the experimental and theoretical points of view

[7{13]. The occurrence of these processes, for which no neutron-emission takes place, and

the total kinetic energy of �nal fragments practically exhausts the Q-value, is related to

shell e�ects on the barrier penetrability factor. In recent years, new cases of cold �ssion

process have been detected experimentally for 230Th [14], 240;242Pu [14], 248Cm [8], and

252Cf [15] nuclei. In view of these recent detections of the cold �ssion phenomenon new

theoretical approaches have been proposed [9{11] in order to describe the alpha decay,

cluster emission and cold �ssion reactions in a uni�ed image.

The extension of our model to include cold �ssion calculation and to discuss the role
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of the inertia coe�cients concerning the half-lives and product yields has been performed

[16]. Results have shown a strong dependence of these quantities on the prescription em-

ployed in describing the changing of mass asymmetry parameter during the fragmentation

process. In addition, we have shown recently on the importance of the inner potential

barrier in the calculation of the penetrability factor for cold �ssion process [17]. In con-

trast with the expectation by Stefanescu et al. [9], the inner part of the potential barrier

corresponds to the most signi�cant contribution for the penetrability factor when one

deals with heavy cluster emission and cold �ssion processes [17].

Since our model [4,16] has shown well successful in describing these spontaneous pro-

cesses near the beta-stability line, we decided to explore the applicability of the model

when trying to reproduce results for cluster emission and cold �ssion processes of very

neutron-de�cient isotopes. At the same time, we have in mind the great interest which

has been devoted in discussing the appearance of the doubly-magic, stable valley in the

neutron-de�cient region of the tin isotopic family around 100Sn50, which region can be

reached by the cluster radioactivity of some neutron-de�cient barium isotopes [4,18,19].

This fact has stimulated researchers to intense experimental and theoretical e�orts who

have focused their attention on the investigation of di�erent heavy-ion reactions for the

formation of neutron-de�cient barium nuclei. From theoretical studies the half-life of the

process 114Ba! 12C + 102Sn has been calculated in di�erent ways, giving �1=2 � 1010 s

[19,20]. However, a very recent experiment [21] has indicated a lower limit-value for the

half-life of 12C decay from 114Ba as being about six orders of magnitude lower than the

calculated results [21]. We recall that, two years ago, we pointed out that the experimen-

tal result [18] was not compatible with the prediction from our model for the half-life of

12C decay from 114Ba.

A fundamental ingredient for the correct determination of the half-life of these cluster

radioactive processes is the mass-value of the parent, daughter and emitted nuclei. Indeed,

it has been already pointed out that a di�erence of 1 MeV on the Q-value for decay results
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in a change up to 5 orders of magnitude for the half-life [17,22,23].

Recent investigations on cluster radioactivity phenomenon have shown that, besides

the doubly-magic tin nuclei (100Sn50 and 132Sn82), other nuclei such as some xenon and

tellurium isotopes [19] are even possible to be resulting from exotic decays of neutron-

de�cient barium and cesium isotopes.

The purpose of the present work is to explore the applicability of our model to the

region of neutron-de�cient nuclei, presenting values for the half-life of cluster emission and

cold �ssion processes leading to doubly-magic, proton-rich, new valleys around 100Sn50:

We point out that our model is able to reproduce the systematic behavior for the half-lives

of cold �ssion processes similar to what is observed in Geiger-Nuttall's diagram for heavy

cluster and alpha emission modes.

In Section II we brie
y review the fundamentals of our model. The results of half-lives

for some cluster radioactivity and cold �ssion processes for neutron-de�cient nuclei are

shown in Section III. We also discuss in this Section the prediction for the decay leading

to the 100Sn50 valley. Section IV is devoted to the �nal and concluding remarks.

II. MODEL DESCRIPTION

The geometric shape parametrization during the pre-scission phase of the �ssioning

nuclear system is the same adopted in our previous works [4,24]. The dinuclear phase

is described in terms of two intersecting spheres, for which con�guration the Coulomb

potential is well known [25]. We characterize two distinct phases of the separation pro-

cess: the pre-scission phase, where the fragments are overlapping; and the post-scission

phase, where the �nal fragments are completely de�ned. For the pre-scission phase two

descriptions of mass transfer between the spherical fragments are considered, namely,

the Varying Mass Asymmetry Shape (Vmas) and the Constant Mass Asymmetry Shape

(Cmas). These two descriptions have been already detailed in Refs. [16,26,27]. In the

�rst description the masses of the nascent fragments, m1 and m2, change during the
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separation process. The mass asymmetry parameter, � = (m1 �m2) = (m1 +m2) ; varies

from unit to the �nal mass asymmetry of the products. The second description imposes

that there is no net 
ux of mass between the spherical fragments, and the value of mass

asymmetry is given in terms of the �nal masses of the nascent products (M1 and M2), i.e.,

�F = (M1 �M2) = (M1 +M2). In both cases, the con�guration of the spherical fragments

is determined by the speci�cation of four independent collective coordinates: the radii

R1 and R2 of the spherical fragments, the distance between the centers of the fragments,

�; and the distance from the center of heavier nucleus to the intersecting plane of the

spherical fragments, �, as illustrated in Fig. 1.

To calculate Gamow's penetrability factor [5] for the one-dimensional problem, three

of these collective coordinates should be eliminated. By preserving the constraint rela-

tionship for the incompressibility of the nuclear matter, we impose that the whole volume

of the dinuclear system be constant, i.e.,

2(R3

1
+R3

2
) + 3

h
R2

1
(� � �) +R2

2
�
i
�
h
(� � �)3 + �3

i
� 4R3

0
= 0 ;(1)

being R0 the radius of the parent nucleus.

In order to keep the circular shape for the neck connecting the nascent fragments, the

following geometric relationship is introduced

R2

1
�R2

2
� (� � �)2 + �2 = 0 :(2)

Finally, an additional constraint relationship will distinguish the two di�erent descrip-

tions (Vmas or Cmas). To characterize the Vmas description we have considered the

radius of the lighter fragment as constant, i.e.,

R1 � �R1 = 0 :(3)

where �R1 is the �nal radius of the light fragment.

In the Cmas description the volume of each fragment is constant, and in terms of the

lighter fragment the volume conservation is given by
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2R3

1
+ 3R2
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1
= 0 :(4)

Once the system is reduced to the one-dimensional case, the barrier penetrability

factor can be calculated in terms of the geometric separation between the centers of the

fragments, �, by

P = exp

(
�
2

~

Z �C

�0

q
2� (V �Q)d�

)
;(5)

where �0 and �C are, respectively, the inner and outer turning points, and Q stands for

the available total kinetic energy for the �nal fragments. The total potential energy in

this model, V; which appears in Eq. 5, is determined by using an analytical solution of

Poisson's equation for the Coulomb part [25], and an e�ective surface potential of a liquid

drop for the nuclear potential. The experimental Q-value is introduced in the calculation

to determine the outer turning point �C = Z1Z2e
2=Q, and also to de�ne the e�ective

surface potential of the drop, by establishing that the di�erence between the initial and

�nal asymptotic con�gurations of the �ssioning system reproduce the experimental Q-

value (see details in Ref. [24]).

The potential barrier is illustrated in Fig. 2 as a function of the � coordinate for the

three decay modes from 234U parent nucleus. In Fig. 2-(a) we display the result for the

alpha-decay process, while in (b) and (c) are displayed the potential barrier for cluster

radioactivity and cold spontaneous �ssion processes, respectively. We remark that no

signi�cant di�erence between the results obtained from the Vmas and Cmas descriptions

is observed. Moreover, we have already stressed on the importance of the pre-scission

phase for the calculation of Gamow's penetrability factor, since the internal (pre-scission)

potential barrier is dominant for the cold �ssion and cluster radioactivity processes [17].

For alpha decay, on the contrary, the pre-scission phase plays a minor role, but it still

accounts to roughly 15% of the total barrier.
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As usual, the decay rate is calculated by

� = �0P ;(6)

where �0 = (1:4{4:8)� 1022 s�1 is the frequency of assaults on the barrier [27].

To determine Gamow's penetrability factor we need to derive the inertia coe�cient,

�, which appears in Eq. 5. The use of Werner-Wheeler's approximation [6] for the

velocity �eld of the nuclear 
ow to de�ne the inertia tensor coe�cient has been largely

di�used in the literature [22,24]. In this approach the velocity �eld is obtained from the

solution of the continuity equation and by using the incompressibility and irrotationality

constraints for the nuclear 
ow. After the reduction to the one-dimensional relativemotion

of the separating parts, only one component of the tensor turns out to be relevant. The

expression for Werner-Wheeler's inertia coe�cient is given by

1

2

Z
�v2dr =

1

2
�ww _� 2 ;(7)

with � being the mass density for the system, and _� the relative velocity of the geometric

centers of the fragments. Thus, we can determine Werner-Wheeler's inertia coe�cients

for the two di�erent parametrizations, namely, �V mas
ww and �Cmas

ww .

An alternative propose for the inertia coe�cient has been recently applied in one-

dimensional penetrability calculations [4]. By means of a straightforward calculation

regarding the constraints above, (Eqs. 1{3), the e�ective inertia coe�cient reads

�e� = ��2 ;(8)

where � = m1m2=(m1+m2) is the reduced mass of the nascent fragments. The variable �

introduces explicitly the dependence of the inertia coe�cient on the con�guration of the

dinuclear system, and it is obtained for the two mass-transfer descriptions de�ned earlier.

For the Vmas description we have,

�V mas = 1�
2

�(R2 � �)

h
(� � �)(�z1 + �z2) + �z2

1
� �z2

2
i

:(9)
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The auxiliary variables �zi (i = 1; 2) are given by

�z1 =
�
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where v1 =
�
3
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�
3
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of each spherical fragment.

For the Cmas description, where the volumes of the fragments are constant, we have
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1
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and


 =
6R2 + 4�

5R2 + 3�
:(16)

The di�erence between these inertia coe�cients has been already shown in Ref. [16].

There we noticed that the e�ective inertia coe�cient in the Cmas description is the most

reduced one, in contrast with the largest values obtained with Werner-Wheeler's inertia

coe�cient calculated in the Vmas description.

III. RESULTS AND DISCUSSION

In the present work we are particularly interested in the study of neutron-de�cient

nuclei. With the e�ective liquid drop model above detailed we are now able to investigate
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the spontaneous decay of these nuclei by the three di�erent decay modes, namely, alpha

decay, cluster radioactivity, and cold �ssion processes.

A. Alpha emission from neutron-de�cient nuclei

The �rst mode to be analyzed is the alpha decay process. Thus, we display in Fig. 3

the alpha decay half-life-values of parent nuclei of the isotopic families of Rn, Po and Pb.

The lines represent our calculated results using the four variants of our model [16,27] (full

line represents Werner-Wheeler's inertia coe�cient in the Vmas description; the dashed

line represents the e�ective inertia coe�cient in the Vmas description; the dotted line is

for Werner-Wheeler's inertia coe�cient in the Cmas description; and the dot-dashed line

represents the e�ective inertia coe�cient in the Cmas description). We can see clearly

an excellent agreement between our results and the experimental data (full circles). Note

that the remarkable shell e�ect shown by the data is correctly reproduced by the model

in the region of the �-stability line. In addition, good reproducibility is seen even for the

cases of very neutron-de�cient parent nuclei region.

B. Cluster radioactivity from barium isotopes

An important, recent question related to neutron-de�cient nuclei is the formation

of a stability valley around the doubly-magic 100Sn nucleus [28{30]. A possible mecha-

nism to reach this valley is by cluster emission from some neutron-de�cient Ba isotopes

[18,19,21,22,31]. Figure 4 shows the calculated half-lives of possible decays of the Ba iso-

topic family (mass number in the range 114 � A � 120). We present the results showing

that Geiger-Nuttall's systematics for di�erent cluster emission is preserved in our model.

For barium decay we observe that besides 12C emission, 14{16O emissions are also possible

with experimentally detectable half-lives.

To stress how sensitive are the half-life-values to variation of mass-value of the nuclei
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involved in the decay, particularly for the very neutron-de�cient isotopes, in Fig. 5 we

illustrate the half-life-value of 12C decay from 114Ba as a function of the Q-value for decay.

The di�erent lines have the same meaning as in Fig. 3. We note that by using the most

recent Mass Table by Audi et al. [32] we get Q = 19:05 MeV. This Q-value is far from

that one corresponding to the experimental lower-limit for the half-life (Q � 22 MeV).

It is important to observe here that the �Cmas
ww

model description is the one which rather

approximates to the lower limit for the experimental half-life. Thus, from now on we shall

adopt the �Cmas
ww

model description as the current model to deal with the formation of

doubly magic tin valleys. In Fig. 5 we also display through the long-dashed line the result

by Poenaru et al. [22] for carbon radioactivity of Ba. Although the curves have similar

behavior, we note that our results deviate by one order of magnitude from Poenaru's

results for 114Ba!12C +102Sn process. The agreement between the models indicates that

new experimental e�orts should be done to enhance the beam intensity in order to achieve

this lower limit for the half-life of the decay process.

C. Cluster radioactivity and cold �ssion processes leading to tin daughter valleys

far from the �-stability line

In Fig. 6. we display by contour lines the most favored decays from parent nuclei of

the Mass Table by Audi et al. [32] which produce daughter nuclei near 100Sn. Concerning

the cluster radioactivity phenomenon, it is observed that 12C nucleus presents the deepest

valley of half-life, followed by 16O. The daughter nuclei which corresponds to the lowest

half-life-values for cluster radioactivity are 102Sn, 103Sn, and 104Sn. Table I lists the most

favorable decays obtained from our model. Figure 6 together with Table I show clearly

that there are others possible decay processes in addition to carbon radioactivity from

barium leading to tin-daughter nuclei. As a matter of fact, our prediction for 13{15N,

14{16O, 17F and 20Ne emissions furnishes experimentally measurable half-lives leading to

magic tin daughter nuclei.
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In addition, we decided to investigate the cold �ssion processes leading to 100Sn isotope.

In Fig. 7 we display in a contour-plot the half-lives of measurable cold �ssioning nuclei

leading to neutron-rich, doubly-magic isotopes. It can be seen clearly from Fig. 7 that

there are some tin valleys around 132Sn82 nucleus which are due to the cold �ssion of

several heavy nuclei, asserting that besides the cluster radioactivity phenomenon, the cold

�ssion process also leads to new neutron-de�cient or neutron-rich, doubly-magic valleys

not explored so far neither from the experimental nor theoretical points of view.

D. Geiger-Nuttall's systematics for cold �ssion processes

As a �nal result we display in Figs. 8{10 Geiger-Nuttall's plots for neutron-de�cient

isotopes of Po, Bi and Pb, respectively. According to Kumar and Gupta [31], the di�erent

slopes of Geiger-Nuttall's plot for cluster emission (part-a of Figs. 8{10) are associated

with di�erent preformation factors for each emission mode. The remarkable half-life-

trends exhibited in Figs. 8{10 point out that our e�ective liquid drop model gives the

same Geiger-Nuttall's systematics for cold �ssion processes as those observed for alpha

and cluster emission (the cold �ssion systematics is depicted in part-b of Figs. 8{10).

The small deviation from linearity observed in a few cases can be explained in terms of

the nuclear structure e�ects, which are not present in the total potential adopted in our

model. We call attention to the fact that the points in Figs. 8{10 represent predictions

for favored cases of cold �ssion for Po, Bi, and Pb isotopes not yet investigated from the

experimental point of view.

IV. CONCLUSION AND FINAL REMARKS

The decay modes of some neutron-de�cient nuclei have been investigated in the present

work. We have observed that shell e�ects, which are implicitly being taken into account

in our model through the Q-value for decay, are decisive when calculating the half-lives
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of alpha decay, cluster radioactivity, and cold �ssion processes for these nuclei. Results

obtained for the 12C emission from 114Ba nucleus in the framework of our model are

compatible with the experimental data [21]. Other processes, such as the emission of

16O from barium isotopes, can also be observed with higher half-life, but still in the

experimentally detectable range. Although 114Ba nucleus has been obtained very recently

in experiments of heavy-ion reactions, its mass is yet not well established. We have already

commented in a previous work that small changes in the Q-value (greater than 0.5 MeV)

can change by a few orders of magnitude the decay half-life-value [17]. Thus we expect

that further improvements in the production and detection of neutron-de�cient nuclei can

bring our results for barium decay half-life to closer agreement with these new data.

By means of our routine calculation, we present here new cluster radioactivity valleys

which have tin nuclei as the �nal state of the spontaneous reaction. Regarding the trans-

tin radioactivity, the most favored processes are those for which one of the 102;103;104Sn

isotopes is the daughter nucleus. These decays characterize new emission valleys around

the 100Sn nuclei. This is an evidence for mainly 14{16O emissions be also observed exper-

imentally in a near future, since their half-life-values are only �ve orders of magnitude

longer than the measured half-life for 12C emission from 114Ba. However, by the time be-

ing, 114Ba production is not su�ciently intense to allow for the detection of 16O emission.

We are hopeful that in further experiments the beam intensity and the detection tech-

niques could be improved in such a way that this decay process become experimentally

observed.

The conclusions drawn here emerge in the context of the Cmas mass transfer de-

scription and Werner-Wheeler's inertia coe�cient (�Cmas
ww

). Small di�erences among the

various model combinations shown in Fig. 4 indeed exist, but due to the general trend

exhibited by the model combinations we can state that all of them lead to similar re-

sults and conclusions regarding to the doubly magic tin valleys attained from both cluster

radioactivity and cold �ssion processes of heavy parent nuclei.
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In the present work we do not include the deformation of both the parent and daughter

nuclei directly in the calculation. This e�ect is introduced partially in the model through

the experimental Q-value for decay, which is also considered when de�ning the e�ective

potential in the model calculation. In addition, the exact mass-value of the decaying

nucleus is a key element to determine precisely the half-life of a given decay. Since we

are using mass-values from the Mass Table by Audi et al. [32], we expect that the use of

new mass-values of nuclei which are being produced in accelerators [29] can improve our

results by one or two orders of magnitude. As a �nal remark, we would like to mention

that other e�ects, such as dissipation during the separation process, should be signi�cative

to the calculation of Gamow's penetrability factor. We are working on the inclusion

of dissipative degrees of freedom in the present model to investigate the importance of

thermal dissipation in the half-life of the decaying nuclei.
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Figure captions:

Fig. 1: Schematic representation of the con�guration of the dinuclear decaying sys-

tem. The daughter nucleus and the emitted (smaller) fragment have radius R2 and R1,

respectively, and the distance between the geometrical centers of the fragments is denoted

by �. The variable � represents the distance between the center of the heavier fragment

and the circular sharp neck of radius a.

Fig. 2: Potential barrier for three decay modes of 234U parent nucleus. a) shows the

internal part of the potential (shaded area) for the alpha decay process; the same is shown

for 28Mg cluster emission (b), and the cold �ssion mode 234U ! 100Zr +134Te (c). The

horizontal dashed line represents the Q-value in each case. It is not possible to observe

from the �gure di�erences between the curves when calculated with the Vmas and Cmas

descriptions. The importance of the inner (pre-scission) part of the potential is clearly

shown.

Fig. 3: Alpha decay half-life for Rn (a), Po (b), and Pb (c) proton-rich isotopes. It is

seen clearly a pretty good agreement with the experimental data (full circles). The full-,

dashed-, dotted- and dot-dashed-lines (most of them coincides) represent, respectively, the

�V mas
ww , �Vmas

e�
, �Cmas

ww , and �Cmas
e�

model combination. The �gure asserts that the present

model is a good tool to provide new alpha-decay half-life predictions for nuclei far from

the �-stability line.

Fig. 4: Geiger-Nuttall's plot for barium parent isotopes (Z = 56, A = 114{120). The

steep sequences of points represent di�erent families of emitted nuclei (12C, and 14{16O as

indicated). Parts (a), (b), (c), and (d) refer, respectively, to �V mas
ww , �V mas

e�
, �Cmas

ww , and

�Cmas
e�

.

Fig. 5: Half-life of 114Ba !12C + 102Sn process as a function of Q-value for decay.

Lines represent di�erent model combinations as indicated. The long-dashed line represents

the results by Poenaru et al. [22]. The experimental lower-limit quoted in Ref. [21] is �e �

104s (horizontal thin line).
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Fig. 6: Valleys of cluster radioactivity with daughter tin nuclei following the �Cmas
ww

model combination. It is noted the deeper cluster radioactivity valleys for 12C and 14{16O

emissions. These results can be used as insight to further experiments.

Fig. 7: Valleys of cold �ssion processes with daughter tin nuclei. The model combi-

nation used is the �Cmas
ww

.

Fig. 8: Geiger-Nuttall's plot for cluster radioactivity (part-a) and cold �ssion (part-

b) processes of polonium neutron-de�cient isotopes. Each isotopic family is displayed

by di�erent symbols as indicated (only for part-b of this �gure the symbols are: open

diamonds, Sr; crosses, Y; and open triangle, Mo). The thin lines are drawn only to guide

the eyes.

Fig. 9: The same as in Fig. 8, but for bismuth isotopes.

Fig. 10: The same as in Fig. 8, but for lead isotopes.
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Table I: Calculated half-life (log10 � (s)) for the most probable decays of intermediate-

mass parent nuclei producing tin isotopes. The present half-life-values have been obtained

by using Werner-Wheeler's inertia coe�cient in the Cmas description, �Cmas
ww (note that

alpha decay results are also shown in the table).

Product log10 � (s) for various cluster emissions

Nucleus 4He 12C 13N 14N 15N 14O 15O 16O 17F

102Sn -4.02 9.76 | | 27.31 | | | |

103Sn -2.71 11.68 | 27.76 | | | 14.06 |

104Sn 0.51 14.32 19.80 23.18 | | 19.57 16.30 23.70

105Sn 1.97 17.02 24.25 | | 27.44 | 18.66 |

106Sn 5.99 19.63 27.45 | | | 26.12 21.12 |

107Sn 6.62 23.40 | | | | | 24.14 |

108Sn 10.20 | | | | | | 27.46 |

109Sn 15.85 | | | | | | | |

110Sn 23.68 | | | | | | | |
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