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ABSTRACT

A procedure to obtaln the general exact solution of Einstein
equations for a self-gravitating spherically~ symmetric static
perfact Fluid obeylng an arbitrary equation of state, is applied
to time-dependent Kantowsky-Sachs 1line elements (with spherlcal,
planar and hyperbolic symmetry)d. As 1n the static case, the
solution ls ganerated by an arbltrary function of the lndependsnt
variable and its first derivative. To lllustrate the results, the
whole family of (plane-symmetric) solutions with a '"gamma-law"
equation of state is explicitly obtained in terms of simple known
functions, It is also shown that, while In the static plane-
symmetric line element, every metric is In one to ons
correspondence wlth a "partner-metric" (both orlginated from the
same generatrix Ffunctlon) , in this case every generatrix
function univocally determines one metric.
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I.INTRODBUCTION

In this article we extend & procedure originally conceived to
find the general stetic solution of self gravitating perfect
Fluids [1,2] to the case of time-dependent distributions of
matter.

The spproach conslsts In looking at the differentlal equatlons
for the metric coefficients wlthout appealing "8 priori” to any
equatlion of state for the self-gravitatling perfect fluld, Thls
allows the Introduction of an arbltrary Functlion G in terms of
which it 1ls posslble to determine all the relsvant unknouwn
Functlons. Thus, the expllicit form of the equation of state
hecomes flxed only after the lntegration has heen carried out.

It s not claimed that the method necessarily provides a
useful tool to find new solutions. Rather, it should be
understood as a device to get extra insight about the structure
of the solutlons of Einstein equetlons or as a8 posslble
alternative way to classify them,

Nonetheless, due to its physical importance and to get some
acquaintance wlth the method, an example is exhlbited,

Apart from the general form of the solutlon, two Ltems
regarding the features of the used mechanlsm deserve special
mentian.

First, 1t should be remembered that if two sclutions have the
same equatlon of state they may correspond to the same solution
wrltten in different coordinates. However, as 1t wlll be seen,
solutions labeled by a different function G +trully correspond
to different solutions as they do induce different equations of
state,

Second, in the static case with planar symmetry the solutions
appsared in couples: every solution induced a partner that In
turn generated back lts own seed. However, 1in this case an
important devlatlon from such situatlon occurs. The partlcular
caoambination of factors in the quadrature Is such that the
integrals, although similar, are simpler than in the static case
and the problem is reduced to a single integral dependinrg only on
t and B (and not on its First derivative>.

In the second sectlon we write the Einsteln fleld equations
for spherlical, plane and hyperbellc symmetry when the metric
coefficients and the matter parameters exhlbit time dependence
only. Then, In section IIl, we mimlc the method already used 1n
the static case to get the general solutlon of the equations. In
sactlon IV the plans-symmetrlic case ls studied in more detail and
the most general plans symmetric metric obeying a gamma-law
equatlion of state 1s obtalned using the proposed schame. Last
sectlon are conclusions,
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IT.FIELD EQUATIONS

Conslder the Kantowsky-Sachs type line element

d& = &€ - AlE)drz - bik) [de* + Z (o ,k)de] CI1.1)

where the metric coefficlents A , B depend only on t and _
M'M"e )K.*_—./‘

I (e,k)= A , k=0 C11.2)
Ao, k=-4

Tha parameter K says wether the matter distribution has
spherical (K=1), plane (K=0) or hyperbollic (X=-1) symmetry.

A slightly different form of the metric is obtained IFf B(t)
(instead of t itself) 1s used as independent variable:

I = 3"&) M- Wiy dre - £ [de* + (oK) do*) (I1.3)

(the new time varlable has been renamed as t).
If the gravitatlional field is generated by a perfect - Eluid
the associated energy—-momentum tensor reads

(b*-f’)up Ly = P G CII.%)

whera p 1Iis the matter pressure, f is the emnergy density and

wt = st (11.5)

A
&

ls the matter four-veloclty.
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The Einstein fleld eguations
Py =TH, (11.8)
ars
.E_+_2_'_(h-+-L) -—-S’
£ &gt b 2t
K . = ( 4&’ "“L“) =
“E " {._37- 9 -2t P (I1.7)
__L E\.—— V\_ﬁ—-i--i— .!i.---j’_) =
- g‘ [.V\ ha t ( h 4 ¢
whereas the hydrodynamic equation
T yyp = 0O C(I1.8)
is
S h o, 2
P = - (p+¢) ("g’* t) CII.9)

and as usual, it can be alsa deduced from the Blanchl identltles
for the curvature tensor constructed from the line element
(II.1),

The system of equations C(II1.7) serves -in principle- to
determine both the metric coefficients ( g# , h* ) and the
tharmodynamic variables ¢ p , § ).

However, unless an equatlon of state

p = pC§ C11.10)
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linking p and f be introduced, the problem remains
undetermined (only three equations for four unknowns),

Solving (II1.7) together with (II.9) can become extremely
difficult. Usually, when handling this kind of systems, a
functional dependence of one of the unknown functions (say § ) on
tha independent variable (t, in the present case) is given by
hand.

In such a way, the three remeining differential field
equations can be solved for g? , h? and p and an equation of
state 1is determined "a posteriori”.[3]. For instance, take
3 as given. Then, :

12 mim - 2€ (P€-A)m + 28 (26t +30)m -t (P*€ +4Kpszrts )=0  (I1.11)

Nonetheless, there are Ffew choices of § leading to an
exactly soclvable differential equation for m,

III.THE METHOD

Surprisingly, there exists another prescription by means of
which it 1is possible to get the general exact solution of the
problem in terms of quadratures.

In fact, Eq.(1l.7.a) can be rewritten as

14 L
Z [t (k+ 31)] =~-p (I11.1)
and then integrated, glving

..L—-_l:K*. M
= - } (I11.2)

7

where
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(III.3)

IfF Eq. (III.2) and L3 From Eq. (I1.9) are introduced into
Eq.(II.7.al,one gets h

. Z _?__. _ Kk
(2«a+\<t)(€, e pef ( t’-) CIII.%)
Now define
Zmle) + Kt
Gt) = 2 ) - "@. (II1.5)

Then, Eq.(III.4) becomes

. (12-3¢) (K +6)
g - - S

G (£ +36)

K{(-26)(&+ £6-26) _
26(r26) CIII.B)

The last squation ls filrst order and linear in ¢ and can be
integrated at once if G is a given functlon of t. In such a case

g(£) = el(b) [S’o + KSdt.

(36-42) (& +t6 -26) -+®
P6 (0re) ]c:n 73

where §, is an lntegration constant and

- 36) (Lx & .
1(4-_)=Sdt LG(B:*’J»;G)L C111.8)
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Moreover, from Eq.(111.3) and the definition (II1.5) of G,

P[t) - A [5’(;- +G-§’. - __‘E; (t!'-t-{:(; —ZG-)]

f' C(II1.35

Also

9 = [Jg ( % ) ?)G] | (II1.10)

and
= - J(+)
2 he
h = > & CITI.11)
t
where

t}
Jw= S 3
CIII.12)

and h, is an Integration constant.

Considering G as a glven functien of t is 1In a sense
sequivalent to postulate an squation of state, In fact, once a
choice fFor 0§ in terms of t is made, Eg.(III.5) links p and m.
Such 8 relatlonship cannot be directly understood as an equation
of state because it lacks the invarlance property under arbltrary
coordinate transformation it should have. (In any case, it would
be more satisfactory to have a relationship lnvolving p and
f rather than p and m J.

IV. AN EXAMPLE :PLANE SYMMETRY.

Consider now ¥ = 0,
Then, from Eq.CIII.7D

I{c)
§= Soe CIV.1)
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where I is given by Eq. (IIIl.8).

A little algebra shows that

I & + CI(&)

(e = @ +36) CIv.2)

Then, from Eqg.(IV.1)

Ji)
- G e
S) - go (tg, + 5@')1 CIvV.a)

Also, from Egs. (1I1.B) and (III.8) <(for K=0 J

b= B + 266 - 36 .

3
£+ 36 CIV.4)

and from Eq. (111.10)

PG (IV.5)

To illustrete the above formulae let wus Find - fFollowing
reference (41 - the plane symmetric line elemant gensrated when
the space 1s filled with a perfect fluld obeying &8 'gamma-law"
equatlion of state:

P= (\3\*4) ¥y oo CIV.6)
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for any ¥ such that 1< ¥ ¢ 2.
Substituting Eq.(IV.B) into Eg. (IV.4),

L - e v (2-P)E =0

) CIV.7)
which is solved by éﬂi
3 z
C(-AE 6, L $42
- 3 C(IV.8)
G = 3 ]
) G‘o£ 3\'-’
where Gy is an integration constant,
Ingserting (IV.8) into Eq.(III.123
2
=
t +2
exp Jk) = (Iv.9)
&
t ez

Then, from egquations (III.11), CIV.3), (IV.B) and (IV.S) one
gets respectively

A
h’; p ¥2 Gz—v‘ .
h?-('i:) = —I.(A+6'9)
hg t F__:z

(Iv.10)
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34
(-0t 277 Tt THz

(-1 P &) = F(ﬁ) = ‘. (IV.11)
o) 1"

(A+ 36'0) 8-—.2'
. 2428
q6, + ¥ ¥#2
%" &) = ’ CIV.12)
_G,
- ()H'?)G'o t K\“Z
fo 6o

V.CONCLUSIONS

As it has been stated elsewhere [1,21 , expressions (III.7) to
(III.11) constitute the whole set of solutiaons of the equatlons

(I1.7). No spurious solutions have been introduced anywhere as
it cen be proved by direct substitution of the solutions into the
Field equatlions. On the other hand, any solutlion can be

accomodated in the present scheme; for suppose you consider a
metric obtained wusing other techniques. Then, by I1nverting
relation (III.8) the generatrix function can be determirmed in
terms of the metric coefflclent h and its flrst derivative:

>

G = -

he (h+2Wt) V.1

Moreover, the solutions obtalned are not merely coordinate
transformatlons, because every solution does produce a different
equatlion of state.

It is interesting that within +the present context, some
restrictlons have to be imposed on the relevant parameters of the

solutions If we want them to pcssess physical meanlng. In Fact,
if t 1is the time (and that happens to be when the metrics are
asymptotically flat) then 1t ranges from - ta + - , Then,

by looking at expression (IV.B8) for the generatrix Ffunction, it
is seen that there are certain forbidden values of ¥ In order
to mantain G (and the physical quantlties derived from 1t)
real.

In order to stablish a comparison, let us summarize the maln
results obtained in the static case with plane symmetry.

The llne element to be determined there lis:
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18 = 47 - W) - x* (g )

If G is defined as

G = M
b

then

b= poexp | § 046 (exe) ]

& (x*-¢)
— & T B8R
fo (o) © €
g = _‘).(-2 (36 + p&)

~ X2+ 2xG + 6
X3 -G

oD
it

Qo0
[

}ru

where

and

v.2)

(v.33

CV.4)

(V.5

v.B6)

v.7)

v.ad
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z
X
Hix) = 5 Ax
) X2 & (v.3
Now, suppose that the integrals J and H can be
completely carried out in terms of known functions. A companion

metric can be determined at once. In Fact, consider

¥ 3
6" = X-G (V.10)

L ]
Then, J*= H and H = J. (Notice that (8) = G )
Consequently, a star solution can be written

* N W) 83k)
P = %o P < < (V.11>
ot - Fx3-2x6' -6 o
- (v.lad
G
2 z -Lkbo
(g‘) = go —_
X (V.13
¥, <,

- (V.14
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However, in the present case no other solution can be Ffound
with the above prescription : every solution is univocally
determined by G and it does not induce any othar solution.

The physical meaning of the gensratrix function G remalins
unknown to our knowledge., Some attempts In order to extract
additional informatlon about it are presently at work . [53,
specially regarding the stability of the solution (IIl.7) to
¢I11.10) under perturbatlons by a scalar field. 1In particular,
the exact analytical solutlon for the scalar Field in a class of
background metrics presented in reference {41 has been found.

In any case, we claim that the method applled 1n the present
article possess a very attractive feature when extracting
analytical information from the fleld equations : it allows to
handle s whole Family of solutlons on the same footing.
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