Light Deflection on de-Sitter Space
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We study the light deflection on de-Sitter Space.
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The most general covariant second-order equation for
the gravitation field generated by a given (covariant)
enegy-matter distribution on the space-time is given by
the famous Einstein field equation with a cosmological
constant A [with dimension (length)~? ([1]), namely.

(Rusla) = 5 R = A ) (2) = 876 T (2) - (1)

where ¢ belongs to a space-time local chart.

It is well-known that studies on the light deflection
by a gravitational field generated by a massive point-
particle with a pure time-like geodesic trajectory (a rest
particle-“sun” for a three-dimensional spatial space-
time section observer!) is always carried out by con-
sidering A = 0 ([2],[3]).

Our purpose in this short note is to understand the
light deflection phenomena in the presence of a non-

we have, thus, the following set of ordinary differential

vanishing cosmological term in Einstein equation (1),
at least on a formal mathematical level of solving tra-
jectory motion equations.

Let us, thus, look for a static spherically symmetric
solution of eq. (1) in the standard isotropic term ([2],

3D

(ds)* = B(r)(dt)>—A(r)(dr)* —r® [(d0)* — sen®0(d¢)’]

(2)

In the space-time region r = +|%|? > 0, where the

matter-energy tensor vanishes identically, we have that
the Einstein equation takes the following form

Ruw(9)(x) = =A (g, (7)) (3)

In the above cited region, the Ricci tensor is given

by

0 Ry 0 0 0
0 Rn 0 0

0 1 0o 0 R 0 (4)
0 0 0 Rys

equations in place of Einstein Partial Differential eq. (1)
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At this point we note that In the literature situation, ([2], [3]), one alwyas con-
R R sider the case A # 0 in a pure classical mathematical
133 rr . .
B TS (9) vaccum situation context (namely eq. (3) holds true
(r) (r) even in the region » = 0!), the so called de-Sitter vac-
or equivalently cum pure gravity. However in our case it becomes phys-
A(r) = o (10) ical to consider that our solution depends analitically
B(r) on the cosmological constant. In other words, if the
where « is an integration constant. parameter A — 0 in our solution, it must converges to
Since Rgg = —14+ L B’ + g = Ar?, we get the the usual Schwarzschild solution with a mass singular-
following expression for the B(r) function ity at the origem » = 0. That is our boundary condition
9 hypothesis imposed on our solution.
aAr 8
B(r) = +a+ = (11)
3 r As a consequence, one gets our proposed
with 3 denoting another integration constant. Schwarzschild-de-Sitter solution
|
Ar? IMG Ar? IMGN
s = (A 1= 2 - (B 412G - 2 (@07 + ety (12)
r r

At this point let us comment that for the space-time
region exterior to the spatial sphere r > (%)1/2 the
field gravitation approximation leads to the anti-gravity
(a respulsion gravity force) or to the Einstein cosmolog-
ical constant mightmare with the only physical brute
force solution A = 0 (with » — o0) and leading to a
non compact (spatial) space-time manifold-topological
characterization.

bl

In what follows we are going to consider a non-
vanishing A and study the path a light ray on such
ever-expansion Einstein manifold eq. (12).

Note that for rg = (%)1/3 the metric eq. (12) is
Minkowiskian.

In the usual case of light propagation, we have the
following null-geodesic equation for light propagating
in ¢ = w/2 plane (Einstein hypothesis) for light propa-
gation on the presence of the sun (see Appendix for the
related formulae) presence

0= B(r) - % (%)2 —? (%)2 (13)

At this point we note that

d¢ B(r)J
— | = 14
G- w
where J is a integration constant.
After substituting eq. (14) into eq. (13) we have the

following differential equation for the light trajectory as
a function of the deflection angle ¢

which is exactly integrable

dp=——2 (16)
. is)

1
JT T o

. . . d
By supposing a deflection point r,, where d—: =0

and, thus, J = rm/\ /B(rym ), we get the deflection angle
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which is exactly that one given in the pure (A = 0)
Schwarzschild famous case. However, if one suppose
that there is no deflection (a continuous monotone tra-

1

Tm

0

dv
(U2 —U?) = 2MG(UB, — U3

jectory r = r(¢)!), the total deflection angle now de-
pends on the cosmological constant and is given for-
mally by the expression below.

# Ao (18)

Ay = / dr
0 7“2\/—%4——2”@9

As a general conclusion of our note we claim that
a non deflected light trajectory on a cosmological scale

indicates that A # 0.

Acknowldgments: Luiz C.L. Botelho is grateful to
Helayél-Neto (DCP-CBPF) for warm hospitality. Luiz
C.L. Botelho wants to state here that his mathemati-
cal view on the theory of space, time and gravitation
(he is a mathematician working in Theoretical Physics,
not a physicist) was not formed under the influence of
the “Super Power “Drag Queens” Strings Philosophy”.
The study of ref. [4] help him to criticize and show in
this note the “Aquiles Heel” of the modern physicists
view of gravitation: the cosmolgical constant.

References

[1] Luiz C.L. Botelho, 1l Niovo Cimento, vol 112A, 1615,
(1999).

d*t
d’p
d’r
d?p

=0

+B’ dr dt
B \dp p

o 2 dodr g
d’p v drd seny - cos dp
d’¢ 2 dodr d¢ do
A et LTI 022 =Y
d’p r dpd + ( )dp dp

+A’ dr\? o [do\*
2A \dp A \dp

r sen?6

T3<3—AJ2)
3J2

2MG—r

/|

[2] Steven Weinberg, “Gravitation and Cosmology”, John
Wiley & Sons, Inc. 1992.

[3] P.G. Bergmann, “Introduction to the Theory of Rela-
tivity”, Prentice-Hall, Inc. England, Cliffs, N.J. USA.

[4] V. Fock, “The Theory of Space, Time and Gravitation,
2" revised edition, Pergamon Press, 1964.

[5] M.B. Green, I.H. Schwarz & E. Witten “(Where
is?) Superstring theory”, volume 2, Cambridge Mono-
graphs on Mathematical Physics, (1987).

A.M. Polyakov, “Gauge Field and Strings”, Warwood
Publisher (1987).

Appendix — The Trajectory Mo-
tion Equation

The body trajectory (t(p),r(p),f(p), ¢(p)) on the
presence of the gravitational field generated by the met-
ric eq. (12) is described by the following geodesic equa-
tions

B (dt 2_0
A 2A \dp)

do\?
(%) i



At this point we remark that by multiplying eq.
(A.1) by B(r(p)), it reduces to the exactly integral form

dt 1

a = B ©)

We remark either that eq. (A.4) can be rewritten
in the form

d . do
L
dp dp

(6)
|

+ fnr? 4+ 2n senﬁ) =0

B [dr\” doN® J:B B
o2 (2 B[ E) 2+ =0
d’p 2B \dp dp r3 2B

0
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which reduces to the following form

d
(ﬁ r(zp) sen(ﬁ(p))) =J (7)
where J is a integration constant.

By substituting eq. (A.5) and eq. (A.7) into equa-
tions (A.2) and (A.3) we obtain the full set of equations
describing the body trajectory in relation to the (r,8)
variables

d?r
d’0  2d6dr cos® J?
d’p  rdpdp senf rt

For Finstein hypothesis of light propagation on the
plane § = w/2, eq. (A.9) vanishes and eq. (A.8) takes

dr
d%p

or in a more manageable alternative form after multi-

2 /d
plying eq. (A.10) by B (d_r) and by using eq. (A.5)
P

]2

dr\? 1
dt B3

where F denotes another integration constant.
By writing r is a function of ¢ and using eq. (A.7)

do r? . .
NE - J1), we get our final trajectory equation

dr

i (12)

B [dr\*
2B \ dp

T

the form

J%B n B
r3 2B

for exchange the geometrical parameter p by the time
manifold coordinate

=0

1
L1 E=
B—I— 0

which leads to the body trajectory geometric form

QS::E/rZBl/z[ 1

J2B

(11)

dr

(13)

Note that for light propagation the integration con-
stant £ always vanishes, a result used on the text by
means of eq. (16).



