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Magnetic Levitation with diamagnetic boundaries
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Abstract

The present paper is proposed to expose and explain experiments involving stable magnetic levi-
tation. Despite the well established Earnshaw "s theorem, that avoids the levitation of magnetic and
electrical charges in the presence of static electromagnetic and gravitational fields, one shows that
there is at least two situations where the existence of diamagnetic materials provides a stable levi-
tation configuration. In this sense, some experimental devices - composed by magnets, supports and
diamagnetic boundaries - were set up and succeed in yielding stable levitation of magnetic bodies.

Key-words: Diamagnetic Levitation, Earnshaw, Magnetic Levitation.

*mano jr@cbpf.br
toliva@ufma.br



CBPF-NF-055/01 1

1 Introduction

The observation of levitating bodies has awoken great interest over the latest years, both by the
fascination inherent to this phenomenon and the innumerous possibilities of technological applications in
systems where it is extremely desirable to eliminate any type of mechanic contact, friction or dissipation.
The history of this discovery goes back to 1939 when W. Braunbeck [1] succeeded in levitating small pieces
of graphite in a region permeated by the field of a permanent magnet. Some years after (1947) V. Arkadiev
[2] used a lead disk immersed into liquid helium (a superconductor) to levitate diminutive magnets.
Since the publication of this pioneer result the experiments with superconductor levitation received great
attention, increased more yet in the 80's years with the discovery of the high-T. superconductivity
[3]. These new materials have become the magnetic levitation process especially stable due to the
pinning mechanism [4] usual to the type-IT superconductors. In 1996 the observation of a new kind of
magnetic levitation caught the attention of scientific community: the Levitron?™[5],[6], [7], that consists
basically in a magnetic dipole in shape of a top, spinning and floating above a fixed base with permanent
magnetization. The interesting fact is that the mathematical formulation used to explain the Levitron
can be also employed with success for approaching the levitation of diamagnetic samples.

The levitation of purely magnetic origin is a motion of surprise between the physicists due to the well
known Earnshaw ‘s theorem [8] (1842) that establishes the impossibility of finding a stable equilibrium
point inside a configuration of static fields (of electric, magnetic or gravitational nature) [9]. By another
way, one can say that the Earnshaw’s theorem does not allow the existence of a minimum for the
potential magnetic energy, as it is necessary for observation of a stable equilibrium point. The presence
of diamagnetic materials inside magnetic fields, however, modifies the shape of the potential energy,
creating the possibility of a minimum point without violation of the Earnshaw “s theorem [9],[10], [11].

Diamagnetic materials have negative magnetic susceptibility, repulse and are repulsed by a strong
magnetic field. When a external magnetic field acts on the electrons of a diamagnet sample, they tend
to adjust their orbital motion in such a way to create small permanent currents that oppose to the
external field. The graphite and the bismuth are the two materials that present the major (absolute)
magnetic susceptibility, being therefore the most suitable for accomplishment of levitation experiments
(for requiring magnetic fields of minor intensity) [11].

The first evidence that diamagnetic materials could act as a particular case beyond the generality
of the Earnshaw ’s theorem was given by Lord Kelvin in 1847 [12], eight years after the publication of
this theorem. At the epoch he demonstrated qualitatively that these materials could be put in stable
equilibrium when immersed into magnetic fields. The theoretical and experimental demonstration of
this possibility was given in 1939 by W. Braunbeck [1], in whose experiments was verified the achievable
character of the process. After this publication, there were several attempts of obtaining levitation with
usage of diamagnetic materials. In 1956 Boerdijk used a horizontal graphite sheet (inside a magnetic field)
to stabilize the levitation of a magnet above it [13]; in 1981 Ponizovskii presented some devices constructed
to yield the levitation of diamagnets inside magnetic fields, and he also utilized pyrolytic graphite at
stabilizing configurations for accomplishing levitation of small magnets [14]. Tt is important observe that
both Boerdijk and Ponizovskii exposed the effect of the diamagnetic stabilization, but without developing
a satisfactory theory to explain it. At the beginning of 90s, this issue gained again notoriety after that
E. Beaugnon and R. Tournier [15] achieved the levitation of drops of water and ethanol, pieces of wood,
plastics and other organic materials. This work showed that the major part of organic materials are
levitable, since all have almost the same diamagnetic specific susceptibility [16]. In 1996 Weilert et al.
[17] levitated drops of liquid helium in order to study noncoalescence effects.

Renewed the interest by the theme, some other works have arisen: A. Geim et al. [18] and M.
Berry & A. Geim [10] obtained the levitation of various diamagnetic samples - including an alive frog -
inside the a solenoid subjected to intense magnetic field of 16T. In this last article it is accomplished the
evaluation of stability zones (regions where can occur the stable levitation inside the solenoid) based on
the formalism developed to the Levitron. Finally, more recently, Geim et al. [9] and Simon & Geim [19]
presented experiment and theory related to the levitation of small magnets inside experimental setups
with diamagnetic stabilizing boundaries (disks and cylindric sheets). The use of these boundaries allows
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the constitution of a region of horizontal and vertical stability.

2 Earnshaw ‘s Theorem and stability conditions

In 1842 Samuel Earnshaw published a simple result of large validity, concerning all the interactions
among particles mediated by forces that depend upon the square inverse of the distance [8], [19]: the
Earnshaw s theorem, as it is known. It asserts that no particle interacting through a 1/r? force can
reach the position of stable equilibrium. Going to a more fundamental level, one can notice that it is a
mere consequence of mathematical structure of the 1/r-type potentials, whose laplacian is null. In this
way the total potential U(r) - associated to a system of interactions of this nature - must always satisfy
the Laplace equation:

VIU(T) =0, where: U(T) =Y _ Cj/r; . (1)

Being null the laplacian of the potential energy, there 1s no point of minimum for the energy of this
system, occurring only saddle points at the tridimensional space [20]. The gravitational, electrostatic
and magnetostatic interactions are all depending upon the inverse square distance, therefore they do
not provide potential wells (region where there exist conditions for occurring stable equilibrium of a test
particle).

For happening magnetic levitation the equilibrium must be stable, that is to say, the force ?(r) must
be conservative at the surroundings of the minimum point [22]. A necessary condition is:

f?(?).d? — 0, (2)

where the integral is over any small closed surface containing the equilibrium point. From the divergence
theorem one has:

V. F(7)<0. (3)

Be U the potential energy of a body of volume V and magnetic susceptibility y, subject to the actions
of a gravitational and magnetic field:

U=mgz — %Bz(r). (4)

One can then easily obtain the actuating force over this body:
F(7)=-VU(E)= V.T(r)= -VU(r), (5)
If: V.F(r)<0=VU(r)>0. (6)

Due to the fact the field F(T) to have null divergence and be irrotational, its components satisfy
the Laplace equation individually, what implies:

V2B (7)) =2 |(VB:)  + (VBy)’ + (VB.)?| = (7)
= V?B*(r) > 0. (8)

According to the equations (5), (6), (8) one notices that only the diamagnetic materials can be
levitated, being impossible the levitation of paramagnets, unless the same be immersed into a region of
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major magnetic susceptibility. The equation (8) is the key of the question: the laplacian of B? is not
null, despite the individual components of B all satisfy V2B; = 0. This fact opens the possibility for
the existence of a minimum point of energy (that depends linearly on B?).

The expression (5) establishes a necessary condition for the existence of a energy minimum. However,
this condition is not enough, being still necessary to require that the concavity of the energy surface be
positive (sufficient condition ), constituting a well potential around the minimum point. Therefore, the
sufficient condition reads:

0*B?/0x* > 0; 9°B*/0y* > 0; 9°B?/92* > 0. (9)

In a system with rotational symmetry, the magnetic field has only the radial and axial components
(Br, B;). Tt is possible to write these components as a Taylor expansion (up second order) around the
equilibrium point. Making use of the equations VE=0and Vx B = 0, one derives the following
expressions:

B.(r,z) = B, + B, .z + (1/2)B. 2> — (1/4)B. +*, (10)
B.(r,z) = —(B./2).r — (B, /2)r.z, (11)

where: B, = B, /8z|.—.,, B, = 3*B./8%z|..,, and z, is the equilibrium point.
Departing from the expressions (10, 11), the square magnitude of the magnetic field (up to second
order) is:

B%(r,z) = B2+ (2B,B.)z + (B, B, + B.2):> +
1 7 1
+ Z(Bzz —2B,B. ). (12)

In terms of this last equation, one can rewrite the stability conditions (9) in cylindrical coordinates:

8?B?/0:2 > 0= (B,B., + B.%) > 0, (13)

(Vertical stability)

&*B*/or* > 0= (B, —2B,B.) > 0. (14)

(Horizontal stability)
Therefore, for diamagnetic samples it is always possible to find out small regions (around the point
‘= 0) where the stability equations (13) and (14) are satisfied and the levitation becomes possible.
At the case of magnetic samples (a magnetic dipole, for example), the things are not so simple. Tts
interaction energy with a magnetic field depends linearly on the magnitude of the field B(r, z), so that
its total potential energy is given by:

i

B

Z

U(r) = mgz — M.B. (15)
From (12) one can take the magnitude of B(r, z):
N 1, B2 .
B=B,+B.z+ =B,z + —(=—% — B, )1’ 1
+ ZZ+2 ZZ +4(230 Z)r ) ( 6)

which substituted into (15) leads to the following expression for the total potential energy of the dipole:
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_ comgy g (LB e,
U(r)=—-M{B, + [B, M]'Z+QBZZ —1—4(230 B, )r}. (17)

In the last equation the term linear in z must be null to assure the vertical equilibrium between the
weight and the lifting magnetic force. The new stability conditions now reads:

M 17
~5 B >0, (18)
M . B2
(B -2 . 1
1 (B. 230) >0 (19)

At the proximity of the inflection point (B;I = 0) , around which it happens the levitation of the last

case, the second derivative can be negative or positive; if it is negative, the vertical stability is assured,
but not the horizontal; if it is positive, there is no vertical stability. In this case, the equilibrium will be
achieved only after the introduction of stabilizing diamagnetic boundaries.

3 Diamagnetic Stabilizing Boundaries

Truly speaking, there are two configurations yielding magnetic levitation with diamagnets: (i) the inci-
dence of very large magnetic fields (10* — 10°G) on diamagnetic objects; (ii) the incidence of conventional
intensity magnetic fields on small magnetic dipoles (in association to diamagnetic stabilizing sheets).
In the latter case, the required magnetic field may be generated by small permanent magnets and its
intensity can be of just a few Gauss. In the first configuration the stabilization of the levitation comes
merely from the diamagnetic nature of the test particle (x < 0) which, immersed into a magnetic field,
presents potential energy depending on the square of the B(r, z) magnitude. The use of high intensity
fields is then necessary to produce such a magnetization (M = ﬂB) on the diamagnetic test body whose
interaction with the external field is enough to compensate the \Oiveight force. In the second configuration
the test particle has already an intrinsical magnetization and its potential energy depends linearly on the
product M.B. Hence there is no necessity of high magnitude fields for compensating the gravitational
action, but the levitation in this case just becomes assured in the presence of diamagnetic boundaries
(whose interaction with the magnetic field and the dipole makes arise a kind of well potential around the
minimum point).

The influence of the diamagnetic sheets upon the test magnet can be estimated through a technique
similar to the method of images [19], [21], since a dipole near a diamagnetic sheet induces currents, whose
effects may be reproduced by the presence of an image charge with magnetization reduced to:

p—1
mﬁ. (20)

For y < 1 the magnetization of the charge image 1s reduced to half of the original (%M) and in trading

of a perfect diamagnetic sheet (superconductor sheet, y = —1), one has “total reflection”, resulting in
an image charge with same original magnetization.

Supposing a dipole field approximation, one can determine the magnetic field ?1 of the image charge,
whose contribution to the energy of the test dipole M is:

l——

U=-;MB. (21)

Let L be the separation between the two parallel diamagnetic sheets. Carrying out an expansion
of the dipole fields around the levitation point, one obtains the following contribution to the potential
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energy of the test magnetic dipole:

6110 M
_ O M| 5

w5 (22)

U(z)
The inclusion of this term into the equations (17), (18), (19) leads to an interval for the second
derivative so that there can occur levitation:

B2/2B, < B, < 2k/M. (23)

The latter equation encloses an interval for values of B;I for which the stable levitation is achievable.
The experiments described in the following section explore and confirm this theoretical possibility.

4 The experiment

Two systems have been elaborated to achieve magnetic levitation. The first one is composed by two
parallel graphite sheets, two magnetic dipoles and a permanent magnet. Each graphite disk employed
was 50 mm large in diameter and 5 mm in thickness. The two test bodies were a magnetic slab (with
17mm in length and 1,5 mm in thickness) and a small magnetic disk (6mm in diameter and 2mm in
height). In the second experimental device the graphite sheets were substituted by bismuth ones (35mm
in diameter and 3 mm in thickness). At both experiments a magnetic field (generated by a permanent
magnet located above the sheets) was applied on the region between the them. The distance L between
the sheets was b mm in Fig.1 and 8 mm in Fig. 2.

Figure 1: Experimental setup composed by bismuth sheets.

5 Final Remarks

In this work, we have presented the theory for the levitation of small generic diamagnetic samples (in
the presence of very high magnetic fields) and for the levitation of magnetic dipoles (in the presence of
usual magnitude magnetic fields associated to stabilizing diamagnetic sheets). The experiments carried
out succeeded in obtaining stable levitation of the described magnetic dipoles, as shown in Figs. 1, 2 and
3. These outcomes are in perfect agreement with the exposed theory. A nice and interesting follow-up
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Figure 2: Experimental setup composed by graphite sheets.

-

Figure 3: Close view into figurel.

on this work would be the attempting of producing translation and rotation in regime of permanent
magnetic levitation.

Acknowledgement 1 The first author acknowledges Dr. J. M. Ramos dos Santos for the discussions on
the theme. The second author is indebted to Humberto Belich and to Professor José Abdalla Helayél-Neto
for encouragement.

References

[1] W. Braunbeck , “Fries scheben diamagnetischen korper in magnetfeld”, Z. Phys.112, 764 (1939);
“Freischwebende korper in elektrischen und magnetischen feld”, Z. Phys. 112, 753 (1939).

[2] V. Arkadiev, “A Floating Magnet”, Nature 160, 330 (1947).
[3] J.G. Bednorz and K.A. Miiller, Z. Phys. B64, 189 (1986).

[4] E.H. Brandt, “Levitation in Physics”, Science 243, 349 (1989); “Rigid levitation and suspension of
high-temperature superconductors by magnets, Am. J. Phys 58, 43 (1990).

[5] M.V. Berry, “The Levitron?*: an adiabatic trap for spins” Proc. R. Soc. A 452, 1207-20 (1996).
[6] T.B. Jones et al., “Simple theory for the Levitron” J. Appl. Phys. 82 (2) 883 (1997).
[7] M. D. Simon et al. “Spin stabilized magnetic levitation” Am. J. Phys. 65, 286 (1997).



CBPF-NF-055/01 7

[8] S. Earnshaw, “On the nature of the molecular forces which regulate the constitutuiton of the
luminiferous ether” Trans. Comb. Phil. Soc. 7, (1842); L. Page and I. Adams Jr., Principles of
Flectricity, (D. Van Nostrand Company, Inc., Princeton, New Jersey, 1958), sec.10; G.P. Harnwell,
Principles of Electricity and Flectromagnetism (McGraw-Hill Book Company, Inc., New York, 1949),
second edition, p.63; W. R. Smythe, Static and Dynamic Electricity (McGraw-Hill Book Company,
Inc., New York, 1950), second edition, p.13.

[9] A. Geim et al. , “Magnetic levitation at your fingertips”, Nature 400, (1999).
[10] M.V. Berry and A. K. Geim “Of flying frogs and levitrons” Eur. J. Phys.18, 307-313 (1997).
[11] A. Geim, “Everyone’s Magnetism”, Phys. Today 51, 36 (1998).

]

[12] W. Thomson (Lord Kelvin), Reprints of Papers on Electrostatics and Magnetism, London, MacMil-
lan (1872).

[13] A.H. Boerdijk, “Levitation by static magnetic fields”, Philips Res. Rep. 11, 45 (1956); “Technical
Aspects of levitation”, Philips Tech. Rev. 18, 125 (1956/57).

Ponizovskii V M, “Diamagnetic suspension and its applications”, Prib. Tekh. Eksp 4, 7 (1981).
E. Beaugnon & R. Tournier, “Levitation of organic materials”, Nature 349, 479 (1991).
J.F. Schenk, Ann. NY Acad. Sci. 649, 285 (1992).

M.A. Weilert, D.L. Whitaker, H.J. Maris, G.M. Seidel ; “Magnetic levitation and noncoalescence of
liquid helium”, Phys. Rev. Lett. 77, 4840 (1996).

[18] P. Rodgers, “Molecular magnetism takes oft”, Physics Word 10, 28 (1997).

[19] M.D. Simon & A.K. Geim, ”Diamagnetic levitation: Flying frogs and floating magnetics” , J. Appl.
Phys. 87, 6200 (2000).

[20] Morse P & Feshbach H, Methods of Theoretical Physics, McGraw-Hill Book Company, New York,
(1953).

[21] W. M. Saslow, “How a superconduactor supports a magnet, how magnetically soft iron attracts a
magnet, and eddy currents for the uninitiated”, Am. J. Phys. 59 (1), 16 (1991).

[22] T. B. Jones, “A necessary condition for magnetic levitation”, J. Appl. Phys. 50, 5057 (1979).



