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At first, we discuss parallels electric and magnetic fields solutions in a gravitational background.

Then, considering eletromagnetic and gravitational waves symmetries we show a particular solution

for stationary gravitational waves. Finally we consider gravitation as a gauge theory (effective

gravitational theory), evaluate the propagators of the model, analyze the corresponding quantum

excitations and verify (confirm) the tree-level unitarity — at many places of the model.
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I Introduction

The physical and mathematical aspects of the vector
equations VxV= kV(V i1s a vector field and & is a
positive constant) have frequently been analyzed. Par-
ticularly, plasma and astrophysical plasma physics has
pointed out the existence of stationary eletromagnetic
waves that seems to be the most important aspect of
this equation. Particular solutions have been found for
the classical electrodynamics vector potential with the

form [1-8]

A = afi sinkz+ jcos kz]coswt (1)
The associated electric and magnetic fields are:
; 1 94 .
E = —- 66_15 = kalisinkz + jcoskz]sinwt (2)
¢

—

B = V xA=kafisinkz + jcos k2] coswt (3)

The fields (2) and (3) satisfy Maxwell equations, as well
as, the usual vacuum free-wave equation. Moreover,

fields E, B and A are parallel everywhere. It is inter-
esting to point out, these electromagnetic waves do not

propagate energy, having a null Poynting vector. From
the V. x A = kA, we get the equation:

VPA+kA=0 (4)

with equation (1) as a possible solution.

We argue that if astrophysical plasma is considered,
there must be some restrictions to get the parallel fi’,
E and B fields solutions reported by Brownstein et. al.
[3, 8].

This work shows that it is not always possible to
get these solutions if a strong gravitational background
is considered. Gravitation breaks the fields parallelism.
So the associated eletromagnetic wave does not have a
null Poynting vector anymore and propagates energy in
a gravitational background. Then, looking for equation
like (1.4) for gravitational field and a particular solu-
tion, we analyze of a possible stationary gravitational
wave. It could be new gravitational waves, different
from the general relativity gravitational waves (taken
from linearization of Einstein equations). Experimen-
tally, this stationary gravitational waves may be found
in black-hole distributions.



Finally, using electromagnetic and gravitational
gauge theory symmetries we analyse stationary quan-
tum gravitational wave. Here we consider gravitation
as a 4-dimensional effective theory.

II Parallel /f, E and B fields
in Plasma and Astrophysical
Plasma

The fields fT, E and B are parallel in vaccum or, un-
der some conditions, in plamas, what should follow if
a gravitational background is taken into account? Do
Brownstein fields remain parallel? and does the associ-
ated electromagnetic wave propagate energy?

In order to check these questions we consider a grav-
itational and electromagnetic coupling by the action:

S = /\/—_g (- i FWFW) d*x (5)

CBPF-NF-051/00

In this gravitational background the Maxwell inho-
mogeneous equations are:

D, =7g" (6)
where
Dy = 9, " + T PN + Ti F* = 77 (7)
and Maxwell homogeneous equations are:
DuFyy+DyFpy+DpFu =0 (8)
The connections terms cancel each other such that
this last equation is the usual Maxwell homogeneous
equation:

auFI/p—i—aVFpu—i—apFuy :0 . (9)

To solve inhomogeneous equations (8) we adopt the
F.R.W. cosmological metric:

-1 .
dS* = dt* — af,) {(1 — Ar®)" dr® +r?d6” + r*sin? Hdsoz} (10)

At the same time, the second term of the covariant
derivative equation (7) may be written appropriately,
with FZA given as

0 —
My = o logy/=7 (11)

where ¢ is the metric determinant.
Then Maxwell equations (7) and (8) are explicitly
given by:

V-E—gVf-E=pa, (12)
V.-B=0,
S 0B
VxE=——
. at ’
5 = OE 9
VxB:J()—I—E—g a{E—I—gixB FZ P

Without electromagnetic sources, that is, for p =0
and J = 0 we get “free” electromagnetic fields equa-
tions in a graviational background:

V-B=0, (14)
- . OB
VxE=-—5, (15)
OF of -

VxB="—y¢g

Ay B— FZ LR (1
p o + gV x (16)

V1— Ar? df a’r?sin 6
————— and f = ——.
V1— Ar?
Functions ¢ and f may have A = 4+1,0,—1 each

value represents the associated curvature of F.R.W.
spatial metric section.

where. g = -
a3r?sin @

The electric field wave equation in a gravitational

V.-E= gﬁf B , (13) background is obtained from eq. (15) as
|
o PE _wf e, = 0gdf = 0*f = Of 0E
F - = E)—= = FE—g—-—=FE—yg 1
v g =V (gi ) ot ot — 7 o ot T (17

dg

+ —VfXB—I—gQVfXB—I—giX

ot ot

OB o
o~ o (TusF™’)
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The magnetic field wave equation in a gravitational

028

B - B
25 908 [
VB Vx( T

ot?

The last term, F;’MF“)‘, is identically zero. But we
still retain it for esthetic completeness of equation (2.7).
At the same time, equations (2.17) and (2.18) repro-
duce the correponding vacuum equations if gravitation
is ignored.

Using equation (2.17) and (2.18) it can be shown
that there is at least, one solution in which fields E
and B are not parallel anymore. For example, putting
field B as given by (2.3), in equation (2.18), and writ-
ting the gradient 6]” as:

3
|
background is obtained from eq. (16) as
E—gixB—I—FZﬁF“ﬁ) . (18)
|
it is easy to verify that equation (2.18) becomes
o gt =X
ot

Calculatmg 3f Vf, Vf x B and taking explicitly

the unity Vectors 7o and 90

rg =

by =

isind cosg + jsinfsing + kcosd (21)
zcosﬁcosgo—i—jcosﬁsingo—/%sinb’

we can find,

B =ka isin(kz) 4 j(k2)| cos(wt) | (22)
V=il 40,2 4 gy 2L (19)
" or 06 8@ ’
|
E = (sm 0G (r 1,6y — cosOF(, t)) ka cos(kz) cos(wt) + (23)

i
j (cos OF o) —

+ +

where functions Fi, ;) and G, ¢ ) are given by:

2a Aar
Fr == o T 1 o d
(1) 3ar + 3a(l — Ar?) a
acotgl
Cowor = g -

The new electrital field £ given by (2.23) is com-
pletely different from the Brownstein electrical field
(1.2). Now, fields E and B are perpendicular vectors,
as we can see from equation (2.20). Gravitational back-
gound breaks E and B parallelism and so the Poynting
vector § = E x B is not zero anymore.

This way, the associated electromagnetic wave prop-
agates energy.

It 1s possible the electric field as the Brownstein elec-
tric field given in eq. (1.2) is kept and a new particular

sin HG(r7t79)> kasin(kz) cos(wt) +
k [(sm 0 cos pF{; ) + cosd cos goG(myg)) ka cos(kz) cos(wt)+
(sin 0 sin p I, 1) cos 0 sin goG(My(z,)) kasin(kz) cos(wt)]

solution for magnetic B field in a gravitational back-
ground is obtained. We believe, this new magnetic field
differs from the Brownstein magnetic field given in eq.
(1.3) and the associated electromagnetic wave propa-
gates energy.

It is not always possible to have E, B and A as par-
allel fields if a gravitational background is taken into
account. On the other hand, even in a gravitational
background, 1t might be poss1ble to claim parallel E
and B fields, writing E = XB in equations (2.17) and
(2.18) and to get conditions that the function x must
satisfy.



III Stationary Gravitational

Waves

Now, considering the similarities of electromagnetic,
gravitational and linearized Einstein gravitation theo-
ries, we analyze a possibility of stationary gravitational
wave.

According to the phenomenological view, black-hole
distributions may be nodes of gravitational waves prop-
agating in space. It would be sufficient for two black-
holes separated by large distances, if the space-time
curvature of the strong gravitational fields of the black-
holes is neglected. So the space-time of one black-hole
1s assymptotically flat to the other. Then each black-
holes is like a ‘string node’ and this mechanism may
confine gravitational waves.

The following equation may reproduce these waves
in nature:

R,y = kAhy, (1)

where
Juv = Nuv + K?huy . (2)
Here k is the Newton gravitational constant, A is
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the cosmological constant, h,, is the stationary grav-
itational perturbation in a Minkowski “Background”.
Then the stationary gravitational pertubation is given

by
0p0uhf) + 950, — Ohyy — 0,0,k = Ay, . (3)
This equation is formally similar to the electromag-

netic case, eq. (1.4).
This equation may have a solution like

huy = Cu (2) £ (1) (4)
where
Age O 0 0
S T R e
0 0 0 Aoo

where Agp, A11 and Ajs are free constants and k=
VA — w? is the wave-vector for the case A —w? > 0.
The dispersion relation suggests a long wave-length,
A, for stationary gravitational waves in nature, since its
frequency is small.
The lagrangean for the pertuberd field is

A 1 , 1 1 1 ,
£y = - 7 OnhunO"WY 2 0,h0°h — = 0,00kt 5 07 hyy 0y b+

1 1
—  — ARMhy,, + = AR?.
4 “+8

From this lagrangean we get the energy-momentum
tensor 7}, and, using the equation of motion with

o A
+ 0Phpo0,hG — LY

A system of black-hole distribution may confine sta-
tionary gravitational waves.

IV Gravitation as a
Theory-Gravitons

Gauge

Now, we intend to attack the last problem according
to quantum view. Gravitation is considered a gauge
theory.

Classically, stationary gravitational waves between

9,1"" = 0. The stress tensor is not symmetric. Then
Ty is

1 1 1 1
7 Ondvh — 5 Ouhapdy h®P — 5 Oyhus0°h — 5 0°h,50,h +

two points & and y have been obtained. According
to the quantum view, this problem may have gravi-
ton exchanges. The situation is similar to that of point
charges interacting by photon exchanges.

This way, the quantum version of the problem of sta-
tionary gravitational waves between two points « and y
is now described by graviton creation and annihilation
at these same points.

For convecinece, we parametrize the field h,, as

1
HY=h— -6 h .
2 v

v v
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It is simple to verify that HY = H = —h where h (29) may be written as
is the trace of h,,. With this new h,,, the Lagrangian

1 1 1 1
= 5 0ol O H" + 2 O,HO"H — 5 0" Hy 0 H" + 5 0" Hpu0, HY +
1 1
— G AHMHu + 3 AH? . (8)

Finally, we integrate the lagrangean (31) by parts and get:

1 1 1 1
£ = g HYOHY — 2 HOH = 5 H0,00H) — 5 H"0,0.H; +
1 1
— - AH™WH,, +- AH?. (9)
2 4
|
Then, it is possible to write this expression in a bi- where operator O, 1 has the following form in terms
linear form: of Barnes-Rivers [9] spin projection operators:
A 1 v K
£ = 5 1" O a ™ (10)
|
A+ 30
Oum = @-0PO AR+ 2 @-nyp - A o (1)
3 3
+ g (A-—DO)PO + % (A-O)PY .
|
The inverse operator 6;1/1,;0\ has the following form:
|
0, o= |XPD +VPD + ZP™ + WP + RP() + SPY . (12)
) WV, K
|
To get the coefficients X, ¥V ---5 it is sufficient to tiplicative table, such that:
use Barnes-Rivers [9] projection operators and its mul-
|
07 O = (D = (PO + B0+ PO 4 P0) (1)
’ UV, K



For D = 4 these coefficients have the following form

We get the corresponding propagator by the follow-
ing functional generator:

LV RA

1
W[Tpa] = — §/d4xd4yT“V®_1 TR)\ ]

The propagator is written explicitly as:

<T [h;w(x); h,ﬁ(@]) = i@;ylym\(sll(l‘ — y) . (15)

V  Unitarity of the Model

Now we discuss the tree-level unitarity of the model.
Coupling the propagator and external current, T*" we
analyze the poles of the current amplitude and the
imaginary part of its residue. The current amplitude
is given by:

A= T (BN (B (<F); b (B) )T (=) . (16)

Using equations (4.12), (4.14) and (4.15) we get the
current amplitude. And considering the imaginary part
of the residue at the poles, it is simple to verify that,
due to the transverse condition, only operators P(2) and
PS(O) remain. And that it is a symmetry, not necessarily
a gauge symmetry:

W;U/TNV =0. (17)

Analyzing the poles of the sector with spin-2 and
the sector with spin-0 in the momentum space we get:

1
XY=y (18)
362 — A

7 =

A? —8AK? —9(k%)%
This way we have for the sector with spin-2, a
tachyon pole:

k2= —A (19)

and for the sector with spin-0, we have two poles, one
being a tachyon pole

o= - A, (20)

k2 = —A.
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A 430
- AZ48AO-9O2

B\

A+90°

Using (5.16) and considering the k% pole analysis we
can verify the tree-level unitarity of the model. But we
want spin-2 gravitons, so we redefine A as (—A) and,
so, for the spin-2 sector, we have

B =A . (21)

For the spin-0 sector, we have, respectively:

1
k2:—§A, (22)

P =A.

Now we have one non tachyonic pole for the spin-2
sector, one non tachyonic and one tachyonic pole for
the spin-0 sector.

And we find
Im R65A|k2:1\ >0 (23)

Thus the massive excitation is, in fact, a dynamical
degree of freedom. The theory does not have negative
norm states. And this is the unitarity requisite to have
the required assymptotic behavior. From (41), it is sim-

. . . 1
ple to verify that the propagator is proportional to =

and therefore the 4D model is not renormalizable.

So we conclude that the model discussed is causal,
has tree-level unitarity and is not renormalizable by
power counting. The proposed model has to be under-
stood as an “effective gravitation theory” with a phys-
ical massive degree of freedom (k? = A).
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