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1 Introduction

Integrable nonlinear evolution equations play important role in various topics of
the mathematics and particle physics. There is a huge class of integrable equa-
tions which admit soliton solutions [1]. The last are exact localizable solutions of
the equations of motion with finite values of the physical observables: momen-
tum, energy, etc. [2]. Generically soliton solutions correspond to topologically
nontrivial field configurations. Within the quantum field theory, the solitons are
interpreted as nonperturbative particles which appear in the spectrum of the
underlying model.

Integrable evolution equations are distinguished by the existence of zero cur-
vature or Lax representation. Taking into account the Lax representation of the
equations of motion, one can look for gauge transformations which preserve the
form of the components of the Lax connection. It is clear that such kind of
transformations, called dressing transformations, are symmetries of the underly-
ing integrable model. The study of the dressing group which is a symmetry of
the soliton (integrable) equation has been initiated by the Kyoto group [3]. In
the last reference the dressing symmetry was considered on the example of the
Kadomtsev-Petiashvili (KP) hierarchy. The group of dressing transformations
admits a particularly simple and transparent expression when one introduces the
Hirota tau functions. The last provide a bridge between integrable models and
the representation theory of the affine Lie algebras [4]. It has been shown by
Semenov-Tian-Shansky [5] that the dressing group is a Poisson Lie group.

The application of the dressing group to the Toda field theories in 1 4+ 1
dimensions is due to Babelon and Bernard [6]. In this reference it was also argued
that the dressing symmetry is a semiclassical analog of the quantum symmetry
of the integrable model.

The N soliton solutions of the affine Toda models based on an arbitrary
simple Lie algebra are obtained in [7]. In particular the group-theoretical tau
functions related to the fundamental representations of the affine Lie algebra are
given by

N
TA(D So=¢
TA<(<1> )> = Ve < AU+ X () (L4 X P (A > (1.1a)
ALYO .
=1
where X;,¢ = 1,..., N are numerical factors depending exponentially on the light

cone coordinates, F" are elements of the affine Lie algebra which diagonalize
the adjoint action if the principal Heisenberg subalgebra [4, 7] and |A > is the
highest weight vector of a fundamental representation of the affine Lie algebra
of highest weight A. Alternative expression for the tau functions is provided by
using the dressing symmetry

TA(P)
TA(q)())

where g_ and g4 are triangular elements of the affine group.

—< g (et 27 et o)A > (1.1)
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In [8] it has been shown that the representations (1.1a) and (1.1b) are equiv-
alent for the the sine-Gordon N-solitons. Qur purpose is to extend this result
for arbitrary AS) Toda models. General analysis of the dressing symmetry of
integrable hierarchies which admit vacuum solution has been done in [9].

In the present talk we give a summary of [10]. It is organized as follows:
In Sec.l we discuss the N-soliton solutions of the AS) Toda equations and the
related dressing problem. An explicit expression for the dressing transformation
which creates solitons from the vacuum is found. The main result of Sec.l is
the Proposition 2. It states that the above mentioned dressing transformation
factorizes into "monosoliton” factors. In Sec.3 we exploit the free field repre-
sentations of the affine Lie algebra AS) to demonstrate the equivalence between
(1.1a) and (1.1b). Our approach is based on the observation that the solution of
the dressing problem on the affine group differs from those in the loop group by a
factor which is in the center of the affine group. Sec.4 is reserved for concluding
remarks and discussion of possible further developments.

2 N-solitons and the solution of the dress-
ing problem in the affine group

The AS) Toda equations in 1+ 1 dimensions [11]
84—8—992' — m2(ew—%‘+1 _ 6%_1_%),

0+ P € Znt1 (2.1)

= 9ot
are equivalent to the zero curvature condition
F_|__ = 8_|_A_ — 8_A+ —|— [A_|_,A_] =0 (22&)

of a connection which belongs to the loop Lie algebra sl(n + 1) = si(n + 1) @
A, AT

Ay = j:é?i<1>—|-m/\ﬂei“dq>5i

9
0p = 3 (2.2b)

where @ is in the Cartan subalgebra of sli(n +1) = A,
1 . .
o = §Z%|Z >< 1 (2.2¢)

and

Ex= > |k><kx1] (2.2d)

k€Zni1
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The adjoint action of the element S € SL(n+ 1)

27

5 = w2 Z IR >< k], w=ent (2.3a)

k€Zni1

defines an inner automorphism o of order n 4+ 1 of the algebra A,
o(X)=8X5""1 o't =1, (2.3b)
Applying o on the components of the Lax connection (2.2b) we conclude that
Ap(z,wA) = a(Ag(2,0) = SAL(z, NSt (2.4)
Since (2.2b) is a flat connection, there is a covariantly constant vector w(z, A):
Diw(z,N)=(0++ Ar)w(z,A) =0 (2.5)

Taking into account (2.4), one concludes that S"(w)(z,A) = S"w(z,w™"A) for
any r € Zpy1 is covariantly constant also. This observation allows us to construct
a matrix solution of the linear system (2.5)

Wiz, A) = || w(w,/\),wEn(S_lw)(x,/\)...wé(S_”w)(x,/\) I (2.6)

To obtain N-—soliton solutions of (2.5) we introduce the expansion
N . .
iz, A) =Y Ml (2)e(x, -A)
j=0

wl) = Z w,(j)|k >

k€Zni1
e(z, ) = exp{m(Aa™t + %)} (2.7)
where N is an integer which will be identified with the number of solitons and
w(j)(w), j = 1,..., N are A-independent n + l1-dimensional vectors. We shall

need the following
Proposition 1[12] Let w™) = Ekean |k > in the expansion (2.7). Suppose

also that for each j = 1,...,N there is an integer r; = 1,...,n and complex
numbers [i;, ,u?"'l + ,u?"'l such that
—ri A Lo
(SThd)(x,py) = Wi (@, )
(2.8)
for arbitrary constants c;, j =1,..., N.

Then W is a solution of the system

(95 + Ag (2. )iz, A) = 0

A+($, A) = 28+¢($) —|— m/\5+

A_(z,0) = %e—%d@@)g_ (2.9)
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for certain traceless diagonal matriz .

As a consequence from the above Proposition we see that the entries of ®
satisfy the AS) Toda equations (2.1) Alternatively, the components wy of
(2.7) can written as

N
b, A) = [IO+ ai(@)e(e, A,k € Zop

J=1

and from the Proposition 1 it follows that the evolution of the N-soliton system
assumes the form

N ; r
[ term ry(1-ky €L 5) (2.10a)

C,;W
ekt ! e(p;)

The components of the Toda field are given by

N
= (V[ k=1...n+1 (2.10D)
O

Note that @(z, A) (2.9) is covariantly constant vector with respect to the con-
nection Dy = e~ ®Dye® where Dy = 01 + Ay is given by (2.2b). Therefore,
_ 0
w = e®w.
In accordance with the general definition, [3, 6, 9], the dressing transforma-
tions are represented by loop group elements g(x,\) € SL(n + 1) which act on

the Lax connections (2.2b) as gauge transformations Ay — A%
AL = —0xg97" +9Axg7, (2.11a)

such that the connection A% has the same form as the original one (2.2b) with
¢ — @9, Since under gauge transformations the curvature transforms as F,_ —
gFy_g~!, we see that the dressing group is a symmetry of the equations of
motion. Equivalently, the action of the dressing group can be described in terms
of the normalized transport matrix

T(z,\) — T9(x,\) = g(x, \)T(2,\)g~ (0, ) (2.11b)
where T'(z, A) is a solution of the linear system
(0 + A)T(z,A) = 0 (2.11c)
together with the initial value conditions
T(0,A) =T|pt=p-=0 = 1

The loop group G (in the present talk we consider ¢ = SL(n + 1) only) is
defined [13] as a group of smooth maps of the unit circle S1(|[A| = 1) into the
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Lie group . It is clear that the loop group has two subgroups é_|_ and G_ :
Gy (G_) contains all the elements which admit analytic extension on A inside
(outside) the unit disc. In view of (2.2b) Ay, (A_) is holomorphic Lie valued
function for [A| < 1, (JA| > 1). Therefore, one can look for two solutions g1 € Gy
of the dressing problem (2.11a). Since ¢4 and g_ produce the same result, from
(2.11b) it follows that they provide a solution of the factorization problem

9= (@)g4(x) = T(2)gZ"(0)g4+(0)T ! (x) (2.12)

Note that the transport matrix related to the vacuum solution ® = 0 (2.1), (2.2¢)

is To(z,A) = R I [10] we have shown that there is a solution
of (2.11a) which interpolates between the vacuum and the N-soliton solution @

(2.10a)-(2.10b)

g™M(@,{u},A) = *TM(@, {u}, N2~

N _
1y i—1) TT A T &' eri(@)

N
ng )(‘I’a{ﬂ}a/\):“’ A —wl=ly;
J

i=1

Q=0 ye gt (2.13a)
which belongs to loop group SL(n + 1) and obeys the relation (c.f. (2.4))
g M@ (. wr) = 5@, {u}, M5! (2.13b)

To proceed, we have to introduce some Lie algebraic background [4, 7]. First of
all, note that the automorphism ¢ (2.3a), (2.3b) defines a Z,y;—gradation in the
Lie algebra G = sl(n + 1)

G = Bren,nGr > 0(Gr) = WGy

(2.14)
On the other hand, the elements
Ei= Y |k><k+il , i€Zua\{0} (2.15a)
k€Zng1
are mutually commuting and diagonalizable
0tle, OF! = ot gtk
&H=& Eq4=&,=¢E- (2.15b)

where € is defined by the last equation (2.13a). Therefore, the set of generators
Er, & € Gy span a new Cartan subalgebra. To complete it to a base of the Lie
algebra we define the elements

Fi=Qli+1><dQt | ie€Z,p\{0} (2.16a)
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and consider their grade expansions
= Y F, o(F})=wrF} (2.16b)
k€Zni1

The commutation relations in the new basis are

sk 7l
r s1 _ w—w r+s
) = — ke (2.17a)
where
Foor=1,...,n; k€Zyn
F = (2.17b)
=1k r=0 k=1,...,n

In the above basis the invariant non degenerate scalar product (X,Y) = ¢r(X.Y)
(the trace is taken in the defining representation ) is given by

FT FS = —Sk (S(n 1) 2.17
( koLl ) n 1 k-|—l,() ( ‘ C)
(52(7; 1) 18 the Kronecker Symbol on the CS/CHC group.

To treat integrable evolution equations one has to extend the classical Lie
algebra by introducing a spectral parameter A (c.f. (2.2b)). The Lax connection
is in the loop Lie algebra G = C[/\,/\_l] ©G. Gis spanned on the elements
X, = A"X. Generic loop algebra posses a central extension [4, 13] known as

affine Lie algebra G = G @ Ce & Cd
k
XL Y| =[X.Y —¢é XY
[ ks l] [ ’ ]k+l+_(n_+ 1)C k+h0( ) )
{d, Xk} —kXp {c g} —0 (2.18a)

The derivation d = /\88—A defines a Z-gradation
G = ezl {3, é\k} = kGr (2.18b)

Note also that setting ¢ = 0 in (2.18a), one recovers the commutation relations
in the loop algebra.
The symmetry of the Lax connection (2.4) suggests the following.
Definition: The affine ( loop) Lie algebra sAl(n + 1) (sl(n + 1)) is in the
principal gradation iff its elements X (\) = >3, NX| satisfy the restriction

X(w)) = 0 X (A) (2.19)

In view of the above definition, (2.4) is in the loop algebra (sl(n 4 1)) in the
principal gradation. The affine algebra analog of the base (2.17b) is

Fy, r=1,....,n, keZ

P, kez(n+1)z (2.20a)
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and the commutation relations are

sk rl rl
W —w Fres 4 kw

[Fy, I7] = 1 e

~ o(n+1)
m C 6T-I—5,0 (5k_|_[70 (220b)
In the above notations and in what follows we will perform a slight abuse of
notations: the lower index will be used to indicate both the cyclic Z,—; charge
(2.14) as well as to label the Z gradation (2.18b). The elements & = (n +
D)FY , k# 0mod (n+ 1) form an infinite set of decoupled harmonic oscillators

[5k,51] =k éék%o k 75 Omod(n + 1) (2.20C)

The subalgebra spanned on & is known as the Heisenberg subalgebra in the
principal gradation. In order to formulate one of the main results of [10] we have
to introduce some notations. Let (2.10a) be an arbitrary N-soliton solution. To
it we associate the diagonal traceless matrices

1
E:§ Z frilk >< k|, P, = Z prilk >< k|

k€T ny1 k€Zng1
K(F)= Y KuF)lk><kl, i=1,...,N (2.21a)
k€Zng1
_ Sreit frrn

Kiy(F) — K1 (F) k € Zn1 (2.21b)

2 ?
The last of the above equations agrees with the periodicity property Kj =
K ynt1 since trF; = 0. Following [10], one imposes the relations

T Lo (M _ Ww) Bu(F) = 6, X1Y7
k€TLpy1 pils) praaili)

s le,u[ — Mg Ml + €14
— _ !
S R | s Lo,

a#l
d _
vie ¥ (1hmgin L)) s (2.22a)
kez A Prt1i-1
n+1
where
Br(F1) = eFu(-3 (2.22b)
In view of (2.21b) one has
—fu _ ﬁﬂfn
e = ——" 2.22¢
B () (2.220)
The functions p,; , @ € Zpyyr Il =1,...;,N are components of (n + 1)-

dimensional vectors

a0 = DU NN (M) = DY) (2.220)
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where the entries of the matrices DU=1) and DU-1D are

D(”_l)(/\) _ Y18u(F7) z a(a=b) A— Wq@fbl,ul
ab (n 4+ 1)ppi—1(1) i A — Wiy
_ _ A —_ wqe_fblul
pl=1h iy __Pal () oi(a=b)
@O G D pe—
T
w=1{ I per(m)) (2.22¢)
PELp+1
The relation (2.22d) together with
1
PN = — (2.221)
determines uniquely p; , [ =1,..., N. Finally the entries of the diagonal matrices
P, are fixed by
A =1 (2.22g)
m

Now we are in a position to formulate the following

Proposition 2 [10]: Consider the N -soliton solution (2.10a), (2.10b). De-
note by g1 (g—) the analytic continuation of (2.13a) around A =0, (A= 00).
Then the following factorization is valid

gz = g2 (N)ge(N = 1).g2(1),  ga(i) = HFDTPTEC) (2.23a)

where K (F;) and P; are fized recursively by (2.22a)-(2.22f) and Wi (i) are the

loop group elements

We(D)= D fuiWi(p)

k€Zni1
S B R Fy
koo — oW r(1—k)
= Fy
Wi == 3 | T e
n 1_wT(1_k) - (1 Ir
Wk(p) = 2 Rt (1-k) Elu_]; . (2.23b)
r= PE—

Note that W{ () do not contain contributions belonging to the principal Heisen-
berg subalgebra. Moreover

WH () = Wi(pi) = WE(u;) = Zw R F

Z £ (2.24a)

PEL 'uZ
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and the element F"(u) diagonalize the adjoint action of the principal Heisenberg
subalgebra:

[Exs F ()] = (W™ = D" F7 (p) (2.24b)

The Proposition 2 together with (2.24a)-(2.24b) suggests a relation between the
dressing symmetry and vertex operator representation of the soliton tau function

(3, 7].

3 Vertex operator representation for the
soliton tau functions

The AS) Toda models have a conformally invariant extension [14] known as the
A,, Conformal Affine Toda (CAT) model. The A, (CAT) equations are also

integrables and admit zero curvature representation for the connection (2.2b) in

the affine Lie algebra G = gl(n +1)= AS). The affine algebra counterpart of ®
(2.2¢) is

- d4+nd+-—
BTy

¢ (3.1)

where d and ¢ stand for the derivation and the central charge respectively (c.f.
(2.18a)). Combining (2.2a), (2.2b) and (3.1) one obtains the A, CAT equations

8+8—99i — m26277(6%—%+1 _ ewz‘—1—w)
8+8_77 =0
1€%nt1

The first of the above equations coincides with the affine Toda equations (2.1) for
n = 0. According to [8], affine solitons arise after imposing the last restriction,
it is also worthwhile to recall the Hirota bilinear representation [15]

2 2
04 TkO_T — TR0+ O—Ti = M*(Thg1The1 — TE)

e PE — Tk eCo—=¢ — H e ok € Zpp
Tk—1 i
EZn+1
Co=(n+1)m*zta” (3.3)

of the system (3.2) for n = 0. Setting { = (o with ¢ =0, k€ Z 41 and =10

in (3.1) one ends with the vacuum solution of the A, CAT equations (3.2)
m? .

In [8] it was argued that the Riemann problem (2.12) is related to a similar
factorization problem in the affine group. More precisely, the following relation

¢o—¢ P
Gu(z) = e300, (2) (3.5)
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holds. In the above equation g4 represent a dressing transformation in the loop
group which by (2.11a) creates N-soliton solutions from the vacuum; g4 () stand
for the affine group analog of g4 (z) (2.12).

In what follows we shall need some basic facts concerning the representation
theory of the Lie algebras AS) in the principal gradation [4]. We will be interested
on highest weight representations which are generated by the action of arbitrary
polynomials on the negative grade elements (2.18b) on certain highest weight
state |A >. The later is annihilated by the elements of positive grade

X, A>=0 , {d, Xn} —nX,, n>0 (3.6a)

In the particular example of AS), the highest weight state is characterized by

(2.20a)

FOIA>=AF)IA>, r=1,...,n
dIA >= A(d)|A >, ¢A >= A(&)|A >
(3.6b)

where A is a linear functional on the subalgebra Gy of elements of Z-grade zero
(cf. (2.18a)).

The principal Heisenberg subalgebra (2.20c) admits a Fock representation. It
is built up on the Fock vacuum |0 >

E0>=0, k>1
<0/ =0, k<-1. (3.7)

When the value of é (2.18a) is one, all the irreducible highest weight representa-

tions of the Lie algebra AS) are expressed in terms of the (principal) Heisenberg
subalgebra. The corresponding AS) modules are identified with the Fock space

(3.7). To be more precise, we introduce the "vertex operators”:

, 1—w™k & 1—w™h &
Vi) = exp{ Y esp(Y) ——— )

k-1 >1
r=1,..,n (3.8)

The following theorem is due to Kac
Theorem 1 [4]: Consider the Fock space representation (3.7) of the principal
Heisenberg subalgebra. For each |l € Z,4q and r € Z,11\ {0} define

Wt
F = " .
Then
(i) (3.9a) admits a Laurent expansion
T _ Fg b
F'(p) = w (3.9b)

PEL
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(ii) For each | € Zynyy the Laurent coefficients I}, p € Z and r € Zyn41\ {0}
together with the harmonic oscillators FY = nlﬁé’k, k € Z\(n + 1)Z obey the
commutation relations (2.20b).

(iii) For each | € Zy4q, the Fock vacuum |0 > (3.7) is a highest state |A; >
characterized by

rl

w
FrIA; >=
olA> (o — 1)

|A; >, éA >= A >, dlA; >=0. (3.9¢)

The meaning of the above theorem is that there are at least n + 1 irreducible
representations of the Lie algebra AS) which can be expressed in terms of bosonic
oscillators. The value of the central charge is ¢ = 1. It was shown in [4] that the
representations with highest weight vector |A; > (3.9¢), [ € Z(ng1) exhaust the
inequivalent fundamental representations of the affine algebra.

In what follows, it will be important to consider also the group theoretical
tau functions

TA(®) =< Ale 2®|A >= ¢72MP) (3.10)

where ¢ is given by (3.1) and |A > is a highest weight vector. Setting n = 0
in (3.1) and taking into account (3.9¢), one gets a relation with the Hirota tau
functions (3.3)

ra (B) = e 7Ty (D) (3.11)
Let us recall the following result [8, 16]
TA(Q) N1 R
=< Alg_"" (= z)|A > 3.12
DD < Al gl (3.12)

where g4 () (3.5) are the elements of the affine group which generate by dressing
transformation a solution @, starting from the vacuum ®q (3.4). Let us consider
an N-soliton solution (2.10a), (2.10b) of the AY Toda model. Then the Propo-
sition 2, (3.5) together with (3.12) suggest us to study the following affine group
element

h(a) — e—OZW_((b)eOZW+ ((],5)7
We(®) = > e Wi(n),

k€Zni1

Y er=0 (3.13)

k€Zni1

where W () are given by (2.23b). As a corollary of the Theorem 1 one gets the
Proposition 3 Consider an arbitrary fundamental representation of the Lie

(1)

algebra Ay 7. Then the following commutation relations are valid

7 7 1 - wS(k-I—l) - r+s
W@V () = VW (@) = — = STV ), (314a)
s=1
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k € Zpqq labels the fundamental representations of AS); V(i) are the "vertex
operators” introduced by (3.8) and ps, s € Zny1 is the discrete Fourier transform

Of@s (2599520)

R —ks 1 s A
Ps = Zw k Py Pk = nt1 Zwk s (314b)
k s

From the above Proposition it follows that the affine group element (3.13)
admits the following (Taylor) expansion

h(1) = e~ W= (®) Wi (D) _

0o ] n
_ Z ( lll) Z H \Ilgf)(é)vsﬁ'““l(,u)

=0 514..,51=1 j=1
1 ws(k—l—l) R
viM(®) = T i 1P FE€Zun (3.15)

In view of the periodicity condition V" = V"t +l (cf. (3.8)), it is opportune to
introduce the commutative associative algebra F of (complex) dimension n + 1.
It is generated by V?*, s € Z,11. The multiplication is

Vi Ve = yrts (3.16)

It is worthwhile to note that the above equation describes ”fusion rules” of a
class of Rational Conformal Field Theories [17]. Introducing the invariant inner
product

<VIVE > =4l

r

), (3.17)

F becomes a Frobenius algebra. Taking into account (3.15) and (3.16) one gets
W) = F exp{= S W@V () (3.18)
s=1

where the symbol F means that the exponential is taken in the algebra (3.16).
Diagonalizing the ”fusion rules” (3.16) we get
Proposition 4 The affine group element h = h(1) (3.13) is given by the
exTPression

h= ) S (w1 ) (3.19)

n+1
T PE€ELnt1

within any fundamental representation (3.9a)-(3.9¢). The numbers (3,(®) are
the discrete Fourier transform (3.14b) of Br(®) (2.21b), (2.22b).
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In [10] we derived an exact expression for the adjoint action of the elements
g+(7), 7 =1,..., N defined by (2.23a), (2.23b) on the affine Lie algebra. The

result is
g7 (O F (W N )ga(i) = D RE(GA) (FT(WPA) = Z[Fi](5; M)
T,UEZn+1
il > |A] (3.20a)
where
RYS(i0) = Po(530) Q735(45 A (3.20b)

The matrices P, () and the vector Z are expressed in terms of the quantities
(2.22d) and (2.22e) as follows

Pe(isA) = —1 e L pt o ()

n+1 a,b€lms1 pai—l(,ui)
1 1 o
s A — (a—l)s—(b—l)r D(ZZ 1) A i ;
QT(Z7 ) (n—l—l)% z “ Pai(,ui+1) ab ( )pb 1(1“)
a,b€%n 41
' A —bepii- i—1(i)
Z°IE(i, A) = (s+c)a bcD( 1) A\ Pri—1
| ](27 ) ’}/i(n‘|‘1)2(w5+0/\—,ui) Z w ab ( ) ﬁa(E) +
a,b€%n 41
celn+1
T i (3.20¢)
(n+ 1)(p; —wsted)

As a consequence of (3.20b), (3.20¢), (2.22d) and taking into account the inden-
tity

J r(a’—a)

d pi; 1 w (j1-1) ( pal(N) paz_1(/\))
A)=— — 7D, A pari—1(A —
oM lz:;a g AT Pt S5 ™ parma)

one arrives at

Proposition5 Let py,..., un are radially ordered complex numbers || >
covy > |un|. Then the matrices R(j; ;) (5 < i) which act on C"t' @ €t gs
well as the vectors Z[F;)(j, ;) € CT1 @ € (5 < i) satisfy the equations

Y WPUIRG; pyn) - RO ) = (10 (i) PR (WM 1)

P ro SO i)
_ . pit1 dlnpy;
> WU RGs pia) R 1) 2= B ) = = 25— )
n+1 dA
1<I<s
PELn41
(3.21)

Combining the above Propsition with Proposition 2 and the Proposition 4 we
obtain the following
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Theorem 2 [10] Let ¢ = %EkEZnH vrlk >< k| be an N -soliton solution

of the A Toda equations (2.10a), (2.10b), with |p1| > ..., > |un|. g+ are
supposed to be same as in the Proposition 2. Then for each fundamental repre-

(1)

sentation of the Lie algebra A; 7, the following identities are valid
Ad(GE 1) G5 = ) G0 = Vi (L4 X () (3.22)

The factors X;, Y; were introduced in (2.22a).
As a corollary of the above Theorem and taking into account (3.5) and (3.12)
we get

N
TA(q)) $0—¢

= ¢ ntl Yo < Al(14+ X8 (1 XNFTY A>
o [T Yo < AU+ X0 P (i) (14 X ()

=1

(3.23)

Therefore (1.1a) and (1.1b) are equivalent provided that

N (-4
HYZ':eXp(n_I_lo) (3.24)
=1

Note that as a consequence of (3.3), (3.11), the last identity can be equivalently
written as

N
IT TIY < A+ X0F (). (14 XnF™ (un))[A>=1 (3.25)

We hope to go back to the demonstration of the above identity in a future
publication.

4 Remarks and conclusions

The present talk is devoted to the study of the relation between the vertex op-
erator representation of the (soliton) tau functions and the group of dressing
transformations. We recall [5, 6] that the dressing group is dual to the corre-
sponding loop (or affine) Lie group. On the other hand, from the general analysis
advanced by Leznov and Saveliev [16], it follows that

78 =< Alexp{-maT& } gexp{ma~E_1}A > (4.1a)

where €41 are the elements of Z-grade 1 of the Heisenberg subalgebra (2.20c),
¢ is a constant element of the affine Lie group and |A > is a highest weight vector,
is a tau function (3.10) of the corresponding CAT equations. More precisely,

exp{—2A(®7)} =< Alexp{—2®7}A > (4.1b)
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is a solution of the A,, CAT equations (3.2). On the other hand, it was observed
in [7] that setting in (4.1a)

g = explan F" (1)} .. .exp{an F"Y (un)} (4.2)
where
by
Frpy= > w

PELp+1

were introduced by (2.20b), one recovers the N-—soliton solutions of the CAT
model. However, the relation with the dressing symmetry seems rather obscure.
A hint of how to relate the group—algebraic approach [7, 16] with the group of
dressing transformations has been suggested in [8] on the particular example of
the sine-Gordon equation.

Our approach generalizes the the results of [8] for arbitrary AS) Toda models.
However, some problems remain open. First, we have not considered the relation
with the Backlund transformations. We believe that the solution of this problem
can shed a new light on the geometry of affine Toda models. For arbitrary simple
Lie algebras one can generalize the Proposition 2, but it is not generally possible
to obtain a matrix solution of the underlying linear problem. The reason is
that the order of the automorphism (2.3a), (2.3a) is generically smaller than the
dimension of any irreducible representation of the Lie algebra.
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