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Abstract

Through the N-order density functional introduced using Grassmann algebra, a
straightforward meaning is attached to multicenter bond indices within the Hartree-
Fock approximation; they represent the correlation between the fluctuations of the
charges in each atomic center from their average values.
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Recently, we have introduced a multicenter chemical bond index intended for closed-
shell systems in the one-determinant Hartree-Fock approximation [1]. We shall now link
it to the N-order density functional (N being the number of electrons in the system
considered).

One of us [2] has used Grassmann algebra as an alternative formulation of the wave-
function antisymmetry description. Let us briefly summarize this approach.

State vectors are defined from the generators of a multilinear space G, which is intro-
duced as an N-linear alternating application of the Hilbert space H. Spin orbitals may be
written as exterior products between generator elements £, of the G space. An N-linear
alternating map in the space H is then [2, 3]:

AiHXHXx---xH—=G (1)

and @G is called a Hilbert-Grassmann vector space. The state vector of an N-eletron system
takes the form

[12- - N>=& AL A Ay (2)

If any two £'s are equal, this vanishes as it should (Pauli principle); £, A €, is a tensor
product [2]. These multilinear alternating maps can be understood as generalization of
determinants [2, 4].

We shall denote as ¢, the generators belonging to G and as ¢* those belonging to
G* (the dual space of G) having respectively the same properties as the conventional
annihilation and creation operators [2].

As the Hilbert space is provided with an inner product, we may consider the 2/N-linear
form I' : HxH x---xH — R (the field of all real numbers) as defined, in the Hartree-Fock

approximation, in the following way [5]

D(&rso v €Y ) = (NG N AEN) - (EAE A N EY) (3)

The dot indicates inner product. This in turn is
det(<gy - £>) det(Dy) = i3y (4)

For monoelectronic spin orbitals ¢, Dy [2, 5] takes the form

<> <G8 - <G>
Dy = <& ;fl> <&y ‘:52> e <6 ':5N> (5)
<y E> <y > - <by V>

This expression is much more general than the application we do here of it.
Let us take the generalized inner products in (5) as being equal to the first-order spin
density matrix py:
(- €)= () = palwus ™) (6)
If we separate the spin-space coordinates = into space and spin coordinates, we may
write:

(1) = oo X ™ = W, @
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where 0,(,) is the spin orbital p(v) and z;,(z") are the covariant (contravariant) coef-
ficients of the ¢-th molecular orbital (MO) (5,6,7). In orthogonal bases and the one-
determinant Hartree-Fock approximation, the functional in (5) is the N-density matrix
pN, assuming the more familiar form [8]

pr(zay)  pi(zgay) - poeg;aly)
oy = prlzaiay)  prlwasay) - pilaaay) @)
N — . . .

pr(en;ah) pulaniay) - pulews aly)

In eq. (3), I' is an alternating multilinear from both in the rows and in the columms
of the Dy functional, i.e. is alternating separately in the £ s and the £~ s

Taking electron pairs in eq. (4), summing over all spins for N = 2, a result is obtained
under a different form than those obtained previously [2, 9]

Y Y det(Dy) =<§ 4, >=<G,><G > —1ap/2 (9)
i£h oo
where ¢ is the A atom charge operator and I4p the bond index between atoms A and
B (generalization to non-orthogonal bases of the Wiberg index [10]):

<G >=2) I ; Iyg =2 I (10)
wed ben

Eqgs. (9) and (10) are intended for closed-shell systems of wavefunctions written as a
single determinant [6, 7]. We have then [2, 9]

<(q,—<q,>Nq,— <q,>)>=—Iap/2 (11)

As I4p represents the correlation between the fluctuations of ¢4 and ¢p from their average
values, it must be due to exchange, the only correlation recognized in the Hartree-Fock
approximation.

The above concepts may be extended through D3 and D,. Thus, carrying out a bit
lengthy developments which do not involve further difficulties, it may be shown that

Yo Y det(Ds) =<q 4,4, >=<q,><q,><q_> +1apc/2—
(ggg Ta 0pOc

-1 <q > ]Bc—%<éB> ]Ac—%<éc> I4B (12)

The three-center bond index [4p¢ [1] corresponds to the correlations between the fluctu-
ations of ¢ ,¢q  and ¢ _ from their average values:

slape =<(§,— <¢ >4, — <G, >)q,.— <q.>)>;
Lipe =22 IPIIITY (13)

a€EA
beB
ceC
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Similarly, some algebra starting from Dy leads to

<qAAqABqACqAD>:
<q,><q,><q.><q,>+(<q,> Ipop+ <q,> lscp +
+<q,> lapp+ <G> lapc)/2 — (<q ,><q > lcp +
+ <¢,><q_.> Ipp+ <q¢ ,><q, > lap+ <q_,><q_> lap +
+ <G, ><q, > lac+ <4 .><q, > 1aB)/2 + (Iaplcp + LacIpo +
+ Iaplpc)/2 — 31apep /4 (14)

or

A

<G, = <G4 >4, =<4, >Nq.— <G.>)Nq,— <G, >)>= —3lapcp/4
Lipep = 24> T T TYLG (15)
ics
deD
We may infer, from eqs. (11) (13) and (15), that bond indices (of two or more atomic
centers) indicate the correlation between the fluctuations of the atomic charges from their
average values, for closed-shell systems in the one-determinant Hartree-Fock approxima-
tion.

Sannigrahi and Kar [11] have remarked that L-center indices can be calculated from M-
center indices (L> M), but not vice versa. This is because there exist recursive relations
between the D; and the D;yq density functionals [12].

T4 uses to be positive (although it is not positive definite in non-orthogonal bases).
Eq. (11) thus means that if ¢4 fluctuates in one sense from its average value, ¢p fluctuates
in the opposite sense. As to [4p¢, it may assume positive or negative values. This has
been discussed [11, 13] and we intend to analyse it elsewhere [14]. Meanwhile, let us note
that the three fluctuations in ¢ are not likely to be all in the same sense; if two are in one
sense and one in the opposite sense, either positive or negative values are to be found,
with no “a priori” distinction. And so on for indices related with more than three centers.
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