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Abstract

The present status of knowledge on the pure and random Potts models and
various related systems (resistor network, directed bond percolation, Ising-like frus-
trated models, Z(q) model and the discrete cubic model) is reviewed. The available
real-space renormalization group techniques which can further enlighten this picture
are tutorially presented and discussed.
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1 INTRODUCTION

The g-state Potts model [1] is a quite interesting classical system as it presents a remark-
able richness from both theoretical and experimental standpoints. It was formulated to
Potts by Domb as a PhD research subject [2]. This model has been reviewed by Wu [3]
(see also [4] for developments after 1981): the reader is referred to these excellent works
for information mainly concerning exact results (static properties); several experimental
realizations are also discussed in [3]. Further related relevant theoretical work can be
found in Ref. [5].

In the present review we mainly deal with the available real-space renormalization-
group (RG) approaches of the pure and various random Potts models, its particular cases
and its extensions. The properties on which we essentially focus are the phase diagram,
critical exponents and amplitudes, free and internal energies, specific heat, equations of
states, surface tension, correlation length, and finally some quite rich surface and intertace
effects.

The review has been prepared with every care for exactness but not necessarily for
rigor. It is organized as follows. In Section 1 we introduce the various models we are in-
terested in. In Section 2 we briefly recall most of the available exact (or nearly so) results;
this information will be frequently used as tests for the approximate frameworks which we
shall develop. In Section 3 we introduce convenient variables (thermal transmissivities)
and present a quite performant operational procedure (referred to as the Break-collapse
method (BCM)) which enables, through simple topological operations, the exact calcula-
tion of correlations as well as zero-field partition functions. In Section 4 we present the
main existing RG approaches (with special emphasis on those which use the procedures
introduced in Section 3) for calculating relevant static quantities. Finally, in Section 5,
we present possible lines which could further enlighten and expand the present status of

knowledge.
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1.1 The Potts Model

Slightly different notations are used to define the g-state Potts model Hamiltonian; we

shall use the following one:
H= -4 Z Jij&givg] (O-i: 1727"'7Q7 vz) (1)
'7‘74

where the sum runs over all pairs of “spins” located at the sites of an arbitrary lattice
(finite or infinite, regular or not, translationally invariant, i.e., Bravais lattice, scale invari-
ant, i.e., fractal lattice, etc.) and &, ., is the Kroenecker’s delta. J;; might be non-null
only for first-neighbours (the notation < ¢,7 > will then be used) or might extend arbi-
trarily far away; J;; > 0 and J;; < 0 will be respectively referred to as ferromagnetic and
antiferromagnetic couplings. The particular case ¢ = 2 is (through a trivial energy shift
in the Hamiltonian) identical to the standard spin 1/2 Ising model. But for arbitrary q,
the Potts model has to be clearly distinguished from the plain spin S Ising model with
g =25 + 1, whose Hamiltonian is given by

: 1 :
Isin Isin z oz
27]
with 57 = 5,5 —1,---,—=5,V;, where S is a fixed integer or half-integer positive number.

The elementary Potts interaction (single bond) yields a two-level spectrum: one level
with energy —¢J;; and degeneracy ¢, and the other one with energy 0 and degeneracy
q(¢ — 1). The elementary Ising interaction yields instead a complex spectrum which
takes values in the interval [—|Jffmg|, |ijsmg ], and which presents (S + 1/2)(S + 3/2)
levels (with degeneracies 2 or 4) if S is a half-integer, and S(S + 1) 4+ 1 levels (with
degeneracies 2 or 4 excepting for the vanishing energy level whose degeneracy is 45 + 1)
if 5 is an integer. In spite of the relative complexity of this spectrum, the spin S Ising
(ferromagnetic) model brings no deep novelty in the Critical Phenomena area as it belongs
to the same universality class (i.e., it shares the same critical exponents) as the spin
1/2 Ising (ferromagnetic) model [6]. The Potts model instead exhibits, already for its
ferromagnetic case, a rich criticality (due to the degeneracy of its lower-energy level), as

will be seen later on.
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Notice that if we add other terms to eq. (1), the Potts model can be formulated as a
spin S = (¢ — 1)/2 system whose Hamiltonian is more complex than the above eq. (2)

(see section IV E of [3] for more details).

1.2 Related Models

The Potts (or Ashkin-Teller-Potts or standard, as sometimes referred to) model in its
plain formulation (eq. (1)) or in a more general one with many-body interactions is placed
at a privileged position in a complex network of relations and isomorphisms (or at least
analogies) between important (and less important!) geometrical and/or thermal statistical
models, in the same or in a related lattice structure. This network includes several types
of uncorrelated and correlated, directed and non-directed (or isotropic, as sometimes
referred to), bond, site,bond and/or site, multisite and mixed percolation problems [7—
22], antipercolation [23, 24], generalized resistor and diode network problems [25-28]
(including Kirchhoff 1847 laws), the Z(¢) model [29-34], the planar (or vector or clock,
as sometimes referred to) Potts model (chiral or not) [35, 36], the Potts lattice gas [37],
polychromatic Potts model [38], polychromatic majority model [39], the classical and
quantum, finite or infinite spin length, n-vector models [40] (including the Ising, XY,
Heisenberg and spherical models), the discrete cubic model [41-50], the (N,, Ng) model
[51], polymer problems [52, 53], quenched and annealed bond and /or site random problems
[54, b5], various vertex models [5, 56, 57] (including the ice-rule vertex models), spin glass
models [58], the Blume-Capel [59, 60] and the Blume-Emery-Griffiths [61] models.

It is completely out of the scope of the present review to give an exhaustive description
of the ensemble of models involved in this network and to analyze their intrincated rela-
tionships (such an effort would require a review exclusively dedicated to this task!). Herein

we restrict our attention to those few (but relevant) models that attracted considerable
and fruitful RG effort.
1.2.1 Bond percolation and similar problems

The bond percolation problem [62, 7, 8, 14] consists in considering a lattice (typically a

regular d-dimensional Bravais lattice) whose bonds might be independently present (or
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active) with probability p, or absent (or blocked) with probability 1 — p. It is known that,
for p > p. (p. = eritical probability or concentration), two infinitely distant lattice sites
are connected with finite probability, whereas this probability vanishes for p < p. (by
“connected” we mean that, between those two sites, exists at least one path constituted
by present bonds). For 0 < p < p., the system is exclusively constituted by a large number
of finite clusters (cluster = connected ensemble of bonds); for p > p., one (and only one
under standard conditions) [63] infinite cluster appears as well (for p = 1, the infinite
cluster essentially coincides with the entire lattice). The mean linear size (or correlation
length) ¢ of the (infinite) set of finite clusters behaves, in the neighbourhood of p., as
follows: & ~ AL/|p—p.|*?. The critical amplitudes Ay and A_ respectively correspond to
p — p.+0 and p — p.—0; the critical exponent v, depends on d but not on the particular
Bravais lattice, whereas p., Ay and A_ depend on both.

A notorious connection [16] exists between the general bond percolation problem in
a given lattice (e.g., Bravais, Bethe, hierarchical [64-66] lattices), all the bonds of which
have (possibly different) independent occupancy probabilities {p;;} (between sites ¢ and
J), and the ¢ — 1 limit of the g-state Potts ferromagnet on the same lattice with bonds
representing Potts coupling constants {.J;;}. All relevant statistical quantities in one

model have their equivalent in the other one provided that
pis = 1= el 3)

where kg and 1" are the Boltzmann constant and the temperature respectively. Immediate

consequences of this connection are that
po= 1 — eIl )

and
v, = 14(1) (5)
where .J is the g-state isotropic Potts coupling constant, T.(¢) is the para-ferromagnetic
critical temperature, and 14(q) the corresponding correlation length critical exponent (the
sub-index ¢ stands for “thermal”).
A problem very similar to the one under consideration is site percolation, where, instead

of the bonds, we randomly and independently occupy (or activate) the sites of a given
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lattice. Its connection with a multisite-interaction Potts model is described in [19, 20].
General and important site percolation results are the following: p. (site) > p. (bond),
and v, (site) = v, (bond).

More general percolation problems can be formulated (which contain both site and
bond percolations as particular cases) by assuming that both sites and bonds are randomly
and independently occupied with occupancy probabilities ps and pg respectively. We may
then define site-and-bond (S N B) and site-or-bond (S U B) percolations: in the S N B
(S U B) problem, two points are said to be connected if a sequence of occupied sites and
(or) bonds joins them. The SN B problem is frequently referred to as site-bond percolation
[67]. Standard site (bond) percolation is recovered as the pg = 1(ps = 1) case of the SN B
problem, as well as the pg = 0(ps = 0) case of the S U B problem. The phase diagrams
(which we characterize by ¢snp(ps,ps) = 0 and ésup(ps, ps) = 0 respectively) of the
SN B and SU B problems on any d > 1 lattice hopefully are, qualitatively, as indicated
in Fig. 1; their universality class presumably is the same as that of the standard bond
percolation. Later on (see section 1.2.5) we shall recover the SN B problem as the T'— 0

limit of a quite general random ¢-state Potts ferromagnet.

1.2.2 Resistor network

The system which is focused is a random distribution of conductances o on the bonds of
an infinite array (typically a regular Bravais d-dimensional lattice). The most frequent
case is the quenched one, in which the distribution laws over the bonds are independent
among themselves. By assuming one and the same distribution law P (o) for all the bonds,

and more precisely

P(o) = (1 =p)é(o —o1) + pd(o — 03) (6)

we encounter a variety of interesting situations according to the value of the ratio oy /0.
The extreme situations are the random insulator-resistor mixzture (o3 = 0 and oy finite)
and the random superconductor-resistor mizture (o7 — oo and o9 finite); the particular
case g1 = oy clearly corresponds to the non-random resistor network, largely studied in
the context of the Theory of Linear Circuits. The central inquiry for random resistor

networks is the conductivity as a function of parameters such as p and o1/03. We address
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this question later on.

It can be shown that the ¢ — 0 limit of the Potts ferromagnetic model is isomorphic to
the resistor problem. A detailed discussion is available in Wu’s review [3]. Here we shall
only present an alternative way of looking at this isomorphism. The Potts dimensionless
coupling constant K = .J/kgT can be conveniently handled (as we shall see in Section 3)

through the thermal transmissivity defined [68] as t = [1 — ¢™X]/[1 + (¢ — 1)e7%]. In

kgT

the 0 < ¢ << 75

<< 1 limit we obtain t ~ 1 — 1/K. The transmissivity ¢, of a series
array of two bonds (characterized by #; and t3) is given (see Section 3) by t5 = #1¢2. In
the limit we are interested in, this implies 1 — 1/K; ~ (1 — 1/Ky1)(1 — 1/K3), hence

1 1 N 1
Ky Ky K,

(series) (7)
On the other hand, for a parallel array of bonds, we obviously have
K, =K + K, (parallel) (8)

But the composition laws (7) and (8) are precisely those of conductances if we identify K
with o /oo (09 = conventional conductance unit). In other words, in the limit where ¢ — 0
and K — oo with ¢ X' — 0, the Potts ferromagnetic interactions compose as conductances

with the transformations 1 — ¢ « o¢/0.

1.2.3 Directed bond percolation

We briefly mention here the directed bond percolation since it is closely related to the bond
percolation. Indeed, its formulation is completely analogous to that of bond percolation,
but the bonds can be active only along one of their two senses. A physical realization of
such a system can be a random network of diodes (instead of conductances): for example,
diodes randomly distributed on the bonds of a d-dimensional hypercubic lattice, and
conducting only along the positive directions of the crystalline axes. Very few exact (or
almost exact) results are available in the literature [69-77],[28], one of them being the
fact that the upper critical dimensionality d, (see Section 4) is equal to 5 (whereas for
standard percolation it is d,, = 6). Related mixed systems can be such that the bonds are
isotropic along some of the crystalline axes and directed along the rest of them. Later on

we shall address one problem similar to this kind.
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1.2.4 Z(q) model

The Z(q) model is a quite rich generalization of the ¢-state Potts model [30, 31]. The site
random variable can still take ¢ values: let us characterize it by n; =0,1,2,---,¢ — 1, V.
But the energy associated with a pair (n;,n;) might be different for different values of
|n; —n;|, the difference (n; —n;) being measured modulus (¢). For example, for ¢ = 4, the
two-site configurations such that n;—n; =0, |n;—n;| =1 and |n; —n;| = 2 correspond to
energies which are not necessarily equal. In other words, and by conventionally assuming
n; = 0, the state n; = 0 corresponds to a certain energy, the states n; = 1,3 to a (possibly)
different one, and finally n; = 2 to a third one. Since the zero of energy has no physical
meaning in the present context (it might have in different ones [78-80]), the Z(4) model
involves 2 independent coupling constants. See Fig. 2 for convenient representations of
the Z(4) and Z(5) interactions. Generically speaking, the spectrum of the Z(¢) model
presents, if ¢ is even (odd), £ 41 (%) levels, two (one) of them being ¢ times degenerate
and the other 2 —1 (%) levels being 2¢ times degenerate. Or more synthetically, and by
introducing ¢ = integer part of ¢/2, the Z(q) spectrum has ¢ + 1 levels: 2(¢ + 1) — ¢ of
them have degeneracy ¢, the other ¢ — ¢ — 1 levels have degeneracy 2¢. To generate such
a spectrum it suffices ¢ independent coupling constants.
The Z(q) pair Hamiltonian might be written in various equivalent manners. We shall
adopt the following one:
z 273
Hij(n;—nj)=Jp —2 Z Jg cos [—(nZ - n])] 9)
=1 1
The g-state Potts model is recovered as the particular case J; = J, = -+ = J;_1 = %[3 +
(=1)?]J;, in which case the Hamiltonian becomes H;; = —qJ16,, 5, + 2J1. For ¢ < 3 the
Potts model coincides with the Z(¢) one. Another interesting particular case is J; = 0 if

B # 1 (elock model), in which case the Hamiltonian becomes H;; = .J; —2J1c03[%”(ni—nj)];
its ¢ — oo limit recovers the classical spin planar model (S — 0o XY model).

Another model which is contained in the Z(q) one is the discrete N-vector model [41-
50] (sometimes referred to as the discrete cubic model). Consider a classical N-dimensional

unit vector §Z which can be aligned only along N orthogonal axes (hence 2N configu-

rations), and assume the pair Hamiltonian H;; = —N.J; §Z ) §j _NJ2(§Z' ) §j)2. It is
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easy to verify that this model is a particular case of the Z(2N) one (see [47]). Within
this context let us mention the existence of the (N,, N3z) model [51] which generalizes the
cubic one, and reduces to the symmetric Ashkin-Teller model [81] and to the Z(6) model
in the respective cases where (N, Ng) = (2,2) and (3,2).

In fact this is a good stage for realizing that the Z(q) is itself included into the following
largest g-state classical model. Consider the site variable o; = 1,2,---,¢, Vi, and assume
that the pair interaction Hamiltonian is given by the set {e,, ,,} of ¢* real numbers. The

interaction matrix W ({e;;}) is defined by:

Wi Wiy oo Wy
W _ ‘21 ‘22 ‘2(] (M/Z] = e—Eo-i,o'J /kBT) (10&)
Wap We - Wy

This matrix contains (at most) ¢*—1 independent coupling constants due to the irrelevance
of the zero of energy.
In practically all spin models of physical interests each row and column of the above

matrix contain the same set of numbers, i.e.

q q
DW= Wiy=X (10.b)
i=1 =1

where Ag is independent of ¢ and the matrix W is not necessarily symmetric. Models
such as the spin S = 1/2 Ising, Potts, chiral Potts [82, 83, 22, 35], clock, Ashkin-Teller,
(Na, N3), discrete cubic and Z(q) are described by Hamiltonians which satisfy condition
(10b).

The Z(q) model is recovered with the restriction that &;; only depends on |¢ — j
where (¢ — j) is measured modulus ¢ (consequently W;; = W,; and W;; = Wj;, V(¢,7)).
The Potts model is reobtained for W;; = Wiy, Vi, and W;; = Wy, for all ¢ # j (the
usual choice is 11 = —¢J and ¢35 = 0). The chiral Potts model corresponds to Eoiy0; X
cos[2m(o; — o; — A)/q] with arbitrary A; A = 0 reproduces the clock model.

Before closing this subsection let is illustrate the interaction matrix (10) through a

few examples.



12 - CBPF-NF-046/95

q = 3: The 3-state Potts model (coincident with the Z(3) model) corresponds to

Wi Wia Wiy
Wi Wi Wiy (Ao = Wiy + 2Wys)
Wia Wi Wi

the spin 1 Ising model corresponds to

Wi 1 Wi
11 1
Wit 1 Wy

and the chiral 3-state Potts model is described by

Wi Wiy Wis
Wis Wi Wi (Ao = Wiy + Wis + Wis)
Wi, Wis Wi

(chirality vanishes with (e13 — €12)).

q = 4: The Z(4) model corresponds to

Win Wi Wiz Wi
Wi, Wi Wi Wis
Wis Wi Wi Wig
Wi Wiz Wi Why

(Ao = Wiy + 2Wi9 + Wis)

and the spin 3/2 Ising model is characterized by the matrix:
Wi, I/V111/ 3 W 1/3 Wt
1/3 1/9 ~1/9 -1/3
wt T w w
-1/3 ~1/9 1/9 1/3
Wi Wy
Wit W oWt Wy

(11)

(13)

(14)

(15)

Notice that the spin 1-and 3/2-Ising models do not fulfill condition (10b). The multi-

component spin model characterized by the interaction matrix (10a) with the condition

(10b) has been considered by Wang and Wu [84] and more recently by Maillard et al [85].

In ref. [84] the duality transformation on two-dimensional lattices and the thermodynam-

ics on a Cayley tree for this model have been derived. In ref. [85] it is shown how the
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eigenvalues of the interaction matrix are related to the convenient vector transmissivity
which will appear, for certain particular cases of this multi-component spin model, in
section 3. As far as we know, the general model described by (10a) (but without the
restriction (10b)) has never been studied. The renomalization group techniques presented
in this review are powerful enough to enable such a study (which is therefore welcomel).
This comes from the fact that the model (10a) is necessarily closed under renormalization

since it is the most general g-state one.

1.2.5 Random models

A great variety of physical situations exist (e.g., alloys and glasses) in which one-body
terms and/or the coupling constants themselves are random variables. A typical case is
the bond random model: the two-body coupling constant .J;; (between sites ¢ and j) is a
random variable, which might take, for instance, two different values (binary distribution)
or a continuous spectrum of values (e.g., Gaussian distribution, centered or not in .J;; = 0).
Another typical case is the site random model: the spins S; themselves might be randomly
present or absent. Mixed situations with simultaneous bond and site randomness are
possible as well.

The bond and/or site randomness yields configurations (of coupling constants and
presence or absence of spins) which might be either frozen once for ever (quenched model)
or completely free to evolve subject to those particular external conditions such as tem-
perature and applied fields (annealed model). Many realistic situations are intermediate
in the sense that bonds and/or sites are neither completely frozen nor completely free to
evolve. Several works have been dedicated to the analysis of the thermostatistical impli-
cations of the quenched and annealed limits [86-90], [55]. The quenched limit involves
independent local probability distributions (say of .J;;) and is physically a very rich case.

To fix ideas let us consider a random Potts model. Its dimensionless Hamiltonian is
given by

—BH = Kijcicibs 0, (0, =1,2---,q) (16)

]
where {K;;} and {¢;} are random variables and (¢,7) runs over all bonds of a given

arbitrary lattice; the site disorder variable ¢; takes the values 1 (present spin) and 0
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(absent spin). The sets {K;;} and {e;} are weighed with the law P({K;;}, {&:}).

In the annealed limit (for both bonds and sites), P({K;;},{s:}) can in principle be
obtained from the Boltzmann factor exp(—3H). The corresponding free energy is given
by

Funneated = —kpTIn Y~ e (17)

oo Ky
In the quenched limit (for both bonds and sites), P({K;;},{e:}) has to be known (in
practice, it depends on the procedure of preparation of the sample). If bonds and sites
are independently distributed we have that P({K;;},{e:}) = Ps({Ki;})Ps({e;}), where
P and Ps are the bond and site distributions respectively. The pure bond-random
problem corresponds to Pp({K;}) # []; ;) 0(Ky — K?)({ KD} is a set of fixed values)
and Ps({e;}) = [, 6(e; — 1); the pure site-random problem corresponds to Pg({K;;}) =
H(m) O(K;j — K?j) and Ps({e;}) # [], 6(¢; —1). In the quenched-bond limit Pg({K;;}) =
H(m) Pi;j(K;j), where { P;;(K;;)} are independent laws (i.e., no correlation exists in the dis-
order). On the other hand, the quenched-site limit corresponds to Ps({e;}) = [[.{Fi(&:)}
where {P;(¢;)} are independent laws. The free energy corresponding to the quenched case
is given by
Fopuenched = —kBT/P({JQj}, {EN(de)(J] diij)n ) e (18)
7 1,7 {oi}
An important particular case of the quenched limit is the bond-and-site diluted ferro-

magnet. It corresponds to
Pij(Kij) = (1 = pp)o(Kij) + ppé(Kij — K) (K > 0) (19)

and

Pi(ei) = (1 = ps)o(ei) + pso(ei — 1) (20)
[ts schematic phase diagram (for d > 1) is depicted in Fig. 3. The T = 0 line is
precisely that of Fig. 1 (SN B percolation). The critical curve of a bond-diluted annealed
ferromagnet is similar to the particular case ps; = 1 of Fig. 3. Typical annealed site-diluted
ferromagnets do not show percolation effects due to aggregation at low temperatures (see

[55]), and, therefore, their phase diagrams are not qualitatively similar to the p, = 1 curve

of Fig. 3.
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2 SOME EXACT OR ACCURATE RESULTS

We present here a large set of exact or accurate (series, Monte Carlo, RG, conjectures
and others) results concerning mainly critical frontiers (points, lines, surfaces) and critical
exponents (v, «, 3, crossover exponent ¢, etc). The models that we consider are essentialy
those of Section 1 on Bravais lattices. Most of these models are such that the knowledge
of two independent critical exponents (say v and 3) determines all of them (hence, the
universality class) through the scaling and hyperscaling relations. We briefly recall the

most important among them:

a + 204~4=2 (21)
Y= A1) (22)
= ) (23)
and
2—a=dv (hyperscaling) (24)

where, for standard ferromagnets (and analogously for various other models),

= order parameter o (1. — T')” (I' - T., H=0) (25)

O = specific heat o [T — T,|~° (T — T., H =0) (26)

X, = isothermal susceptibility o |T' — 70|~ (T — T., H = 0) (27)

¢ = correlation length o |T' — 7.~ (T — T., H = 0) (28)

M o HY* (T'=T., H—0) (29)
I'(R) = correlation function (between two spins at distance R)

~ ﬁ (T=T., H=0,R—o0)  (30)

H being the external parameter thermodynamically conjugate of the order parameter
associated with the phase transition. In what follows, whenever new quantities (e.g.,
crossover exponents) or departures from the above general trend (e.g., more than two
independent critical exponents, first-order phase transitions) appear, we shall specifically

discuss them.
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2.1 The Pure Potts Model

Unless otherwise stated, we refer to the ferromagnetic case, the interactions only existing

between first-neighbours (J = coupling constant).

2.1.1 d=1

For the linear chain we have

=0 (Yq) (31)

and

v=1 (32)

with the definition £oc(e™#/#8T)=¥ (instead of Eq. (28)) in the limit 7' — T, = 0.

2.1.2 d—1

For the d-dimensional hypercubic lattice in the d — 1 4 0 limit and ¢ > 1 we have [25]

qJ 1
kgT. d—1 (33)
and
Y I

Notice that v diverges in the d — 1 limit in contrast with the result indicated in Eq. (32):
this discrepancy is due to the fact that v has been defined here via the standard variable
(28).

2.1.3 d=2

The isotropic square-lattice Potts ferromagnetic critical points (see [3]) and critical expo-

nents v [91] and [ [92] are given by

kT 1
¢/ In(yg+1)

(Vq) (35)

2 L s (38) o) 0 0
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and

oL {1 1 2 arccos (@)} (4 < 1) (37)

s

These results have been represented in Figs. 4 and 5. Eqgs. (36) and (37) hold only
for ¢ < 4 because the transition becomes of the first-order for ¢ > 4. As a matter of
fact, the common belief is that the Potts ferromagnetic phase transition is a continuous
(first-order) one for ¢ < ¢.(d) (¢ > ¢.(d)): see Fig. 6 for a temptative representation of
¢.(d) which takes into account various results [93-97.3] available in the literature. It is
suggested that d = 6 (d = 4) separates critical and classical regimes for 0 < ¢ < 2 (¢ = 2):
this is in variance with Fig. 2 of Ref. [3]
Eq. (35) is generalized, for the anisotropic square lattice (arbitrary .J, and .J,), into
(see 3)
(eIt ) (eI ) =g 39

which is represented in Fig. 7. We may define the d = 1 < d = 2 crossover exponent ¢12

as follows:

J ¢12
o= 0Ta /R Te(Jy/Te) (Ji) (Jy/Js —0) (39)

Then Eq. (38) implies
¢2=1  (Vq) (40)
The critical surface for the anisotropic triangular lattice (arbitrary J,,.J, and .J. along

the corresponding crystalline axes) is given by [98, 99]
(qum/kBTc _ 1)(eqjy/kBTc _ 1)(equ/kBTc _ 1) _I_ (qum/kBTc _ 1)(eqjy/kBTc _ 1) _I_

+(quy/kBTc _ 1)(quz/kBTc — 1)+ (quz/kBTc _ 1)(qum/kBTc —1)=gq (41)

If we take J, =0 (or J, =0 or J, = 0) we reproduce Eq. (38).
For the anisotropic honeycomb lattice (dual of the triangular lattice) we have [98, 99]

q2 + q(qu.r/kBTc _ 1) + q(quy/kBTc _ 1) T q(quz/kBTc N 1) .

_(qu.T/kBTC _ 1)(eqjy/kBTc _ 1)(€qJZ/kBTC _ 1) — 0 (42)

If we take J, — oo (or J, — oo or J, — o0) we reproduce oncemore Eq. (38). In Ref.

[100] critical points (with an expected good accuracy) associated with various other d = 2
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isotropic lattices are conjectured. Finally we present below the critical point corresponding

to the anisotropic Potts antiferromagnet (J;,J, < 0) on the square lattice [101]:
(eI g 1) (e 1) = 4 — g <y (1)

whose isotropic case is also represented in Fig. 8 (this figure contains also the ferromagnet

case given by eq. (35)).

2.1.4 d=3

The approximate value of the Potts ferromagnetic critical points on isotropic simple cubic
lattice (SC) and on other d = 3 lattices can be found in Ref. [93]. These phase transitions
are believed to be of the continous type for ¢ < ¢. with g. <3 [102]. Concerning the
d = 3 Ising ferromagnet (¢ = 2), accurate estimates of critical exponents can be found in
[103] and references therein.

The critical surface associated with the anisotropic Potts ferromagnet on the SC' lattice
(arbitrary coupling constants .J,, J, and .J, along the three axes) is known with quite good
precision (see [104] and reference therein). We may define the d = 1 « d = 3 and the

d =2 < d = 3 crossover exponents @13 and ¢3 respectively through

_ J ¢13
T o () (00, = 0 0 (14)

and

ch Ny J, = ch s S = ; $23
. U/ﬂ,J 1) B(o; @)u<i> (L) ], —0)  (45)

P
Then we have that (see [104] and references therein)

pz=1 (Vg (46)
and
175 if ¢=1
P23 = (47)
/4 it g=2
2.1.5 d> 4

Approximate Potts ferromagnetic critical points corresponding to several d > 4 hypercubic
(as well as some others) isotropic lattices are presented (many of them on conjectural

grounds) in Ref. [93]. For d > 4, ¢. = 2.
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2.1.6 Bethe lattice

Here we shall follow Baxter’s terminology [5] concerning the distinction between Cayley
tree and the Bethe lattice with coordination number z. Both are constructed from a
central point which is connected to z points forming the first shell; in general, the n'”
shell (n > 1) is created by connecting (z — 1) new points to each of the points in the
(n — 1) shell. In the Bethe lattice only sites far from the boundary in the limit n — oo
are considered, while in the Cayley tree sites close to or on the boundary are also taken
into account. The ferromagnetic Potts model on the Cayley tree presents some quite
unusual properties (see, e.g., [84] and references therein) and we shall not consider it
herein.

The critical point of the Potts ferromagnet on a z-coordinated Bethe lattice is given
by (see [93] and references therein)

1 — e~//kpTe 1

1+ (q— Deol/kaTe — 21 () (48)

This result can be extended to anisotropic Bethe lattices where the z bonds (arriving
on each site) are partitioned as follows: ny with coupling constant .Ji,ny with coupling
constant Js, -+ and ny with coupling constant Jx such that Efvzl n; = z (the partition

is one and the same for all sites). The critical hypersurface is (conjecturally) given by [93]

11— tl(nl — 1) —t1n2 ce —tln]\f
—t2n1 11— tz(nz — 1) ce —tgn]\f _0 (49)
_thl —thg | —tN(nN—l)
with
1 _ e_qu/kBTc
= (i:1727"'7N) (50)

1+ (¢ —1)e — e~a/i/ksTe

Eq. (49) recovers, as particular cases, all the exact results available in the literature.
With respect to the universality class, all Bethe lattices present classical values for the

critical exponents, in particular ¥ = 1/2 and g =1 for ¢ =1 [105], v = 1/2 and 8 = 1/2

for ¢ = 2 (see, e.g., [0]), and first order phase transitions for ¢ > 2 (see [106]).
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2.2 The Bond-Random Potts Ferromagnet

We refer here to the quenched model unless specifically stated otherwise.

2.2.1 d=2

We consider, for each bond, the following independent probability law for the coupling

constant:

P(Jij) = (1 =p)o(Ji; — J1) + pé(Jij — J2) (51)

with 0 <p<1and.J; >0, .0, >0.

An accurate critical surface kgT.(p,J1/J2)/qJ2 for the isotropic square lattice [107]
is represented for ¢ = 2 and different values of J;/J; in Fig. 9. The results for the
triangular and honeycomb lattices are completely analogous [108]. Although known with
high numerical accuracy (see [109, 108, 107]), the exact analytic expressions for these

critical surfaces are not yet available. However some partial exact results can be presented

[110-112]

1 23, 0) = 2V square lattice
T.(1,0) [ dp L_l_ 1+ ) In(1 + /q) (Vg) (sq lattice) (52)

[deXp(—qu/kBTc(pvo))] __Ing
dp pmp. (@ —1)pe

(Vq) (53)

(square, triangular and honeycomb lattices; p. = bond percolation threshold)
1 J

[1 + (¢ — 1) exp(—qJi/kpT. (57 f))] X
2

x [1 4 (g — 1) exp(—qJy/ ks T, (%%))] —¢  (Yq) (square lattice)  (54)

The exact values for the p = 1 slopes for the diluted case (J; = 0) on the triangu-
lar and honeycomb lattices [111] are indicated in Table I. The slopes at p = 1 for the
quenched and annealed models coincide (see [113]) for any given lattice (not necessarily
two-dimensional).

With respect to the critical exponents for any d = 2 lattice it is believed that (see,

e.g., [55]):

(i) At T. =0, the universality class is that of percolation;
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(i1) At T. > 0 and ¢ > 4 the phase transition is a first-order one;

(iii) At 7. > 0 and 2 < ¢ < 4, the universality class it that of the pure model if p = 1,

and a new one (“random”) if p < 1;

(iv) At T. > 0 and ¢ = 2, the universality class is that of the pure model if p = 1, and

unknown if p < 1;

(v) At T. > 0 and ¢ < 2, the universality class is that of the pure model, Vp.

2.2.2 Bethe lattice

We consider, on each bond of a z-coordinated Bethe lattice, an arbitrary independent
probability law P(.J;;) for the coupling constant, with the unique restriction that P(.J;;)
vanishes for .J;; < 0. The critical frontier is (conjecturally) given by [93]

1 — e_qJ/kBTc 1
ST (g e w/haTs “P= (V) (55)

z—1
where < --- > stands for the average value with the law P(J). Eq. (55) recovers, as

particular cases, all the exact results available in the literature [111, 55].

2.3 Resistor Network

We consider a quenched random distribution of conductances g on a given lattice, each

bond distribution law being given by

P(g) = (1 —p)é(g —g1) + pd(g — g2) (56)

with 0 < p <1 and ¢1,92 > 0. We denote o(p) the conductivity of the random medium,
and o = ¢1/¢2. In the @ = 0 and o — oo limits (diluted resistor network and diluted

superconductor network respectively), we define the following critical exponents

o(p) x (p—p)' (a=0,p—p.+0) (57)
and
o(p)oc(p—p)~° (o — 00,p— p.+0) (58)

pe being the critical point for bond percolation.
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2.3.1 d=2

The following results are exact for the square lattice [114-116]:

1 d 20(1 —
o(l) dp =0 l+a
and consistently
1 d 2(1 —
o(l) dp =1 1+«
as well as
o(0)/o(1) =« (61)
and, more generally,
o(p)o(1—p)
= v 62
hence
o(1/2)/o(1) = va (63)
For the square lattice (and for any other d = 2 lattice) we have ([117], [118] and references
therein)
t=s~1.3 (64)
232 d>3

The following results are exact for the d-dimensional hypercubic lattice [115]:

1
S = 65
o(l) dp =0 L+ (d—1)a (65)
and consistently
1 do(p) _ d(1 — «) (66)
o(l) dp =1 d—1+«

Also, for any d = 3 lattices we have [115, 119] ¢t ~ 1.7 and ¢/(t + s) ~ 0.7

2.4 Z(q) Model

Unless otherwise stated, we refer to the ferromagnetic case, the interactions only existing

between first-neighbours.
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2.4.1 Isotropic Z(4) ferromagnet on the square lattice

The pair Hamiltonian given by eq. (9) can be rewritten, for ¢ = 4, in terms of two coupled

[sing variables o; and 7;, namely [120]
HZ']‘ = Jl - Jl(O'Z'O']‘ + TZ'T]‘) - QJQO'Z'O']‘TZ'T]‘ (Ui == :|:1, T = :|:1) (67)

The phase diagram presents, for J; > 0 and J; + 2J3 > 0, three phases namely the
paramagnetic (P), ferromagnetic (F) and intermediate (I) ones. We show in Fig. 10 an
accurate approximation [121] for it which recovers all the exact results available for the

square lattice. The P — F critical line satisfies the duality condition given by
e~ oo 2R — 1 (K, = T,/ kT o =1,2) . (68)

[ts universality class is a continuous function of J;/.J; (a fact which is not reproduced in

[121]). For instance, its critical exponent v is given by [122]:
v={2-— gCos_l[tanh(4K2)/(tanh(4K2) — DY (=12 < Jfdy <1)2) (69)

The I'P and [F critical lines belong to the Ising universality class, but their analytical
expressions are yet unknown, though they are closely related (through duality). Their

Ja/J; — oo limits are known, namely

ksT'? 1
lim —— = =2 %2269 (70)
Jz/J1—00 Jo lﬂ(l + \/5)
and
IF
im BT ! =2 % 2.269- - (71)

Blh=ee Ji (14 /2)

thus reproducing the Ising critical point.

2.4.2 Duality

Since Kramers and Wannier [123] derived a duality transformation for the Ising model
on the square lattice (i.e., a relation connecting the partition functions in the high-and
low-temperature regions) there has been many generalizations of this transformation to

different statistical systems (see [31] and references therein).
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For the Z(q) ferromagnet on the square lattice, the duality transformation leaves

invariant the following hypersurface (which becomes a point for ¢ = 2,3, a line for ¢ = 4, 5,

a surface for ¢ = 6,7, and so on): [32, 124, 125]

2P =z, (72.a)

[}

(i R 2rad
Ty = exp K |cos -1 (72.b)
§=0 q

and its dual variable x2 is given by

where

exp (2rian/g) 2,
D= = (72.c)

hereafter referred to as self-dual hypersurface (not all the points of which are themselves
self-dual; see [125]). If an odd (even) number of phase transitions exists when 7T increases
from zero to infinity, necessarily one (none) of them lies on the self-dual hypersurface;
all the others, if any, being strictly related two by two through duality (to each phase
transition existing below the self-dual temperature corresponds one and only one above
that temperature related through the duality transformation; i.e., if there are, for example,
three phase transitions, then one necessarily coincides with the self-dual temperature and
the other two are transformed through duality one into the other). This statement is
correct for all ¢ > 0 and for arbitrary values of the coupling constants along the x-and
y-axes; it implies nothing concerning the nature of the transitions (continuous or of the
first-order, with or without spontaneous symmetry breaking, universality class, etc).
The same type of arguments can be extended to other planar lattices (e.g., triangu-
lar and honeycomb) by adding duality to other convenient transformations (e.g., star-

triangle), but this is out of the present scope.
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3 TRANSMISSIVITIES AND THE BREAK-
COLLAPSE METHOD

This Section is devoted to the ezact calculation, using the Break-collapse method, of
correlation-like quantities for finite (connected) graphs (i.e., connected arrays of edges
joining vertices) associated with bond percolation, Potts model and other classical phys-
ical systems. These calculations constitute the basis on which are constructed the RG’s

presented in Section 4.

3.1 Bond Percolation

Let us consider a series array of two bonds whose independent occupancy probabilities

are p; and py. The equivalent probability ps is given by

Ps = P1p2 (73)

where “equivalent” is used in the sense that the array can be replaced by a single bond
connecting the two terminal sites (or external sites, noted o, to distinguish them from the
internal sites, noted ). If the array is a parallel one, the equivalent propability p, can be

obtained through analysis of the 4 possible configurations; it is given by

Pp = Dp1p2 + pi(1 — p2) + p2(1 — py) (74)

hence
Pp = P1+p2—pip2 - (75)

This equation can be rewritten in a series-like form, namely

pY = prpY (76)

with
pPP=1-p (77)
The variable p? plays a role, as shown in [126], similar to the dual variable of the

duality transformation for the partition function of the Ising model [123]. Furthermore as
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we shall see below, the geometric dual of two edges in series is two edges in parallel if we
consider the terminal sites as roots (roots are specially distinguished vertices of a graph).
These two facts justify the use of the superscript D standing for dual in eqs. (76) and
(77). A rooted graph is said to be planar if it can be embedded in the plane in such a
way that no edge crossing exists except at a vertex. Any possible embedding of a planar
graph represents a plane graph. In Fig. 11 we show a few two-rooted plane (a-d), planar
(a-e) and non-planar (f,g) graphs. Let us consider a connected two-rooted plane graph
(¢ which has the following characteristics: i) it does not contain any single-edge loop or
any unrooted vertex which has a coordination number 1 (i.e., which is connected to an
unique vertex), ii) its articulation points (an articulation point is one that if we remove it
together with its incident edges the graph becomes disconnected), if any, are not rooted
iii) the roots are on the boundary of the infinite (exterior) face. Examples of such graphs
(i can be seen in Fig. 11 (a-d). Now imagine a boundary line running from each root out
to infinity; these two non-intersecting lines divide the infinite face into two regions which
we shall picture as being the “two (imaginary) infinite faces” of G. The dual G of such
a graph G is defined [127-129] as another two-rooted graph constructed as follows:
i) place one unrooted vertex of GP on each of the finite (or inner) faces of
ii) place each rooted vertex of G on each “imaginary infinite face”
iii) draw an edge joining the vertices of GP which lie in the faces adjoining an edge of G
(which implies that each edge of one graph crosses one and only one of the other and that
each unrooted vertex of one graph is surrounded by an elementary mesh of the other).
In Fig. 12 we have represented a few couples of two-rooted dual graphs ((a), (¢) and
(d) are self-dual). The extension of this duality construction to graphs with any number
of roots has been done in this decade [129], while the dual of a lattice (which can be seen
as an infinite unrooted graph) and that of an unrooted or one-rooted (the root residing in
the infinite face) graph has been established much earlier (see [130, 131]). For example,
the triangular (Kagomé) lattice is the dual of the honeycomb (diced) lattice; the square
lattice is self-dual. The self-duality of the anisotropic bond percolation on the square
lattice (arbitrary p, and p,) enables, following along the lines of refs. [123] and [6] for

the Ising model, the immediate calculation of its bond percolation critical line. The full
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discussion and derivation was first done by Sykes and Essam [126], but a quick derivation
can be done as follows: self-duality yields p = p,, which, together with definition (77),
provides the exact result p, + p, = 1.

If we have a series or parallel array of ¢ bonds, the respective eqs. (73) and (76) are

immediately generalized into

=1
and
‘
ry =]] »” (79)
=1
hence

l

pp=1-1T 0 -p) (80)

i=1
The use of algorithms (78) and (80) enables, without performing the configurational
analysis, the calculation of the equivalent probability of any two-rooted graph sequentially
reducible in series and parallel operations (e.g., graphs appearing in Figs. 12 (b.e,f)), but
not of the irreducible ones (e.g., graphs appearing in Figs. 11(b-g)). We now describe the
Break-collapse method (BCM) which applies to any two-rooted graph.

3.1.1 Break-collapse method and other properties

We consider an arbitrary connected two-rooted graph G with roots 1 and 2, the edges
of which are respectively associated with probabilites {p;}. In many cases all the edges
of GG are relevant in the sense that the deletion of any of them modifies the connectivity
properties between the roots, or equivalently that the graph coincides with its backbone
(if we assume that arbitrary finite electrical conductances are placed on the edges of the
graph, the backbone is the set of edges along which current flows when a voltage is applied
between the roots of the graph). See, in Fig. 13, graphs which include at least one
irrelevant edge. We note Pi2({p;}, ) the probability that the root 1 and 2 be connected
(this is the pair connectedness introduced by Essam [7]), i.e, that at least one path of
active bonds connects the roots. Pio({p;}, ) is a polynomial of the {p;}; if the graph
includes irrelevant edges, P12 will not depend on their occupancy probabilities (if all edges

have the same probability p, Pj5 will be a polynomial in p with degree N, = number
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of relevant edges). In general Pio({p;}, ) satisfies Pia({p; = 0}) = 0 and Pi:({p; =
1}) = 1, and is a multilinear function of {p;}, i.e., it can always be written as follows:
Pia({p:}) = A{p:} )+ B({p:} )p;, where p; is the probability associated with an arbitrarily
chosen bond, and the set {p;}’ excludes p;. We note Pi»({p;}’, G?)(Plz({pi}/, G¢)) the pair
connectedness probability associated with the j-broken (j-collapsed) graph, defined as the
one obtained from G by taking p; = 0 (p; = 1). G? is the graph obtained from G by
deleting the edge j of G, while ¢ is obtained from G by contracting (i.e., by deleting
the edge j and indentifying its incident vertices) the edge j of G. A and B are trivially

evaluated in terms of the pair connectedness of G? and G, and the following algorithm

holds:

Pio({p:}, G) = (1 = py) Pi{ps}, G3) + pi Pa({pi}Y, G5) (81)
The iterative use of this algorithm, which we shall call the break-collapse equation, to-
gether with (78) and (79) will lead eventually to an effective edge j whose pair connectivity
is a multilinear function of some ps. In order to include this case one should regard p;
as being, in fact, the effective probability of the edge 5 given by the pair connectivity of
the subgraph which generated it. Similarly, the p;’s and pP’s which appear in eqs. (78)
and (79) should be considered as effective probabilities.

Besides egs. (81), another valuable property is the factorization rule for articulated
graphs; this refers to a situation where there is an articulation point ¢. In this case the
graph (G becomes the union of two subgraphs, GG; and (5, which intersect at only 7 (we
say that (G; and (3 are in series). We have, thus, to consider two cases according to the
distribution of the roots:

1) If Gy contains one root, say 1, and Gy contains the other root, then the following

factorization occurs [132]
PlQ(GlUGQ) = PlZ(Gl)PZQ(GQ) (82&)

2) If all the roots belong to only one subgraph (including the case where one of the roots
coincides with the articulation point itself), say i1, then all the edges of GGy are irrelevant

for the pair connectedness Pj5 and the following relation holds

Pi(GhUGy) = Ppa(Gh) (82.h)
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which is a particular case of eq. (6.6a) of ref. [133].

An example of the first situation is the following:

1
Ti 1 Qi
Pia | o9 zPu(I>PZ» ( H) (83)
% i %

where we have illustrated the fact that the articulation point generates in this situation
a root on each of the subgraphs.

An example where eq. (82b) applies is the graph of Fig. (13a).

We shall refer to the iterative use of eqs. (78), (80), (81) and (82) as many times as
needed for calculating Pio({p;}, ) as the Break-collapse method (BCM); it enables the full
calculation of the pair connectedness of any two-rooted graph without any configurational
analysis. The BCM is operationally very convenient, can be analytically implemented
in computer, and enables consequently the treatment of quite large arrays, practically
untractable within more traditional procedures. Eq. (81) coincides with eq. (3.11) of
Essam [132], referred to as the edge substitution equation for the pair connectedness.
Later on we shall present successive extensions (Potts, resistor, directed percolation, Z(q)
and cubic model), where specific variables and operations will be described. However we
can already antecipate that all these procedures essentially rely on a single very simple
property: multilinearity (in appropriate variables) of the relevant quantities.

Before going on, let us perform a brief illustration of the BCM to the graph ' shown
on the left of Fig. 12¢ with p; = py = ps = ps = ps = p:

Pu(p,G) = (1 =p)Pa(G5,p) + pPr2(G5,p) =
= (1=p)2p" =p") +p(2p—p*)" = 20" + 20" = 5p" +2p°  (84)
where the 5-broken G (5 collapsed () graph is shown in the left (right) of Fig. 12f with
each edge having probability p.
This result was first obtained, through configurational analysis, by Reynolds et al.
(Eq. (12) of [134]).

We list now several interesting properties:

(i) Equation (81) reproduces Eqs. (73) and (75) as particular cases.
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(ii) As an immediate corollary of Eq. (81) we obtain

0Py
dp;

({pi}, G) = P({p:}. G5) — Pu({p},GY) (85)

ii1) Algorithm (81) can be generalized into a kind of binominal expression if we break-
g g
collapse more than one bond simultaneously. If we note G?%, Glﬁ, G;i and G<5 the
graphs obtained from a given graph G by simultaneously breaking-collapsing (as
indicated in the superscript) its j-th and k-th edges, we verify

Puo({pi}.G) = (1—p)(1—pi)Pra({pi}". G3) (86)
+ (1= p)pPr({pi}", G3)
+ pi(1 = po)P({pi}". G5 + pipe Pa({pi}, G55)

where the set {p;}” excludes p; and pg. This relation is trivially extended to the

case where we operate on three or more edges simultaneously. Let us illustrate this

property on the following example (where all bonds have occupancy probability p):

1
P12< ) = (1—p)2P12 <,:$;.>+2p(1p)]312 (.3 >+p2P12< % ) (87)
2

(iv) A pair of dual two-rooted graphs, whose associated pair connectedness are respec-

tively Pio({p:}, @) and Po({pP}, GP) where the sets {p;} and {pP} are such that

each bond of one graph has an occupancy probability which is the dual of that of
the corresponding bond in the other graph (see various illustrations in Fig. 12),

satisfy
Pio({pP},G") =1 = Pia({p:}. G) = [Pra({pi}. G)]" (88)

In short we could say that “the dual of the (associated) pair connectedness on a
graph is equal to the (associated) pair connectedness of the dual”. An immediate
corollary is that any self-dual two-rooted graph (e.g., those appearing in Figs. 11
(a-d)), all the bonds of which have p; = 1/2 (hence p; = pP), satisfies Pyo(G) = 1/2.
This property (and the similar ones for the Potts and other models expressed in the
transmissivity variables) is the basis for using self-dual clusters in the RG approach

of the square lattice (self-dual itself).
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(v) If we have a pair of dual two-rooted graphs, noted G and P, and break-collapse the
j-th bond of each of the graphs, we verify that

(G5)7 = (GP); (89)

J
and
(G5)7 = (G7)] (90)
consequently, if G = G, then G? and G¢ are dual (if G is given by Fig. 12(c)
and j =5 then Fig. 12 (f) illustrates this property). Also we have that a graph is
series/parallel reducible if an only if the same happens with its dual. Eqs. (89) and

(90) being topological (and not functional) relations, they are model independent

(i.e., they hold for bond percolation, Potts model, etc.).

3.1.2 Extension to multi-rooted graphs

Within the context of bond percolation it is interesting to define multi-rooted (n-rooted)
graphs (whose edges have occupancy probabilities {p;}) which contain n > 1 roots. We
note Pio.,({pi}, ) the multi-connectedness function, i.e., the probability that all the n
roots 1,2,3--- n of G be connected. Pis..,({p:}, ) vanishes if the graph contains one or
more disconnected roots. Ppo...({p:}, G) equals 1 for any graph with n = 1, and reproduces
the pair connectedness [7] (discussed in Section 3.1.1) for n = 2. Examples with n > 3

are presented in Fig. 14. Configurational analysis yields

Pias(p1,p2,p3,Ga) = pipaps + (1 — pi)paps + (1 — p2)pips (91)
+ (1= p3)pip2 = pip2 + paps + papr — 2p1paps
and
Puos(py vy 05, Gy ) = pipy vy (92)
respectively associated with Figs. 14(a) and 14(b).

The break-collapse equation (Eq. (81)) stands precisely as before (i.e., as for n =
2)[133], with the following supplementary rules:

(i) the collapse of two or more vertices yields a root if a least one of them is a root

(consequently, it yields an unrooted vertex only if all of them are unrooted ones);
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(ii) articulation points can be indistinctively considered as roots or unrooted ver-
tices if the connection of the other roots requires paths containing necessarily these
articulation points. For example, Eq. (91) can be recovered as follows if we apply

the break-collapse equation to bond 1 of graph Ga:

Pia(p1,p2,ps,Ga) = pi(p2 + ps — paps) + (1 — p1)paps (93)

Another illustration is indicated in Figs. 14 (d-f).

Before going on, it is worth noting that Eqs. (91) and (92) enable a quick derivation of
the anisotropic bond percolation exact critical frontiers for the triangular and honeycomb
lattices (with occupancy probabilities pq, p2 and ps respectively along the three crystalline
axes), first obtained by Sykes and Essam [126]. The equations, which implicitely involve
the well known star-triangle and duality transformations (see details in [54, 126]), are

respectively given by

Pras(p1, p2,p3, Ga) = P123(p?,p?,p?, Gly) (triangular lattice) (94)

and

Pios(py pY Py, Ga) = Pras(py,p2,ps, Gy)  (honeycomb lattice) (95)

Let us finally mention that the factorization rules (eq. 82) (see [133]) and the properties
(ii) and (iii) of Section 3.1.1 hold similarly for multi-rooted graphs.

3.2 Potts Model

In the present Section we extend to the g-state Potts model the results and methods of

Section 3.1, herein recovered as the ¢ — 1 limit.

3.2.1 Thermal transmissivity

We first consider a series array of two edges (with Potts coupling constants .J; and .J3)
and three vertices (see Fig. 15(a)). The corresponding Hamiltonian is given by Hiss =

—qJ105, 05 —qJ205, +,, and the associated canonical density operator pqa3 is proportional to
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exp(—Hias/ksT). All possible thermal equilibrium statistical quantities associated with
this system can be calculated in terms of pyo3. An important subset of these quantities
involve canonical averages of functions of oy and/or g, but not o3; we refer herein to
all those resulting from interactions (with the system) through oy and/or o3, but not
directly through 3. For this subset of quantities, we can perform the calculations by
using pi23 or, better, T'r,,pi23. Consistently we next propose a trial Potts Hamiltonian

H;y = —qJs65,.0, — qJ§, and check whether the following equality can be imposed:

e~ Hia/keT _ Trgge_Hm/kBT (96)

where J{ (zero-energy shift) and .J; are quantities to be found. By using the property
one straightforwardly

Mooy = 1 4 80,0,(¢* = 1)(VA), and performing the sum
obtain (see [2]):

q
0'3:17

t, = tity (series) (97)
and
o = (¢g—2)+ PXLSENEPLLLE (98)
where
1 — —qgK
t= < (99)

L+ (qg—1)e ok
and, for all J/s,

We first note that equality (96) is indeed possible, no coupling proliferation occuring (i.e.,
no other interaction is needed than the Potts pair one, with an equivalent coupling constant
Js and a trivial zero-energy shift). This convenient property is, in some sense, a quite
rare one, most many-body interactions not remaining, in this type of array composition,
closed into themselves. The t-variable (hereafter referred to as thermal transmissivity
[68]) will prove to be an extremely useful one for the present purposes; in particular, it
recovers, in the ¢ — 1 limit, transformation (3). This variable was first introduced (with
no particular denomination) by Domb in 1974 [2] in the context of high-temperature series
expansions; it was, since then, practically forgotten (as well as the algorithm (97), also first

established by Domb [2]). More recently, the variable was independently rediscovered in
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Oxford [135] and Rio de Janeiro [68], and since then intensively used in the context of RG
treatments and related subjects [112, 109, 93, 108, 107, 104][136-152][133]. Its particular
case for the Ising model (where the transmissivity reduces to ¢ = th(K')) becomes the
high-temperature expression variable noted sometimes w by Domb [154] which has been
introduced much earlier than the general definition (99); it has been widely used not
only in the context of series expansions (see [154] and references therein) but also in RG
approaches [155-180].

In the ferromagnetic case (J > 0) and for all ¢ > 0, ¢ monotonously increases from 0 to
1 while J/kgT increases from zero (completely uncorrelated spins) to infinity (completely
correlated spins). In the antiferromagnetic case (J < 0), and for all ¢ > 1, it monotonously
decreases from 0 to —1/(¢ — 1) while |J|/kgT increases from zero to infinity. Finally, if
J < 0and 0 < ¢ <1 (analytic extension), the variation interval of ¢ is a disconnected
one, namely (—oo,0] and [1/(1 — ¢), 00).

Last but not least, let us make clear that imposition of equalities like that of Eq. (96)
is equivalent [139] to preserving, through array composition, the two-body correlation
function I';2 between the rooted sites 1 and 2. Indeed if we have two sites (¢ and j)
connected through the Potts dimensionless coupling constant K;;, we immediately verify,

for the corresponding thermal transmissivity, that

G4 < by, 0. >—1
t,:F, = n 101
J J q_l ( )

where < --- > denotes canonical thermal mean value.

Note that this expression has a form totally similar to that of the commonly defined
Potts ferromagnet order parameter m = (¢ < 6,0 > —1)/(¢ — 1), which varies from 1 to
0 while T increases from 0 to the critical temperature 7., and remains zero for all T' > T..

If we have a series array of ¢ bonds, Eq. (97) is generalized into

t, = Hti (series) (102)

If all bonds have the same transmissivity t, we obtain the well known two-end correlation
function for the linear chain t, = ¢* = ¢~*/¢, with the correlation lenght ¢ = 1/In(1/t),

which diverges at ¢t =1 (i.e., T, = 0) with a critical exponent v; = 1, ¥q.
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We consider now a parallel array of two edges (with coupling constants .J; and .J3), as
indicated in Fig. 15(b). The corresponding Hamiltonian is —¢.J164, 5, —¢J20+, ., , therefore

the equivalent coupling constant J, is given by
Jp - Jl —|— J2 (103)

hence

. 4+t + (¢ — 2)tts
b 1 + (q - 1)t1t2

which was first derived by Domb [2]. Eq. (104) can be rewritten as:

(parallel) (104)

0 =17ty (parallel) (105)

with

1 —1
P=—" " 106
L+ (¢— 1)t (106)

where again D stands for dual since eq. (106) provides the same relation between the

coupling constants for dual lattices as that one which appeared in the duality transfor-
mation for the partition function of the Potts model, first derived for the square lattice
by Potts [1]. Let us point out that the form (106) is the most general ratio of linear
funtions of t which vanishes for £ = 1, equals unity for ¢ = 0, and which applied twice
leaves the argument invariant. We also note that, in the ¢ = 1 case, Eqs. (104) and (106)
respectively recover Eqs. (75) and (77). The exact [98, 181] ferromagnetic critical line
corresponding to the anisotropic square lattice (with transmissivities ¢, and t, along the
x and y axes) is quickly derived by using definition (106): it is given by t, = t?.

The neutral element for parallel composition is ¢ = 0 (¢2 = 0 implies, in Eq. (104),
t, = t1,¥t1); in the same way, the neutral element for series composition is t = 1 (see Eq.
(97)). Also, it is not without interest to mention a similarity with Special Relativity in a
parallel array. t; = 1 implies t, = 1,Vt (see Eq. (104)), in analogy with the relativistic
composition of velocities (the total speed is that of light if one of the speeds is that of
light, no matter the other one). In fact, algorithm (104) becomes, for ¢ = 1, absolutely
isomorphic to the relativistic composition of speeds, the correspondence being t < v/c (v

and ¢ respectively are the speeds of the system and that of light).



- 36 - CBPF-NF-046/95

If we have a parallel array of ¢ bonds, Eq. (105) is generalized into

4
2 =TI (107)
=1

hence
‘

1—1
1 — - -
El —|— (q — 1)@
t, = - (108)

11—t
1—|—(q—1)Hm

=1

Similarly to the case of bond percolation, algorithms (102) and (108) enable, without
performing any partial tracings, the calculation of the pair correlation functions for any
two-rooted graph sequentially reducible in series and parallel operations. We describe in

the next Section how to deal with the irreducible ones.

3.2.2 Break-collapse method and other properties

Analogously to Section 3.1.1 we consider here an arbitrary connected two-rooted graph
(, the edges of which are respectively associated with transmissivities {t;}. The equiva-
lent transmissivity between the roots 1 and 2 of the graph G, noted Ti5({t;}, &), is the
transmissivity of an effective single edge e.ss joining 1 and 2 whose effective dimension-
less coupling constant K¢y is obtained analogously to eq. (96) by using the Hamiltonian

H(G') associated with the graph G instead of Hyas, i.e.:

1 — e~ tKess
Tu({t:},G) = NPy (109.a)

with K.;s being given by:
eq[x"{)queffSULQ — Tr/{e—H(G)/kBT} (109b)

wher T’ refers to the trace over the configurations of only the internal spins located on
the unrooted vertices, and K| is due to the renormalization of the zero-energy.

Some years ago it was proved [139] that for any graph G one has:

To({t:}, G) = Ta({ti}, @) (110)
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where I'15({t;}, ) is the correlation function between oy and o4 on the graph G expressed
in the t; variables whose definition is given by eq. (101), where now the thermal average
involves all the spins on the graph G.

Ti2({t;},G) is, in fact, a ratio of polynomials in {t;}, ie., Ti2({t;},G) =
Nio({t:}, G)/D({t;}, ), where both Nis and D are multilinear functions of {t;}.

The denominator D is independent of the roots 1 and 2 and also determines the

partition function Z({t;}, &), i.e. [139]
Z({t;}, G) = Tr[e MO ET) = AD({t:}, @) (111.a)

with
A=V OT] -] (111.b)
where the trace is over all the spin configurations of the N,(() sites of the graph G, and
the product in (111b) is over all the Ny(G) bonds of G.
Furthermore, it has been shown [139] that both D and Nj3 can be written as “perco-

lation averages” (noted as < --- >¢ ;) of certain quantities in a bond percolation problem

defined on (G where each edge ¢ has an independent bond occupancy probability ¢;, namely
D{t;},G) =< ¢° >+ (112)

and
Nio({t:}, G) =< ¢°y12 >aq (113)

where ¢(G") is the cyclomatic number of a graph (', i.e., the number of independent
circuits (which, for a plane graph, is equal to the number of finite faces); it satisfies the
Euler law ¢(G") = Ny(G') — Ns(G") + n(G") with n(G’) being the number of clusters of
(' (each isolated vertex counts also as a cluster; n = 1 for a connected graph). v12(G’) is
defined as 1 if the roots 1 and 2 are connected on GG' and zero otherwise. “The percolation
average” of a quantity () is given by:

<Q>a= Y QG)P() (114)

Gl et

where the sum is over all the subgraphs G of ¢ which have the same Ny () vertices of G
and only Ny(G") edges (N,(G') < Ny((G)) of an edge subset E(G’) contained in the edge
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subset E(G) of G. P(G') is the probability of occurrence of a subgraph G’ given by the
product of the transmissivities ¢; of the edges of GG’ times the product of the probabilities
of absence (1 — ;) of the edges of G which do not appear in G.

Before mentioning the break-collapse equation, let us focus on some factorization rules,
namely:
1) if G is the union of two subgraphs, say (1 and (3, which have zero or at most one
vertex in common and if the roots 1 and 2 belong both to G4 (including the case where

one of the roots coincides with the articulation point) then [139]:
le(G) = NlQ(Gl)D(GQ) (115&)

and

D(G) = D(G1)D(Gy) (115.b)

It G5 is a loop with transmissity ¢, then
D{ty, G2} =14 (¢ — 1)ty (115.c)
From egs. (115a) and (115b) it follows immediately that

Th2(G) = Th2(Gh) (115.d)

This means that the subgraph G5 contains only irrelevant bonds in the sense defined
in section 3.1.1. The fact that irrelevant edges do not affect the equivalent transmissivity
of a graph happens only for classical models, but not for quantum ones (this point is
explicitely raised by Suzuki and Takano [182], is relevant for many RG approaches [183—
190], and is fully illustrated by Mariz et al [187]). Similarly this is true for uncorrelated
percolation, but not necessarily for various forms of correlated percolation [191-193].

2) if (G is the union of two subgraphs, say GG; and G5, which intersect at only the ar-
ticulation point ¢ and if G; contains the root 1 and (3 contains the other root then the

following series algorithm for Gi and G holds [133]

Nia(G) = Nii(Gy)Nio(Ga) (116.2)
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and

D(G) = D(G1)D(G) (116.b)

and consequently

Tio(G) = Tyl G )Tia(Ga) (116.¢)

which contains, as a particular case, the algorithm eq. (97) of two egdes in series.
3) if GGy and Gy are disjoint graphs (i.e., without any intersection) and each of them

contains one root then [139]
Nip({t:}), &) = Tha({ti}, G) = 0 (117)

and eq. (116b) continues valid for this case.

Multilinearity of Ni2({t;}, &) and D({t;}, ) immediately yields the following algo-
rithm for the equivalent transmissivity Th2({t;}, G) = Nio({t;}, G)/D({t;}, G) of an arbi-
trary graph:

Nio({ti}, G) = (1= ) Ni({1}, G5) + 5 Nw({t), 65) (118.a)
and

D({t:},G) = (1 = ;) D({t:}, &}) + ;D({t:}', ) (118.b)

where the set {t;}’ excludes the transmissivity ¢; of an arbitrarily chosen bond j, and
where le({ti}/,G?) = Nm({ti}’,G?)/D({ti}’,G?) and  Tyo({t;},G5) =
Nio({t:}', G5)/ D({t:}', G5) are the equivalent transmissivities of the j-broken (t; = 0)
and j-collapsed (t; = 1) graphs respectively. The iterative use of this algorithm, together
with Eqs. (102) and (108), can lead to an effective edge j, whose transmissivity is, in
fact, a ratio, t; = N;/D;, of multilinear functions of some t’s. Therefore one should use,

instead of eqs. (118), the more general case given by [133]
Niz(G) = (Dj — Nj)N12(G2) + NjNpp(GY) (119.a)

and

D(G) = (D; — N;)D(G}) + N;D(G5) (119.b)

where N; and D; are the respective numerator and denominator of the transmissivity

t; of the effective edge, which is equal to the equivalent transmissivity of the subgraph
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which generated the edge j. Similarly, the transmissivity which appeared in eqgs. (102)
and (108) should be regarded as effective ones. The respective equivalent transmissivities
Ns/Ds and N,/D, corresponding to a series and a parallel array of ¢ edges should thus
be

¢
N, = H N;  (series numerator) (120.a)
=1
D, = H D;  (series denominator) (120.b)
=1

¢ ¢
N, = {H[DZ + (¢ —1)N;] — H[DZ — NZ]} /q (parallel numerator) (121.a)

=1 =1

and

D, = {H[DZ +(¢—1DN]+(g—1) H[DZ — NZ]} /q (parallel denominator) (121.b)

=1 =1
In spite of the aspect of Eqs. (121) (see [133]), it can be verified that they always
(VO,V{N;/D;}) provide a g-factor in their numerators which cancels that one appearing

in their denominators. For example, for { = 2, we obtain
N, = N1Dy+ NoDy + (¢ —2)Ny N> (parallel numerator) (122.a)

and

D, =D1Dy+ (g —1)N1 Ny (parallel denominator) (122.b)

The iterative use of the factorization rules (eqs. 115-117), the series (eqs. 120) and
parallel algorithms (eqs. 122) together with the break-collapse equation (egs. 119) con-
stitutes the BCM and enables the full calculations of the pair correlation function of
the Potts model on any two-rooted graph. To be more explicit, the imposition given
by (109b) is possible and automatically satisfied within the BCM, algebraically complex
tracing operations being thus replaced by simple topological ones.

This BCM is a particular case of the subgraph break-collapse method introduced
in [133] for computing more complicated equivalent transmissivities which arise in the

calculation of many-spin correlation functions (see [140]). In order to implement the
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BCM in a computer one should treat the transmissivity of each edge ¢ as an ordered
pair of quantities (i.e,. {N;, D;} where t; = N;/D;; for an original edge of G, N; = ¢,
and D; = 1) and not as ratios {N;/D;}. The numerator and denominator of Ty5({t;}, &)

satisfy necessarily the following equalities (see [139]):
Nl?({ti = 0}7 G) =0 ’ D({tl = 0}7 G) =1 (\V/G) (123)

and

Na({ti = 11.6) = ¢ | D({t;=1}.6) = ¢@  (vQ) (124)

In the ¢ = 1 limit, which corresponds to the bond percolation limit (see Kasteleyn and
Fortuin [16]), the transmissivity coincides with the p-variable of ref. [16] (i.e.,t; = p; = 1—
e X)), D({t;},G) = 1 and Ny5({t;}, @) reduces to the pair connectivity Po({p; = t;}, &)
of section 3.1 (see [140]).

Before going on, let us briefly illustrate the BCM for the Potts model. We want
to calculate Th5(t, ) of the graph ' shown on the left of Fig. 12c¢ where, instead of
pi(t = 1,2,---.5), we associate the transmissivity ¢ to each of its edges. We first choose
an arbitrary bond, say the central one (edge 5), then calculate (by using the series and

parallel composition laws expressed in Eqgs. (120) and (122)):

Niao(t, G 22 + (g — 2)12
To(t, Gb) = L5 — 12

and

Npp(t,Gg) A2 +4(q —2)t° + (¢ — 2)*t*
D(,Ga) ~ 1430 1)+ (g 1pr
where the 5-broken (i (5-collapsed (%) graph is drawn in the left (right) of Fig. 12f with

Tio(t, GY)

(126)

each edge having transmissivity ¢. Finally, using algorithms (119), we obtain:
le(t,G) == (1 —t)le(t,Gg) —|—tN12(t,G§) (127&)
and
D(t,G) = (1 = 1)D(t,G%) + tD(t,GS) (127.b)

and consequently,

224288 +5(q — 2)tt + (g — 2)(q — 3)1°
Tl &) = Tl A+ (= D+ (g - (g = 2B (128)
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This result was first obtained, through conventional tracing operations, by Yeomans and
Stinchcombe (the homogeneous case of Eq. (3) of ref. [135]) in a treatment of the dilute
Potts ferromagnet on the square lattice (notice that Ty»(1/(\/q+1),G) =1/(\/q+1),Yg;
this property will lead, within an appropriate RG framework, to the exact critical point).

The q=1 case of Eq. (128) reproduces Eq. (84) as it should be.

We now list some interesting properties, namely:

(i) Egs. (118) reproduce Eq. (97) if we associate t/1 with a single edge ( ot 5 ) and
0/1 with a disconnected two-rooted graph ( o ¢ ), and they also reproduce
Eq. (104) if we associate [139] [1+ (¢ — 1)t]/[1 + (¢ — 1)t] with and elementary loop (
)

X

(i) As an immediate corollary of FEqgs. (118) we obtain for Ty:({t;},G) =
Ni({t:}, &)/ D({t:}, G),

oTL({t}.G) (129)
o1,
Nio({t:}, G5) — No({t:}, GY) — Tua({t:}, G)[D({t:}, G5) — D({t;}', G})]

D({tl}vG)

which recovers eq. (85) for ¢ = 1.

(iii) Analogously to the bond percolation case, algorithms (118) can be generalized into
a kind of binominal expansion if we break-collapse r bonds simultaneously (r > 1).

We verify that

s=1

Nip({t:},G) = [H(l - ty‘s)] Nig ({t:3" -, Gy

+ 1 [H(l - ty‘s)] Nig ({t:}" - G5l )+ -

s=2
+ [H th] Nio({t:3" -+, G;lc];f.jr) (2"terms) (130.a)
s=1
and

D ({ti}”‘ . -/,Gb b---b )

J1g2dr

D({t:},G) = [H(l—ty‘s)

s=1
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D ({t;}" - Geht oy

s [ﬁ(l 1)

Jj2dr
s=2
+ |t | DU - G5, (2 terms) (130.b)
s=1
where the notation is self-explanatory and the set {#;}" - - " excludes (¢;,,t;,, -, 1),

the transmissivities of r arbitrarily chosen bonds of the graph G whose equivalent
transmissivity Th2({t;}, G) = N2({t;},G)/D({t:}, G) we are looking for. The ap-
propriate use of this property (for r > 2) might lead to a considerable saving of
operational time. A similar property in the {p;} variables (p; = 1 — e”%) was
derived by Kasteleyn and Fortuin [16]. As a matter of fact, they used this property
to prove that the pair correlation function can be written as a ratio of percolation
averages (where a bond has an occupancy probability p;) in a similar way as the

ratio between eqs. (113) and (112).

(iv) Analogously to the bond percolation case, an arbitrary pair of two-rooted dual graphs
whose equivalent transmissivities are Tio({t;}, &) and Tio({tP}, GP) satisfies (see

proof in [129])
1 —T({t:},G)

1}2({tf)}7(;D) = 1 +_(q _'1)1}2({ti} (;) ::[1}2({ti}7(;)]D (131)
or, in a more symmetric form,
[+ (¢ = DTa({t: DI+ (¢ — DTe({t7} GP)] = ¢ (132)
or even, in a probability-like form (see Eq. (77)),
s({t:}, G) + " ({1}, G) =1 (133)
with
e Lz (131)
and
sP(1) = s(tP) (V1) (135)

The s-variable transforms, under duality and for all values of ¢, like a probability;

in the ¢ — 1 limit, it becomes s = ¢ and is strictly a probability (bond occupancy
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concentration). Property (133) will later on prove to be an extremely convenient one
for RG and other purposes. Notice from eqs. (131) and (110) that the correlation
function I'y5 keeps the same functional form under duality. As we will see in section
4, a corollary of eq. (131) is that any self-dual two-rooted graph, all bonds of which
have t; = 1/(\/q + 1) (hence t; = tP), satisfies Ty2({t;},G) = 1/(\/g + 1). This
property extends what was already verified in Eq. (128).

(v) Consider an arbitrary (connected) two-rooted graph with equivalent transmissivity
Tis = Nia/D, then take any of the edges incident with one of its roots (as long
as more than one edge arrives there), disconnect it from that root and connect it
to the other root (leaving the rest untouched); we thus obtain another (connected)
two-rooted graph with equivalent transmissivity Tiy = Nm/b. A curious property
(named “onion property” from the topological operation to be done, which looks
like peeling an onion) can be verified (and proved [139]), namely the invariance of
D+ (g —1)Nya, ie.

D+ (q—1)Nyy =D+ (g—1)Ny, (136)

Let us illustrate this property on the graph ¢ shown in Fig. 12c, whose equivalent
transmissivity is given in Eq. (128). By using the series and parallel composition

laws we straightforwardly obtain

_ 124265 4 (4 — )t 4 (¢ — 2)*°
L+ (g =12 +2(q =D + (¢ — 1)(qg —2)t*
(137)
This equation and Eq. (128) enable the verification of Eq. (136). This example

illustrates that if we did not already know Ty, = Nip/D, we could calculate it
through Eq. (136) if we knew D (which can be directly calculated through egs.
(111) or (112)) and Ty, = Nip/D (easy to calculate because it is series/parallel
reducible). This procedure can be considered as an alternative option for time-

saving.
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3.2.3 Extension to multi-rooted graphs

The useful role that n-rooted graphs (n > 2) played in bond percolation can be extended
to the Potts model. The corresponding equivalent transmissivity Th2..,({t;}, &) among
the roots 1,2,---,n of a graph G is defined as follows [140]:

1
Tl?({ti}vG) = qj < q501702 —-1> (n = 2) (138)

(g —2)'?
(¢q—1)
+ 502703 + 503701) +2> (n = 3)

T123({ti}7 G) < q3501702502703501703 - q2(501702 + (139)

where < (--+) >={Ir e~ Mzt (. I {e=PHi2-ne} | The definition in terms
of body correlations becomes more and more complex for higher values of n (see [140]);
however, in all cases, it is simply equal to a ratio of percolation averages [140] which

generalizes the case n = 2 (see eqs. 112 and 113), namely:

Nigow({ti}, G)

Ty ({ti}, G) = DT}, @)

(140.a)

with D({t;}, @) being given by eq. (112) and the numerator being the generalization of
eq. (113), namely:
N12...n({ti}, G) =< gM12--n > Gt (140b)

where the connectedness indicator y12...,(G') is 1 if all the n roots are connected among

themselves on the graph G’ and zero otherwise. Let us mention a few general properties

of T12...n§

(i) For n > 2,
Ti2.n({t; =0},G) =0 (VG) (141)

or more generally, Ths...,({t;}, G) = 0 if any of the roots is not connected to all the

others.
(ii) For any connected graph G and n > 2:

Nigew({t: = 11, G) = D({t; = 1}, G) = ¢°(G) (142)
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and therefore

Tign({ti =1},G) =1 (143)

(iii) the factorization rules in egs. (115) continue to be valid if all the roots belong to

Gy, with N5 and TYy being replaced by Nis.., and Th,..., respectively;

(iv) the factorization rules given by egs. (116) generalize to:

len(G) = N12...gi(G1)NM.H...H(GQ) (144&)
and

len(G) — TlQ...[i(Gl)Ti[+1...n(G2) (144b)
where we supposed that the roots 1,2.---,¢ belong to (¢; and the remaining ones

({+1,---,n) belong to (.

(v) in the ¢ = 1 limit, Ti2...({t;}, ) reduces to the multi-conectedness Pis....({t;}, G)

defined in section 3.1.2 where t; = p;.

To illustrate the present generalized definition of equivalent transmissivity we calculate

those of the three-rooted graphs of Figs. 14(a) and 14(b) (with {p;} and {pP} replaced
by {t;} and {tP} respectively), and obtain

Nigs(ti, ta,t5,GA) _ tity + tots + tsty + (¢ — 3)tatals
D(t17t27t37 GA) 1 + (q - 1)t1t2t3

Tias(t1, 12,13, GA) (145)

and
N123(t1Dv tQD? tSDv GY)
D(tle t2Dv tSDv GY)

which recover eqs. (91) and (92) respectively for ¢ = 1.

Tyos(tP 42 2 Gy) = = DD (146)

The break-collapse algorithm (Eqs. (119)) stands precisely as for n = 2 replacing Nqy
by Niz..., with the same supplementary rules as for bond percolation (i.e., the collapse
of two or more vertices yields a root if at least one of them is a root, and articulation
points can indistinctively be considered unrooted or not if the connection of the other

roots requires paths containing necessarily these articulation points. For example Eq.
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(145) can be quickly reobtained as follows [68]:
3 3

Nigs | 4, 1y = (1 —11)Nyas (?El ) + 11 NV19 (tz Jts ) (147)
/ N\ ; ¥
29 1, 91 2 1
= (1 —t)tats + t[ts + s+ (¢ — 2)t2t5]
= ity + tats + t5t1 + (¢ — 3)tatats
and
3 =
e o2=3
D = tl&z (1—t)D (;El ) + 4D (tz t3 ) (148)
5 \/
O
29 1, ©1 2 1

which immediately provides Th23(Ga) = T123 < &) = Njos < OA@) /D < OA@) as

given by Eq. (145).

It is worthy noting that Eqs. (145) and (146) enable a quick derivation (implicitely in-
volving the star-triangle and duality transformations) of the anisotropic Potts ferromagnet
exact critical frontier for the triangular and the honeycomb lattices, first obtained inde-
pendently by Baxter et al. [98] and by Burkhardt and Southern [99] (see also [163]). The

equations are respectively given by
leg(tl, tg, t3, GA) = leg(tlD, tQD, t3D, GY) (triangular lattice) (149)

and

leg(tlD,tzD,t?)D, Ga) = Thas(tr,12,t3,Gy)  (honeycomb lattice) (150)

Properties (ii) (eq. (129)) and (iii) (eqs. (130)) apearing in Section 3.2.2 hold for
multi-rooted graphs.

Furthermore, it can be shown [140] that the numerator Nys...,({t;}, G)) (denominator
D({t;})) of the equivalent transmissivity Ti2..,({t;}) = Nia...({t:},G)/D({t:},G) of an
arbitrary graph G' depends (does not depend) on the number and location of the roots.

The denominator contains, besides unity, only “cycle” terms (i.e. every edge belongs to a
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cycle); the numerator contains only terms which join all the roots. These properties can

be verified in the following examples:

= [tyls + tatg + titats + talsts

+ (g — 2)(titatsty + titalsts + titatats + titstats + totstats)
(¢ — 2)(q — 3)tatatstats]/[1 + (¢ — 1)(tatats + tatals + tilatsts) +

+ (¢ —1)(q — 2)titatslats] (151)

and

Ti234 |3 = [titals + titats + tatsts + tatsty + titsts + totats + (152)

+  titats + tatsts + (g — 3)(tatatsts + titatats + titstats + talstats) +
+ (g —4)tatatsts + (q2 — bq + 8)tatatstats] /1 + (¢ — 1)(tatats + tstats +

+  titatsts) + (¢ — 1)(q — 2)titatstals)

Eq. (151) plays, as we shall see later on, a central role for certain RG approaches [135, 107]

of the bond-random Potts ferromagnet on the square lattice.

3.2.4 Bond-random model

In this subsection we present another type of extension in the sense that the transmissivity
itself is allowed to become a random variable with an arbitrary probability law P(t)
satisfying

/ dP(t) = 1 (153)

The reason for this generalization (which recovers, for P(t) = é(t — o), the previous case

where the transmissivity was single-valued) clearly is to describe bond-random systems

in the quenched limit (the probability laws associated with different edges of a graph are

assumed to be strictly independent). Typical examples are the binary distribution, given
by

P(t)=(1—=p)o(t —t1) + po(t — t3) (154)
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>
(0 < p <1;ty,t3 <0), and the gaussian distribution, given by

1 2 2
P(t) = e~ (t=t0)/2 (155)

B 2T

(toz(); 7 > 0); they both contain the single-valued distribution as a limiting case.
If we consider a series array of two bonds respectively associated with Py(?) and P(?),

the equivalent probability law Ps(t) will be given by

g@:://ﬁ#? N1t — 11"
— /Ci_flpl(t’)Pz(t/t’)zP@Pz (156)

where we have used Eq. (97); also, at the second step where the limits of the integral
have been specified, we have assumed for simplicity that P(¢) takes non-zero values only
for 0 <t < 1. The product defined in Eq. (156), and hereafter referred to as series-
product [127], generalizes Eq. (97), and has the structure of a commutative monoid (no
inverse), the neutral element being I(1) = 6(t — 1) (see [127] for details and examples).
It can be shown that this product is isomorphic to the convolution product through the

transformation ¢ = e~*. If our series array had ¢ bonds, Eq. (156) would generalize into

l
P,=P@ RO - P =K P (157)

If our array of two bonds is a parallel one, the equivalent probability law P,(¢) will be

given by

P,(t) = //dt’dt”Pl(t’)Pz(t”)(S (t e U 2)””> (158)

¥ (g — 1)t
' /1+(q_2)t/_(q_1)t/2 / L=t
| e PO (1 g Ty 1>tt'>
= P P

where we have used Eq. (104). The product just defined, and hereafter referred to as
parallel-product [127], generalizes Eq. (104). It is isomorphic to the series-product, the
neutral element of the monoid now being I,(¢) = 6(¢). If the parallel array has ¢ bonds,
Eq. (157) generalizes into

l

P(t) =P e @ P =] P (159)

=1
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Let us next introduce the dual distribution PP (t) through
PP(P)dtP = —P(t)dt (160)

where the minus sign is introduced because t¥ monotonously decreases with t (see defin-

ition (106)). Relation (159)) (and definition (106)) leads to the following expression

D q 1t
PO = e’ <1+<q—1>t> (161)

This expression recovers, for ¢ = 1, definition (24) of ref. [127], and, for ¢ = 2, definition

6) of ref. [159]. It is straightforward to prove that
( g P
(Pl@ PQ)L = PIL@ PQE (162)

or, more generally,

’ Dy
( b PZ) =[+] P” (163)
i=1 =1

which respectively generalize Eqs. (105) and (107).

Let us mention two useful properties concerning duality:

(i) the dual of the following discrete distribution
J
P(t) =Y pib(t — 1)) (164)
(> 1 E;jzl p; = 1;{t;} = set of arbitrary transmissivities) is given by

§(t—tP) (165)

IIM%

(ii) if f(¢) is an arbitrary function of the transmissivity t, and P(t) an arbitrary distrib-
ution such that < f(t) >p= [ dtf(t)P(t) is well defined, then

< f(t) >p=< f(t?) >pp (166)

Algorithms (156) and (158) enable the calculation of the distribution associated with
any two-rooted graph reducible in series and parallel operations. A break-collapse algo-
rithm would be very convenient to treat irreducible graphs. We have not succeeded in

establishing it for arbitrary ¢, but we have for q=1: let us present it here.
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We note {P;()} the set of distributions respectively associated with the N, (relevant)
edges of the graph G let Pj(t) be an arbitrarily chosen distribution of that set. The
distribution Pg(t) associated with the graph G is given by

Ny

PG(t)Z/ {H [dt“)Pi(t“))]}5(t—T({t“)})) (167)

i=1
where T({t}) is the equivalent transmissivity corresponding to the set {t()} of edge
transmissivities. The integral appearing in (167) can be extremely heavy to handle in
practical applications. We can take advantage of a generalized multilinearity property to
make the problem sensibly easier from the operational standpoint. Pg(t) can be expressed

as follows
Ps=A % (B P) (168)
where * denotes the standard convolution product, and A and B are distributions which

only depend on the set { P}’ where P; has been excluded. To determine A and B we break

and collapse the j-th bond, i.e., we respectively consider P; = I, and P; = [, and obtain
Po=Ax (BOI)=A%I1,=A (169)
and
Pi=A% (B Il;)=A« B (170)
where P} and P respectively denote the distributions associated with the broken and
collapsed graphs. Eq. (170) implies
P(Pg) = FA)F(B) ()
and hence
B = PP(PE)/F(A)] = F-F(PE)/F(PL) (172)

where we have used Eq. (169), and where F' and F~! respectively denote the direct and
inverse Fourier-transformed distributions. Replacing Eqgs. (169) and (172) into Eq. (168),
we finally obtain

P = Fg, « {FTF(PE)/F(P)® Py} (173)
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which, for ¢ = 1, extends to distribution laws the BCM algorithm expressed in Eq. (81).
This equation is herein recovered as the particular case where the set { P;()} exclusively
contains single-valued distributions. Let us work out explicitely this case.

We have P;(t) = 8(t — p;),Vi. Also P4(t) = §(t — T(G%)) and P5(t) = 6(t — T(GY)).
Therefore

Fe(\) = F(PS) = / dte™™MPg(t) = =) (174)
and

F'\) = F(P)) = / dte=™Ph(t) = e (175)
hence

FUF(PE)/F(Pg)] = é(t = [T(G5) = T(G)]) (176)

We now use Eq. (173) to calculate Pg(t) = 6(t — T(G)):

S(t=T(G)) = 8[(t=T(G))] = {6(t = [T(G) = T(G))@ é(t — p;)}

(177)

= 6(t=T(G)) = 8(t = [(G5) = T(GY)]p;) = é(t — [T(G5) + T(G5) = T(G)pj])

hence

T(G) = (1= p)T(G)) + pT(G5) (178)

which reproduces Eq. (81).
Unfortunately the extension of Eq. (173) to arbitrary q is not available: it would of

course be very welcome.

3.3 Related Models

In this subsection we extend the above notion to a few models directly related to the

Potts one.

3.3.1 Resistor network

A series (parallel) array of two conductances oy and o3 provides the well known equivalent

conductance algorithm
0102

s =

(series) (179)

o1+ o2
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and
op, =01+ 02 (parallel) (180)
By introducing the dual conductance o through

o = 03/0 (181)

(09 = arbitrary reference conductance), algorithms (179) and (180) can be alternatively

expressed as follows:

U? = 0'1D + 05 (series) (182)
and
D._D
oD = J1% (parallel) (183)

'ooltoy
To calculate the equivalent conductance o12(G) = N/D between the terminals 1 and
2 associated with a graph ¢ (with bond conductances {o;}) which is irreducible in series

and/or parallel operations, we can use the following algorithm [194]:

Niz({o:}.G) = Niz({0:} . G°) + o, N1z ({0}, G5) (184)
and
D({0:},G) = D({o:}, G}) + 0, D({e:}', G5) (185)
or more generally
Ni2(G) = DjNia(GE) + Ny Nio(GE) (186)
and
D(G) = D;D(G") + N;D(GS) (187)

where Ulz(G?) = ng(G?)/D(G?) and 015(G5) = Nio(GS)/D(GS) respectively are the
equivalent conductances of the broken and collapsed graphs, {o;}’ being the set which
excludes the arbitrarily chosen conductance o; = N;/D;. By following along the same
lines, it is trivial to formulate the BCM for resistances (instead of conductances).
Finally it is worth mentioning that it is possible to define a convenient variable s which

plays, for conductance, the same role as that defined in Eq. (134) for the Potts model.
We refer [194] to

(188)
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which satisfies

SD(U) = S(UD) =1-—3s(0) (189)

3.3.2 Directed bond percolation

If we are dealing with oriented graphs (e.g., see Fig. 16(a)) the BCM recursive equations
becomes [28]

Pu({p:},G) = (1 — pj) Pu({pi}, G5) + pi Pa({pi} . G) (190)

where Plz(G?) and Pry(G%) are respectively the pair connectedness (i.e., the probability
that the roots 1 and 2 are connected by a path of bonds which can be traversed in the
direction of the arrows) associated with the j-broken graph (p; = 0; see Fig. 16(b)) and
the j-precollapsed one (p; = 1; see Fig. 16(c)). Note that the precollapsed, -and not
the collapsed - graph, has to be considered in order that the information concerning the
sense of possible flow is retained. For graphs containing precollapsed edges, Eq. (190)
has to be recursively applied until a directed path appears which is entirely constituted
by precollapsed bonds and joins the roots in the desired sense: the pair connectedness of
such graph equals unity.

An interesting more general case is that in which each pair of neighbor sites is con-
nected through a double opposite-directed bond (e.g., see Fig. 17(a)). We note p; and ¢;
the independent occupancy probabilities respectively corresponding to each branch of the
i-th double bond (the two branches being considered in a definite sense). In this prob-
lem, a two-rooted graph, (a definite root of which is chosen as “entrance”, the other one
being the “exit”) is therefore characterized by the set {p;, ¢;}, and the pair connectedness

Pi2({p.q;}, ) satisfies [28]

Puo({pna}.G) = (1=p)(1 —g)Pi({pis @i}, G) + (1 = pj)a; Pro{pis i}, GF)
+ pi(1 = g))Pu({pi, i} . G) + pigi Pa({pi, 4i}, G°) (191)
where the set {p;, ¢;}’ excludes the arbitrarily chosen (p;, ¢;)-bond, and where G?b, G?C, G;b
and G correspond respectively to (p;,q;) = (0,0),(0,1),(1,0) and (1,1). The broken
(G?b), collapsed (G5°) and two precollapsed (G;b and G;b) graphs, obtained from the graph

G of Fig. 17(a) through operation on its central bond, are indicated in Figs. 17(b-e).
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By making use of the property
Pa(G2) + Pra(GS) = Pra(GP) + Pra(GF) (192)
we can alternatively rewrite eq. (191) in the following simpler forms:

Pio({pi, 0:}, G) = (1=p;) Pa({pi, 4i}, G5+ 45 Pra({piy 46, G5 + (i — 45) Pra({pi, i}, G)
(193)

or

Pia({pi, i}, G) = (1=q)) Pra{pi, s}, G) +pi Pra({pi 40}, G5°) 4+ (g5— pi) Pra({pis 42}, GF°)
(194)
Eq. (193) recovers, for ¢; = 0 (Vi), Eq. (190), and, for p; = ¢:(¥7), Eq. (81). The latter is
not a trivial fact, as a double-oriented bond admits configurations which flow in one sense
but not in the opposite, whereas such situation is impossible for a non-directed bond.
As an illustration of the double-bond problem, we consider the graph G of Fig. 17(a).
It can be easily established that, for p; = p and ¢; = ¢ V; [28]:

Pia(p,q,G) = p°> = 3p* + p° + 2p° + (p* — 2" + p*)q (195)

All these concepts are straightforwardly extended to cover n-rooted directed graphs,
the roots of which have to be joined in a definite order. In particular, algorithm (190)

remains as it stands.

3.3.3 Models with frustration

In order to discuss the T" = 0 properties of spin-glass systems of the spin 1/2 Ising type,
it might be convenient to introduce a generalized bond [195] which can take four different
configurations, namely the ferromagnetic (F) one (J;; = J > 0) with probability p, the
antiferromagnetic (AF) one (J;; = —J) with probability q, the absent (A) one (J;; = 0,
non frustrated) with probability r, and the frustrated (¢) one (J;; = 0, frustrated) with
probability s; obviously p + g+ 7+ s = 1.

The series algorithm for two edges (denoted 1 and 2) is the following:

Ps = Ppip2 T 192 (196.a)
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qs = Pig2 + p2qu (196.b)
Ts = T1FTy— T (196.c)
ss = (P4 @)sa+(p2+q)si+ 515 (196.d)

And the parallel algorithm is the following:

P = P1tpz—pip2— Pig2 — p2a (197.a)
b = @ 1q@—qqp—pg—pg (197.b)
Tp = TiT2 (197.¢)

(197.d)

Sp = P1g2 T p2q1 + 1182 + rasy + S182

we can easily verify that ps + ¢s + s + 85 = pp + ¢ + 7, + 5, = 1. Egs. (196a) and
(197a) reproduce the standard bond percolation algorithms if ¢; = ¢2 = 0. Eqgs. (196.¢)
and (197.c) also reproduce the bond percolation algorithms with (1-r) playing the role of
bond occupancy probability (this is related to the “hole effect” mentioned by Toulouse
[196]). It is interesting also to notice that the r = 0 subspace is a closed one (in the sense
that 1 = ro = 0 is equivalent to r; = r, = 0), as well as the ¢ = 0 subspace (¢; = g2 =0
is equivalent to ¢s = ¢, = 0); the same property does not hold for the p = 0 and the s =0
subspaces. Notice finally that frustration introduces great changes, which are reflected in
the very different algorithms for composing the r-variables and the s-variables, in spite of
the fact that the Ising coupling constant vanishes for both of them.

We illustrate now on the graph G of Fig. 18 the BCM corresponding to the present
problem. It is sufficient to calculate pg, g¢ and rg since s can be obtained through the
relation pg 4 gg + rq + sq¢ = 1. It we were to work through configurational analysis we
should have to consider 4° = 1024 configurations (4¥* in the general case). We proceed
instead as follows. We arbitrarily choose one edge of the graph, say edge-5, and use
multilinearity, therefore the probalibilty Psthat the graph has a ferromagnetic equivalent
bond is:

Pe =p(G) = Aps + Bgs + Crs + Dss (198)
where we have used the fact that bond-5 has to be in one of its 4 possible configurations;

A.B,C and D depend on all bonds excepting bond-5. Let us introduce the following
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notation: O---- 0 , O——=0 , OO and will respectively indicate ferromagnetic

(p = 1), antiferromagnetic (¢ = 1) and frustrated (s = 1) bonds. It immediately comes

that
A = (199.a)
B = (199.h)
1 2
C = p (199.¢)
3 4
D = p (199.d)
@,
+ rsp + ss5p @
~ (200)
+ (1 — Ps — q5)p (201)
(202)

Property (202) holds in general and could be stated as follows: “In the calculations of
p(G) of an arbitrary two-rooted graph, a fully frustrated bond (s = 1) can be deleted if
its deletion does not disconnected the roots”. This is due to the fact that both absent
and frustrated bonds are associated to a vanishing coupling constant, consequently, the
effective probability p of a graph being ferromagnetic is determined by the rest of the
edges of the graph. This property can be verified on Eqgs. (196.a) and (197.a), where it
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can be noticed the absence of the variables r and s. Eq. (202) generalizes into

p(G7) = p(GY) (203)

where j indicates that we are operating on the (arbitrarily chosen) j-th bond, and Gf
and G? denote respectively the j-th frustrated-precollapsed (s; = 1) and broken (r; = 1)
graphs.

Eq. (201) is generalized into the following algorithm:

p(G) = pip(GY) + 4ip(GHT) + (1 = pj — q;)p(GY) (204)

where G]F and G;‘F denote respectively the j-th ferro-precollapsed (p; = 1) and antiferro-
precollapsed (q; = 1) graphs. This algorithm recovers, for ¢; = 0, algorithm (81) with G]F
becoming the collapsed graph G¢.

In a totally analogous manner we obtain for the probalibity ¢(c) that the graph G has

an antiferromagnetic equivalent bond:
9(G) = piqg(GY) + ¢;9(GFT) + (1 = pj — ¢;)a(G)) (205)
where we have used the following property:
9(G2) = ¢(G") (206)

This equation is totally analogous to Eq. (202), and can be verified on the fact that Eqs.
(196.b) and (197.b) do not contain the variables r and s.
Finally the algorithm for the r-variable is that of bond percolation (Eq. (81)), with

bond occupancy probabilities (1 — r;), i.e.,
r(G) = (1 — rj)r(G;) + rjr(G?) (207)

wheres it appears r-variables only.

The recursive use of Eqs. (204) (205) and (207) (together with Eqgs. (196) and (197))
would enable the solution of an arbitrary graph, were it not for the fact that algorithms
(204) and (205) eventually lead, as a final product, to irreducible graphs exclusively con-

stituted by ferro- and antiferro-precollapsed bonds, whose solution we shall handle now.
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We assume a F configuration on the roots of the graph G (i.e., the spins on both roots
are parallel), and, considering all possible configurations for the internal spins (in general,
2N<=2 gpin configurations), we obtain the lowest energy, noted E*' and the correspond-
ing degeneracy, noted ¢g’. We then assume an AF configuration on the roots (i.e., the
spins on both roots are antiparallel), and consider oncemore all possible configurations for
the internal spins, thus obtaining the lowest energy, now noted £, and its degeneracy

g, We finally use the following set of rules (which will incidentally lead to a better
understanding of the big difference existing between absent and frustrated bonds):
(1) it BY < BAT orif EY = Eand ¢" > ¢*7,
then the graph is equivalent to a fully F-bond (i.e.,
p(G) =1 and ¢(G) = r(G) = s(G) = 0); (208.a)
(11) it BY > EAY or itBY = EATandg” < g7,
then the graph is equivalent to a fully AF-bond (i.e.,
q(G) =1 and p(G) = r(G) = s(G) = 0); (208.b)
(si1)  if BY = EAand ¢F = g7,

then the graph is equivalent to a fully ¢-bond (i.e.,
s(G) =1 and p(G) = ¢(G) = r(G) =0). (208.c)

We illustrate these rules on Table II for the b = d = 2 Wheatstone-bridge. The rules (208)
together with Eqs. (196), (197), (204), (205) and (207) completely close the procedure.
It is obviously much simpler than considering the 4™ bond configurations and, for many
among them, examining the spin configurations. However, it could in principle be even
simpler because it does not completely avoids some configuration analysis; indeed the
last step (rules (208)) demands, for each of the 2V¢ (at most) bond configurations of an
irreducible graph, the consideration of 2¥+=% (at most) spin configurations. An appreciable
improvement would be a manner of connecting each bond configuration of the graph (first
columm of Table II) directly with is equivalent bond (third column of Table I1) without
having to inspect the ground states (intermediate column of Table II), as this is a quite
time-consuming operator. We have not succeeded, and new attempts would be welcome.

The observation of Table II yields the following hints:
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(i) The equivalent bond is frustrated if and only if an odd number of the 2(¢c = Ny — N, +1
for a general connected graph) elementary plaquettes are frustrated, which in turn

happens if and only if the plaquette perimeter contains and odd number of AF-bonds;

(ii) Two configurations which can be obtained one from the other through F-bond =

AF-bond interchanges, correspond to the same equivalent bond.

As an illustration, we have solved [195] the graph of Fig. 19 with the BCM (this
two-rooted graph is self-dual, and will later on be used for RG applications for the square

lattice). We obtain

P = 24pg® — 24pg® — 30pg* + 84pq° — 12pq” + 18pg®
— 30p%¢* — 50p%¢® + 84p?qt 4 262p*¢° — 394p?¢°
+ 140p%¢" + 8p® — 12p%q — 26p°¢% + 36p°¢° + 398p° ¢*
— 832p°¢° + 400p°¢° — 6p* — 28pq + 60pr ¢
4+ 386p*q° — 973p* ¢t 4+ 612p*¢° — 6p° + 12p°¢ (209.a)
+ 218p°¢* — T48p° ¢ + 588p°¢* + 96p°q

— 376p%¢% + 372p°¢> + 12p" — 100p" q + 144p"¢* — 9p® + 28p%¢ + 2p°

¢ = 8¢°—6¢" —6¢° +12¢" — 9¢° + 2¢° — 12pg® — 28pq"
4+ 12pg® 4+ 96pg® — 100pg™ + 28pg® + 24p*q — 30p? ¢
— 26p%¢% + 60p*q* + 218p*¢° — 376p%¢° + 144p*q”
— 24p°q — 50p°¢* + 36p°¢° + 386p° ¢* — T48p?¢°
+ 372p%¢° — 30p*q + 84p*¢? + 398p*¢® — 973p* ¢
+ 588p¢® + 262p° ¢? — 832p°¢° + 612p° ¢t + 84p%¢ (209.b)

+ 394p5¢% + 400p°¢® — T2p7q + 140p7 ¢* + 18p°¢

ro= 8% — 6t —6r° 4 1207 — 9% 4 27 (209.c)

and

sSs=1—p —¢ -1 (209.d)
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The generalization of the present procedure to finite temperatures presents [195] non

trivial difficulties and will not be discussed herein.

3.3.4 Z(q) model

In this subsection we extend the transmissivity of the ¢-state Potts model in order to
cover the Z(q) model where the transmissitivity becomes a vector. The Hamiltonian of a
single bond (between sites ¢ and j) is given by eq. (9). With that bond we associate the
vector transmissivity T = (to,t1,---,t4—1) defined through [120]:

q—1

q .
2 2
Zexp Z 2K, cos sl exp(l raf)
p=0 =1 ? ?
ly = - (210)
- . 27 3y
Z exp 2K, cos
£=0 y=1 q
with K, = J,/kgT.
We immediately verify that ¢, is a real number which satisfies
t,=1 (211)
lo =t4—a (a=1,2,---qg—1) (212)

Consequently 1 contains ¢ independent components. The Potts model corresponds to the
particular case 1 =13 =+ =1,_1 = 1.

(1) —(2)

A series array of two bonds with transmissivities 7 and {  has an equivalent

—()
transmissivity ¢+  given by [120]

t) =1 (a=0,1,---,g—1) (213)
If the array is a parallel one, the equivalent transmissivity ?p is given by
+P)D _ t(al)Dt(2)D (@=0,1,---,g—1) (214)

where (for j = 1,2,p) ) = (téj),tgj) t((lj_)l) and its dual 9P = (t_gj)D,tgj)D, e ,t(j)?)

Y Y
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are related through

q—1
tgexp(—i2raf/q)
tozD = = g—1 (azovlv"'vq_l) (215)
tg
£B=0

and

Let us illustrate the series parallel algorithms with the Z(4) model. In this case we
have [125]:
) =W (o =1,2) (217)

for the series array,

tgl) _I_t§2) —I—tgl)t(;) _I_t§2)t(21)

(r) _

SR 2004 14D 14Dy (218)
and (1), 4 4 9y0,2)
t(2p) — t? —I_ t? —I_ 2t1 tl (219)
142008 {0y
for the parallel array, and finally [121, 125]
1—1
D 2
= = 220
D 42t 4+ 4y (220)
and
2T 42 + 1y
or equivalently
P ek 1 (222)
T 142D 44D
and
1— 20 +1t9
I e Wk} (223)

1+ 2tP 412

for the dual relations. In eqs. (217-223) the vector transmissivity ¢ = (1,11, %5, t3) is
defined as (see eq. 210):

1 — e 4G

- 1 + 2e—2(K1+2K2) 4 -4 (224.a)
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1 _ 26_2(I(1+2I(2) _I_ 6—41(1

= 1 + 2e—2(Ka+2K5) 4 o—4K: (224.b)

Now let us consider the general case corresponding to an arbitrary connected two-
rooted graph (G whose edges are associated with g-dimensional vector transmissivities
{£;}. Similarly to the Potts model (see eqs. 109), one can define the vector transmissivity
f(l,Z;G) = {T.(1,2;G), o = 0,1,---,¢9 — 1} between the roots 1 and 2 of G as the
transmissivity Z?eff of a single effective edge e.s; between 1 and 2 having an equivalent

Hamiltonian H.,(n1 — ng) given by [197]:
Ce—Heq(nl —ng)/kBT — Tr/{e—H(G)/kBT} (225)

where (' is constant and Tr’ denotes the trace over the configurations of only the internal
spins (on the unrooted vertices).

It has been proved [197] for any graph G that:

, N.(1,2;G)
T,(1,2;G) =< e~ 2rilm=ma)ale 5 _ 20002 1) =0,1,---,¢g—1 226
( = ) < € > D(G) (a ? 7q ) ( )
where < --- > stands for a thermal average involving all the spins on the graph G.

Analogously to the Potts model (see eqs. 111), the denominator D(G') (which is
independent of the roots and of the component «) of T, (1, 2; (7) is related to the partition
function Z(G) through [197, 198]:

Z(G) = BD(G) (227.a)

with

Ny (9-1
B— qNs—Nb H {Z e—He(Of)/kBT} (227.b)

e=1 a=0

where the product is over all the N;, edges {e} (e = 1,2,---, N}) of the graph G with
N vertices; to each edge e joining the vertices ¢ and j is associated the Hamiltonian
H.(a =n; —n;) given by eq. (9).

Concerning the numerators {N,(1,2;G)} (o =0,1,---,¢— 1) they satisfy [197]:

Na(172;G) :Nq—a(LZ;G) (Oé: 1727"'7q_1) (228&)
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and
No(1,2; ) = D(G) (228.b)
from which it follows that the relations (211) and (212) are valid, not only for an edge,

but also for an effective edge linking the roots of a graph G, i.e., for T,(1,2; ().

In the case of the Potts model, these numerators reduce, for a # 0, to [197]:
Ni(L,2;G) = No(1,2:G) = -+ - = Ny (1,23 G) = Nio(G) (229)

where Ni3((G) is the numerator of T12(() defined previously (see section 3.2.2). Conse-
quently the Potts model corresponds to the particular case Ti(1,2;G) = Ty5(1,2;G) =
T = q—1(172; G) = T12(G)'
Pair correlation functions can normally be written as the thermal average of some
function f(ny — ng) which depends only on the difference, mod-¢, of the state variables

n1 and ng. It has been shown that the Fourier decomposition of < f(nq — ny) > involves

T.(1,2;G) through [197]:

< f(n1 —ng) >= %z—:fq_aTa(l,Z; G) (230)

The above relation reduces, for the Potts model, to eq. (110) if one chooses f(n; —nz) =
[g6(n1 —n2) — 1] /(¢ — 1).
The generalizations of the factorization rules (115), (116) and (117) to the Z(¢) model

are given, respectively, by [197]:

No(1,2;G) = No(1,2;G1)D(Gy) (231)
No(1,2;G) = No(1,0G1)Ny(2,2; Gly) (232)

and
No(1,2;G) =T,(1,2;G) =0 (a=0,1,---,g—1) (233)

Notice that eq. (232) reduces to eq. (213) for two edges in series.

The extension to the Z(¢) model of the parallel algorithm (eq. 122) for effective
edges with vector equivalent transmissivities TW = {Nc(yl)/D(l), a=0,1,---,g—1} and
T = (N®/D® a=0,1,--+,¢— 1} is [197]:

V) = NN (@=0,1,--,q—1) (234.a)
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where, for j = 1,2, p, N, is the discrete Fourier transform of N,:

—

-
N, = Ngexp(—2miaf/q) (a=0,1,---,g—1) (234.b)

0

W
Il

Observe that, for an ordinary edge with vector equivalent transmissivity

t = (to,ty,---,t,_1), the ratio No/Ny equals P (o« = 0,1,---,¢g — 1). Therefore eq.
(234a) recovers eq. (214) for two edges in parallel.

With eqgs. (231-234) we can calculate pair correlation functions for the Z(¢) model on

any two-rooted graph G reducible in series and/or parallel operations. If the graph is an

irreducible one, we should use the following break-collapse equation [197] for ¢ > 4:

No(1,2;G) = (DU) + ( ZN ) o(1,2:G20) 4
Nleff 17 2’ GCC C _I_ Z (17 2’ be...c...b) (O{ — 07 17 . 7@) (235)

with the superscript ¢ in the last term occupying the 3™ position. Na(l,Z;ng“'b),
No(1,2; G5e¢) and N (1,2 G?b"'c"'b) are the N, of the respective broken (bb--- b, tgj) =
t(zj) = .. = tgj_)l = 0), collapsed (cc---¢; tgl) = t(zj) = .. = tgj_)l = 1) and the -
type precollapsed (bb---c---b; t(ﬁj) = tgj_)ﬁ =1 and t(wj) = 0 for v # 4,9 — /3,0) graphs.
Nc(yj)(oz =1,2,--+,¢—1) and DY) correspond, respectively, to the numerators and denom-
inator of the a-component of the vector transmissivity V) associated with the effective
edge j.
Notice that eq. (235) recovers eqs. (119) for the Potts model (where Nl(j) = NQ(j) =
- = ng) = N;). Furthermore the equation reduces, when j is an ordinary (i.e., non-
effective) edge, to the break-collapse equation conjectured by Mariz et al for ¢ = 4 [121]
and ¢ = 6 [199]. Let us make it explicit for the Z(4) model namely:

Na(1,2;G) = (1= t9)NL(1,2,G) + 1N, (1,2, G) (236)
+ (1) ) INLL 26 (a=0,1,2)
See, in Fig. 20, the standard Wheatstone-bridge graph, and its corresponding broken,

collapsed and precollapsed graphs where the break-collapsing has been done on the central

bond.
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The iterative use of Eqs. (217-219) and (236) yields, for the Z(4) model, the complete
answer for f(l, 2; () if we know the answer for that same graph with all its bonds being
precollapsed (last and unique non trivial element of the iterative chain). It has been proved
[197] that such a graph is precollapsed itself with the following attribution: #; = 0/2° and
ty = 2°/2¢, with the cyclomatic number ¢ = N, — N; + 1 for a connected graph G.

The BCM enabled a relatively easy solution for the graph of Fig. (20.a); the solution is

given [200] by T1(1,2;G') = N1(1,2; G)/D(G) and Tx(1,2; G) = Ny(1,2; G/ D(G) with

Ni(1L26) = Na(1,2.6) = 60657+ 8000 4 (000 P
HDRE) 4 0),(0,(0,) 44 (1),(0,(5),2)

2 "2 1 "1 "2 "2 1 "1 "1

(00 (9),8) L (2),(3),(5),(1) | (2),(3),5), ()

1 "1 "1 "2 1 "1 "1 "2 1 "1 "1 "2

HDD @) 02 (0,65) 4 4(8),0),(1),6)

2 "2 1 "1 "2 "2 1 "1 "2 "2

LT 40 C1 D B30 () (237.a)

+ + 4+ o+

No(1,2:6) = 0 LD 4 DD

2B oM P (DO

+ +

B O B0 C1 3y o9 (237.b)
and

D(G) = 14t i) 2P

OO 1 AP 4 DI

+ o+

(D DD BP0y (237.0)

Let us now focus on the Z(6) model where the equivalent vector transmissivity f(l, 2; ()
of an arbitrary two-rooted graph is given by T,(1,2;G) = N,(1,2;G)/(G) (r = 1,2,3).
Setting ¢ = 6 in eq. (235) and choosing an ordinary edge j, one obtains the following

break-collapse equation:

Na(1,2:G) = (1449 = — YN, (1,2; G20 4+ 1 NL(1, 25 o) + (238)

+ (Y = INL(1,2 G+ (1Y) = NG, 2,680 (a=0,1,2,3)
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See, in Fig. 21, the standard Wheatstone-bridge graph and its corresponding broken,
collapsed an precollapsed graphs, the j-th bond being the central one.

The iterative use of Eqs. (231-234) and (238) yields the complete answer for f(l, 2; ()
if we know the answers for all the associated graphs where all of its bonds are precollapsed.
An arbitrary graph G yields in general, for the Z(6) model, 2™ such associated terminal
graphs (noted {G,}) as each one of its bonds can be either of the precollapsed-2 or of
the precollapsed-3 type.

In this case there are no simple formulae for the T,(1,2;G,.) (o = 1,2,3) such as
those mentioned for ¢ = 4. Their calculation involves the explicit enumeration of certain
mod-6 flows on G,. A model-N flow qgon any graph (G is defined as follows (see ref.
[139]). First, consider an arbitrary directing of the N, edges ey, €, -, en, of G and then
associate to each edge e; a value ¢; which takes on the N values 0,1,---, N — 1. Define

an incidence matrix S for each vertex 7 and edge e by:

1 if e is directed into j
Sie = —1 if e is directed out of j (239)

0 if j is not a vertex of e

We say that qg = (¢1, P2, - &n,) is a mod-N flow on G if for each vertex j there is a

conservation condition mod-/N given by
Ny

06; = Sjede =0 mod-N (240)
e=1

q;is a rooted mod-N « flowon G if (240) applies to all unrooted vertices and if, in addition,

there is an external flow « entering at root 1 and leaving at root 2, in other words:

—a ifj=1
Id; =14 +a ifj=2 (241)
0 otherwise

The particular case of & = 0 corresponds to a mod-N flow.
Concerning our problem of calculating T,(1,2; G}, ), it has been proved [197] that
No(1,2;Gpp) (o = 1,2,3) is the number of rooted mod-6 o« flows such that the flow on

any precollapsed edge of type 2 must be 0,2 or 4 and the flow on any precollapsed edge of
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type 3 must be 0 or 3. D((G,, ) corresponds to the particular case of zero external flow, i.e.,
D(G,.) = No(Gpr). An example of a terminal graph G/, with 2 and 3 precollapsed edges
of respective types 2 and 3 is shown in Fig. 22. In this example there is only one mod-6
o flow for a fixed external flow a(a = 0,1,2,3) and therefore T,,(1,2,G,,) = (5, 1. 1) for
this specific terminal graph.

We have presented in Fig. 23 the 14 non equivalent associated G, graphs of Fig. 21
(a) with their respective T,(1,2;G,.) (o = 1,2,3). As an illustration of the use of the
Z(6) BCM we present below the result obtained for the graph of Fig. 21 (a) with all

transmissivities equal among themselves and given by (1, 2,t3), namely [199]:

Ni(1,2; G) = 2083 + 15 + 3t342 + 1545 + 2t + 2t tots + 2tytots + 3tTtots + 2 t5ts + 111515}
(242.a)

No(1,2; G) = 2454245 11 + 5ty + 20515 + Aty + At tots + 25t 9t 2 + 6Tt ot s + 4t ot + 4t Tt ot 3
(242.b)

N3(1,2; G) = 2{13 + 43 4+ 2(4315 + 1515 + 1715) + 4(titats + titats) + 2471513} (242.0)

and
D(G) = 148 AL 42054267+ 205 H 15 +20 Lo+ AT F A U+ AL ot 2+ A8 12154215 (242.d)
where ; is related to the coupling constants through (see eq. 210):

tl — t5 = [1 _I_ e—([{1+3]{2+4]{3) _ 6—3(1(14—1(2) _ 6—4(I(1+I(3)]/D0 (243&)

t2 — t4 = [1 _ e—([{1+3]{2+4]{3) _ 6_3(1(1-'_1(2) _I_ 6—4(I(1+I(3)]/D0 (243b)

t3 = [1 _ 26—(1(14—3]&"2{—4](3) _I_ 26—3(1(1{—1(2) _ 6_4(I(1+I(3)]/D0 (243C)

with
DO — 1 _I_ 26—(1(1{—3](24—4](3) _I_ 26—3(1(1{—1(2) _I_ 6—4(I(1+I(3) (243(1)

For a general fixed value of ¢ the BCM for the Z(¢) model consists in applying eqs.
(231-235) as many times as needed to arrive at terminal graphs G, with all edges pre-
collapsed. Such graphs contain, at most, (¢ — 1) differents types of precollapsed edges.
The calculation of their corresponding N,(1,2;G) (o = 0,1,---,q) requires, except for
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g = 4, the explicit enumeration of all rooted mod-¢ flow on G, with the constraint that
the flow on each precollapsed edge of type 3 (5 = 2,3,---,¢) can take only the values
0, Borq—p.

There has been also established [197] a generalization, to the Z(¢) model, of the
subgraph break-collapse method for the Potts model [133]. In ref. [197] it is argued that an
alternative break-collapse equation, which uses fixed-flow bonds rather than precollapsed

ones, leads to an algorithm more efficient than the BCM.

3.3.5 The Discrete Cubic Model

As we mentioned in section 1.2.4, the discrete N-vector model (or the N-component cubic
model) is an interesting particular case of the Z(2N) model. It contains many importannt
limiting cases (e.g, self-avoiding walks, spin 1/2 Ising model, the Ashkin-Teller model and
the Potts model) and it reduces to the Ising and Z(4) models for N = 1 and 2 respectively.
In this subsection we particularize the vector transmissivity and the BCM of the previous
section to the case of the discrete cubic model.

Let us recall that the dimensionless pair Hamiltonian can be written as [42]:
H;; = = = =
ﬁ = —NKS;-S; — NL(S; - 5;)* (K = J/kgT, L =Jy/kpT) (244)
B

where the N-component unit vector S; can point in one of the 2V directions (positive

and negative) of the N-dimensional orthogonal axes, i.e.
S = (+1,0,---,0) or (0,£1,0,---,0) or---(0,0,0,---,41) (245)

When the pair interaction energies H;j(a = n; — n;) (o = 0,1--- 2N — 1) of the
Z(2N) model become highly degenerate such that

Hij(l) = HZ']‘(Q) == H”(N — 1) = H”(N + 1) = ... = HZ']‘(QN — 1) (246)

then one recovers (see [47]) the N-component cubic model with dimensionless coupling

constants K and L given by:

Hii(N) — Hi;(0) = 2NkgT (247.a)
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and

Hij(l) — H”(O) = N([X’ + L)kBT (247b)
In this case the Z(2N) spectrum of (N + 1) levels became reduced to only 3 levels (VN) :
H.;(0) and H;;(N) having, each one, a degeneracy 2N and the other level (corresponding

to the case given by eq. 246) has a degeneracy (4N? — 4N).
Substituting eqgs. (246) and (247) in the definition of  (eq. 210) we obtain that:

1 — ¢—2NK
tl _= t3 T e e . — t?N—l — 1 _I_ 2(N — 1)6—N(I{+L) _I_ e_le( = tl (248&)
and
1 — 9e—N(K+L) —2NK
tg — t4 — = tQN_Q - ¢ —I_ ¢ (248b)

1+ 2(N — 1)e-N(E+D) § =2NK =1
showing that the N-component cubic model has a vector transmissivity ¢ = (t1,t2) with
only 2 different components.

The series and parallel algorithms of 2 edges continue to be given by eqgs. (213) and
(214) respectively where now the dual vector transmissivity 12 = (12, ¢0) is [46, 47]

VL NG (N = 1ty

(249.a)

and

ty = 249.b
2 14 Nt A+ (N = 1)ty ( )

The parallel algorithm #1») = (tgp), t(zp)) can be obtained directly through [46, 47]:

o _ B0+ 1 (N - DY + (0] (250.2)
! 14+ N (v — 1y

and

o i N (v o
2 (1),(2) (1),(2) (250.h)
L+ Nyt + (N = Dty

Using eqs. (226) and (230) one can show that the equivalent vector transmissivity

f(l,Z; G) ={T1(1,2; G), T4(1,2; )} between the roots 1 and 2 of a graph G is:

N(1,2;G - =
Tl(l,Q,G) = % =< 5.5 > (251&)
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and L
) _ N2(172,G) . <N(Sl'52)2—1 >
TQ(I,Q, G) = D(G) = N1 (251.b)

The factorization rules (eqs. (231-233)) are not modified in the case of the cubic
model, while the parallel combination of graphs is given by eq. (234a) where now the

discrete Fourier transforms N, are [47]:
D(G) = No(G)=D(G)+ NN (1,2;G) + (N —1)Ny(1,2;G)  (252.a)
Ny(1,2;G) = D(G) = NN{(1,2;G) + (N — 1)Ny(1,2; ) (252.b)

and

N.(1,2;G) = D(G) — No(1,2;G) (Ya#0or N) (252.c)

The break-collapse, for the cubic model, (eq. (235)) reduces to [47]:

No(1,2,G) = (DY = NI NG (1,2, G%) + NI NG (1,2 G5°) +

+ (NP = NINL(1L,2:G5) (a=0,1,2) (253)

where G, G and G* are the broken (tgj) = t(zj) = 0), collapsed (tgj) = t(zj) = 1)
and precollapsed (tgj) = O,t(zj) = 1) graphs and the edge j has a vector transmissivity
P =t =NY/D0, 1 = NP /DV),

Notice that, unlike the break-collapse equation for the Z(2N) model (eq. 235), eq.
(253) allows the calculation of T,(1,2; ) as a function of N rather than for a specified
value of N. Furthermore, instead of (N — 1) precollapsed graphs generated by the appli-
cation of eq. (235) to the Z(2N) model, there is only one precollapsed graph (independent
of the value of N) generated by eq. (253).

The iterative use of eqs. (231-233), (234a), (252) and (253) (which constitutes the
BCM) leads to the calculation of f(l, 2; () for any two-rooted graph (& provided that we
know f(l, 2; G,,) for that same graph with all its bonds being precollapsed. It has been
proved [47], similarly to the Z(4) model, that such a graph is precollapsed itself with the

following attribution:

Ti(1,2;Gpr) = 0/NC and Ty(1,2; G, ) = N°/N° .
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The application of the BCM to the graph of Fig. (20a) for the homogeneous case
where the vector transmissivities are all equal to & = (t1,1,) leads to [47]:
Ni(1,2;G) = 287+ 27+ 6(N — 1)tjt; +2(N — 1)(N = 2)t5¢5 +

+ 4N — D)tity +2(N — 1)*5t; (254.a)

Ny(1,2; G) 25 4+ 25 + Nt} +5(N — 2)t; + 4Ntity + 2N(N — 2)tt5

+ N(N - 1)t‘11t2 + (N = 2)(N — S)tg (254.b)
and

D(G) = No(1,2;G) =1+ 2Nt +2(N — 1)i5 + Ntj + (N — 1)t; + (N — 1)(N — 2)i5

+ 2N(N — D)t + N(N — 1)tty (254.c)

Let us also mention that the modifications of the subgraph break-collapse algorithm

of the Potts model necessary for dealing with the cubic model are described in ref. [47].
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4 REAL-SPACE RENORMALIZATION-GROUP AP-
PROACHES

Since the formulation of the renormalization group formalism by Wilson in 1971 [201]
(see also [202]), we have witnessed an explosion of theoretical studies focusing the sta-
tic (and dynamic) properties associated with critical phenomena occuring in all types
of cooperative systems (geometrical, thermal and mixed statistical systems). Two main
flows can be distinguished which only differ methodologically, but not in the essence of
the formalism. We refer to reciprocal-space and real-space techniques. The former use
Field Theory mathematical tools, which typically substitute the crystalline system by
its continuous limit (vanishing crystalline parameter), and therefore loose the particular
structural information (e.g., no distinction remains between simple cubic, FCC and di-
amond structures). As a natural consequence, these techniques are normally unable for
predicting values for critical points, critical lines, phase diagrams generally speaking. But
in compensation they naturally provide analytical, and quite well controlled, asymptoti-
cally exact results for the critical exponents (v, 3,7, etc) which characterize the various
universality classes of the equation of states and correlation functions. Typical such re-
sults are the ¢ — 0 expansions (d = 4 —e,d = 1 4+ ¢,d = 2 + ¢) for arbitrary n, and
n — oo expansions for arbitrary d, for the n-vector model (d and n being respectively the
dimensionalities of the space and of the field therein defined); also the ¢ = 6 — d expansion
for uncorrelated non-directed percolation. Quite generally speaking, the e-expansions can
in principle be done (see e.g. [203-204]) for d = d, —e,d = dy + ¢ and d = ds + ¢, where
d, is the upper critical dimensionality above which all (static) critical exponents equal
their classical, Landau-like, values, (e.g, d, = 4 for the n ferromagnetic model, d, = 6 for
uncorrelated non-directed percolation, d, = 5 for uncorrelated directed percolation); d,
is the lower critical dimensionality below which no critical phenomenon occurs at finite
values of the relevant external parameter, for instance T' > 0 for thermal transitions,
1 —p > 0 for percolation, p being the bond (or site) concentration (d; = 1 for the ¢-state
Potts ferromagnet, d; = 2 for the Heisenberg ferromagnet); finally, d; = 2s is a special

dimensionality for which [31] some s-simplex models are self-dual (e.g, s = 1 might be the
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bond Z(q) ferromagnet, which includes the Potts model as a particular case, s = 2 might
be the plaquette Z(¢) ferromagnet and so on). The n — oo (spherical model) asymptotic
behaviour as well as the long range interaction case (see, for instance, [206] as well as
[207-210]) have been analytically studied, for arbitrary d, along similar lines.

The other main flow concerns the real-space techniques. Within these techniques, the
renormalization is based upon cells which are finite along at least one direction, their (lin-
ear) size being characterizad by b (in units of the crystalline parameter). The expectation
is that the lattice under study can be recovered in the b — oo limit. The RG recursive re-
lations are established by renormalizing a b-sized cell into a b'-sized cell, with & < b. The
b — oo extrapolations are typically done with constant &’ or with constant b— b (the latter
is a procedure which normally presents faster convergence towards the infinite lattice re-
sult, as illustrated in [211-213] and Appendix). These techniques are capable of predicting
both phase diagrams and critical exponents (and even full equations of states and similar
thermodynamical functions), the treatment of the small sizes (both b an ¥ comparable to
unity) being in general quite simple from the operational stand-point. However the re-
sults are in most cases only approzimate; to achieve precision, b — oo extrapolations (not
always operationally simple) are quite often unavoidable. Furthermore, the estimation
of errors is typically quite less controlled than in the reciprocal-space techniques, as the
results for finites b and ' might strongly depend on the shapes and symmetries chosen
for the cells, as well as on the variables retained for the construction of the RG parame-
ter space. For the real-space techniques, much more than for the reciprocal-space ones,
applies Wilson’s remark [214] “that achieving a reduction to subproblems of manageable
size is a challenge and an art”. To the illustration of this challenge and this art we devote
the present Section.

Within the statistical equilibrium static properties of a system, two classes can be dis-
tinguished, namely phase diagrams and state functions. A phase diagram is represented
in the space of the external parameters of the problem (temperature, concentrations, cou-
pling constants, electric and magnetic fields, stress), and appears as a partition of the
physically accessible parameter-space into two or more regions corresponding to the equi-

librium phases of the system, these regions are separated by critical fontiers (e.g., critical
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point, line or surface in a one, two-or three-dimensional parameter-space). Within the
recursive RG framework the regions appear as attractive basins, each of which being as-
sociated with an attractor, typically a fixed point (named trivial fired point), but whose
nature might be more complex (see, for instance, [215, 216]); the critical frontiers separat-
ing these regions appear as lower dimensionality attractive basins which present at least
one unstable direction (in the full parameter-space), and are associated with semi-stable
attractors, typically (but not necessarily) fixed points (named critical fixed points, each
of which determines the universality class of its attractive basin). A critical frontier might
present more than one attractive basin, in turn separated by multicritical frontiers (even
lower dimensionality and more unstable regions); critical frontiers are commonly singular
on their multicritical regions, the singularities being characterized by crossover critical
exponents and amplitudes. Typical phase diagrams and their RG flows are illustrated on
Fig. 24. A state function X is a statistical equilibrium quantity defined in the parameter-
space {Y,} described above; examples of state functions are the free and internal energies,
specific heat, equation of states, susceptibility, surface tension and correlation length.
The equation of state contains an important particular case, namely the behaviour of
the spontaneous order parameter, i.e., the dependence, on its relevant parameters, of the
order parameter at vanishing value of its thermodynamically conjugate parameter (e.g.,
the thermal behaviour of the magnetization at vanishing external magnetic field for a
standard ferromagnet). The state functions are singular (X non analytic in {Y,}) on
the critical frontier, where they typically (but not necessarily) vanish or diverge. The

singularity is commonly characterized by its critical exponents and amplitudes as follows:
X Xon Y A, YO (VYL W) (255)

where {Y°} is a critical point (e.g., M ~ Ay(T. — T)? in the T"— T. — 0 limit, and
X ~ AT —T.]7 and & ~ A§E|T —T.|7" in the T" — T, £ 0 limits, for a standard
ferromagnet). Within the attractive basin of a critical fixed point, {a,} do not vary with
{Y°} but {A,} (as well as X.) in general do.

The RG formalism is essentially based on the fractal structure [217, 218] normally

exhibited by the system at its critical frontiers. Consequently, what is commonly done
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is to establish a recursive relation which transforms the parameter-space {Y,} into itself.
The RG flow enables then the determination of the phase diagram (numerically most of
the time, but also analytically occasionally), as well as of some critical exponents (typically
the corrrelation length, magnetic field and crossover critical exponents noted v, yy and ¢
respectively) through the linearization of the recursive relation in the neighbourhood of
the various semi-stable or fully unstable fixed points. The rest of the critical exponents
{a,} can be determined through scaling and hyperscaling relations (e.g., a + 28+ v = 2,
vy =v(2—-1n),2—a=dv, etc). However if to the {Y,} RG equations we add recursive
relations for one or more state functions (Xi, Xz,---,), we can directly obtain not only
the {a,} but also the {A,} and (Xi., Xac,---). Furthermore, if the recurrence scheme
for the X-variables is conveniently constructed, we can obtain their dependence on {Y,}
for the entire parameter-space, and not only in the neighbourhood of the critical frontiers
(where the fractal structure strictly holds). The results can be quite good approximations,
which can be systematically improved. This is not so surprising if one takes into account
that very frequently the critical phenomenon, whenever it exists, is of such importance
that its effects remain heavy even far away from the critical point (e.g., for T" >> T,
or T << T. for thermal phase transitions): this fact can be verified in a variety of
theoretical and experimental situations [219-222]. The first treatment of a state function
of a Hamiltonian system, for the entire parameter-space, is due to Niemeijer and van
Leeuwen [223]. Since then, several alternative procedures (either more direct, or enabling
the calculation of subextensive quantities such as the surface tension, or deviced for non
Hamiltonian systems such as the geometrical ones) have been proposed [224-228], [134].

We discuss the phase diagram (and associated critical exponents) and the state func-
tion problems in Section 4.1 and 4.2 respectively; finally, we treat in Section 4.3 the phase

diagram problem associated with complex systems, namely those presenting interfaces.

4.1 Phase diagram and critical exponents

This subsection might, in some sense, be considered as the central part of the present
review as it is here where we apply the exact cluster calculations presented in Section 3

to treat, with RG techniques, various pure and random Potts-like models. In 4.1.1 we
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exhibit in detail how to construct the RG recurrence in the parameter-space by preserving
appropriate correlation functions; in 4.1.2 we summarize similar procedures (the phenom-
enological, Monte Carlo and mean field RG’s) which have been applied with success to
several problems; finally in 4.1..3 we compare the correlation function preserving and the

phenomenological RG's.

4.1.1 Correlation function preserving RG

g-state isotropic Potts ferromagnet on the square lattice

Let us consider the ¢-state isotropic Potts ferromagnet on the square lattice described

by the dimensionless Hamiltonian (a particular case of eq. (1))

—OH =qK Z bo;,0; + constant (o; =1,2,---,¢,V1i) (256)
<t,7>
where < 2,5 > runs over all pairs of first-neighbouring sites of a square lattice and K > 0.

We recall that the corresponding thermal transmissivity associated to each bond is given

by

1 — e 9K
L+ (qg—1)e ok

We choose, for instance, a two-rooted graph G, with roots 1 and 2 (we could similarly

t

teo,1] (257)

choose three — or higher-rooted graphs) whose chemical length (number of bonds of the
shortest path between the roots) is b, and a smaller two-rooted graph G’ (also noted Gy)

whose chemical length is " < b. We then renormalize one into the other by imposing

Ty omFHG(K) _ B, (K) (258)

3,4, ,NL 3,4, ,Ng

which implies that the equivalent transmissivity Ti2(t, Gp) of the graph G equals the
equivalent transmissivity T12(#, Gy) of the graph G, hence the two-body correlation
function I';y (see definition 101) between the roots is preserved [139]. In other words,
Eq. (258) implies that

Tia(t', Gy) = Tha(t, Gb) (259)

Any reasonable choice of the graphs G, and G’ will admit ¢ = 0 and ¢ = 1 as trivial
(stable) fixed points characterizing the paramagnetic (P) and ferromagnetic (F') phases
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respectively; in between, another fixed point, critical (unstable) this time, will exist at
t = t' = t},,, which will be an approximation of the critical point ¢, we are looking for.
The expectation is that

exact __ 12 *

17 = blirg Ty (260)

b <b

The calculation of the correlation length critical exponent v proceeds as follows. Lin-
earization of Eq. (259) at t},, yields

dTlg(t/, Gb/)
dt’

dTlg(t Gb)
/ * Y
|t;b, (" = th) ~ .

i, (0= 1) (261)

On the other hand, the original and renormalized correlation lengths (¢ and ¢’ respectively)

are approximately given by

¢ A* t— 15, +0 262
W (t — 15y ) (262.a)
and
! A* ' —t,, +£0 262.b
£~ [ (t" — 15, £0) (262.b)
hence
v =t dTyo(t, Gy)/dt |
3 i N‘ 2(t, Gv)/ (263)
¢ T=1, dTralt, G) dt |,

where we have used Eq. (261). Finally, if we take into account that /& = b/b" we obtain

that
dTyo(t, Gy)/dE[™? b
- - _ 264
‘ dTlg(t,Gb/) +* b/ ( )
bb!
hence
In(b/¥b
Vppt = H( / ) (265)

ln dT12(t,Gy)/dt
dT12(t,Gpe)/dt

®
tbb/

which is an approximation of the critical exponent we are looking for. The expectation is

that

l/mad = lim Vppt (266)
b—oo

b’ <b
To treat the square lattice we can consider the tamily of two-rooted graphs presented in
Table II1. The expectation (over which we will come back later on) is that the square lattice

is obtained at the right-lower corner of this table (b — oo, N — o0). In the phenomelogical

RG approach (section 4.1.2) the expectation is to achieve that limit through strips (b —
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oo, N finite). In the present approach we shall work along the b = N diagonal because
its graphs are self-dual and therefore very adapted to the square lattice, self-dual itself.
This choice yields, for all b and b" < b, the exact critical point, i.e., 13, = 1. = 1/(\/g+1).
One can easily prove this as follows. Consider eq. (259) evaluated at the fixed point
t =t =1}, namely
Tha(t3y, G ) = Tha(tiy, Gb) (267)
Applying the duality transformation to both sides in the case of self-dual graphs (i.e.,
Gé) =G and Gy = Gg) and using eq. (131) one obtains that:

_ 1 =Tty Ge)
1+ (¢ — 1)Tha(ty,, Gy)

Suposing that there is only one phase transition (and hence t},, = tgj), eq. (268) evaluated

T30, Gio) (268)

at the critical point t. together with eq. (267) leads to:
1 — Tlg(tc, Gb/)
Tyo(te, Gly) = 269
12lle: O) = T T 0, G (269)

from which it follows that Tyy(t.,Gy) = 1/(\/q + 1), and in particular for " = 1 corre-

sponding to a single bond one gets that t. = 1/(,/q + 1) which coincides with the exact
critical point of the Potts model on the square lattice.
The equivalent transmissivities between the roots have been calculated through the

(computer-implemented) BC'M, and are given by
b2 +(b—1)2
> gt

Tho(t, Gy) = bijb_nz (b=1,2,--") (270)

L+ > dilg)t'

1=3

where the {n;(¢),d;(q)} are given in Table IV.

The correlation length critical exponent is given by

In(b/)

Vppt = W (271)
where A\, = [dT12(1, Gb)/dt]tzl/(\/m) can be expressed as follows:
Ly
Zaiqm
A = =2 (272)

) ibiqi/z
i=0
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where (;(myp) is the maximum value of the integer ¢ which appears in the numerator
(denominator) of A, such that a; is non-null; {a;, b;} are given in Table V' (see [107]). The
various approximations for v(q) are presented in Fig. 25 and compared to the exact result
[91]. We also present, in Table VI, the numerical results corresponding to ¢ = 1,2, 3 and
4, as well as the ¢ — 0 and ¢ — oo asymptotic behaviours.

We remark in Fig. 25 that nothing happens in the neighbourhood of ¢ = 4 which
could indicate a tendency of the transition to become a first-order one above ¢ = 4.
This is in great contrast with the exact q-dependence of v (see Fig. 25), and can be
considered as a very strong suspicion that expectation of Eq. (266) is not verified for
all values of q. However, our calculations are ezact for the two-rooted graphs we have
been considering: what is it wrong? What happens is that we have implicitely replaced
our Bravais square-lattice (translationally invariant) by a family of hierarchical lattices
(scale invariant). For instance, our (b,0) = (2,1) RG approach is exact [64-66] for
the hierarchical lattice indicated in Fig. 26, whose intrinsic fractal dimensionality d; =
In Ny/Inb (N, = aggregation number=number of bonds; see [128, 229]) is given by d; =
In5/1In2 ~ 2.32 (whereas the dimensionality of our Bravais lattice is d = 2). Our result
for v(q) implies that, for the hierarchical lattice, the transitions are of the second order
for all values of ¢. This is a good illustration of the kind of limitation that might appear
in real-space techniques. We shall verify (in Section (4.1.2)) the same limitation in the
phenomelogical RG. As a matter of fact, as far as we know, only very recently appeared
[230] a real space RG (the finite size scaling R(), for the pure Potts ferromagnet, which
recovers the first-order transitions for ¢ high enough (see [231] for a RG approach where
this fact can be recovered if a model larger than the pure Potts ferromagnet is assumed).

Before closing the discussion of this model (which can be treated along similar lines for
cubic and hypercubic lattices [227]) it is worth mentioning (without proof) two interesting

properties of hierarchical lattices:

(i) Hyperscaling hopefully holds as follows [229] (at least for the Potts ferromagnet):
2—a=dsyv (273)

where « is the specific heat critical exponent [66, 232] and df = InN,/Inb, N,
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being the number of bonds (N, = (d — 1)bd_2(b —1)? + b* for the d-dimensional
hypercubic-like hierarchical lattices generated by the two-rooted graphs indicated
in Fig. 11; notice that limy_., d; = d). Some arguments which are consistent with
Eq. (273) can be found in Refs. [128],[233-236]. Eq. (273) has been numerically
verified for the Potts ferromagnet on the d = b = 2 Wheatstone bridge hierarchical
lattice (for ¢ = 2 see [229], for a general value of ¢ see [237]), on diamond-type
(Fig. 12f), in the left, contains the simplest one) hierarchical lattices (¢ = 2 [238],
for any ¢ [237]) and on Sierpinski Gasket-type three-rooted hierarchical lattices
(¢ = 2 [239]). Furthermore, it has been proved analytically [152] for the three-state

antiferromagnetic Potts model on a diamond-type hierarchical lattice family.

(ii) For the Potts ferromagnet on Wheatstone-bridge-like hierarchical lattices we can

verify (see note added in Ref. [229]) that

lim v(q) = — (274)
g—0 ds

which implies, through Eq. (273), lim,—., a(¢) = 1 (thermodynamical upper limit).
This property is illustrated in all the examples of the type v; appearing in Table
VI. It is however violated for other types of hierarchical lattices (see, for instance,

Table VII): the full comprehension of this point is presently missing.

g-state anisotropic Potts ferromagnet on the square-lattice:

In this case, the dimensioless Hamiltonian is given by
—BH=q Y Kibro  (0i=12-,qVi) (275)
<t,7>
where K;; equals K,(K,) if < i,j > are first-neighbour sites along the z-axis (y-axis)
of a square lattice, and vanishes otherwise; K,, K, > 0. This problem generalizes that
presented in Eq.(256); it also contains, as a particular case, the d = 1 case.
To treat this problem, it should be convenient to work with a family of graphs satistying
(i) the self-duality of the square lattice (to ensure the exactness of the critical line), and
(ii) the one-dimensional topology of the linear chain in the special cases K, =0 or K, =0

(to ensure the correct d = 1 « d = 2 crossover). Such family does exist (see Fig. 27): it
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has been introduced for the isotropic bond percolation in Ref. [240], then extended to the
anisotropic bond percolation in Ref. [241] (where it was first noticed that it conveniently
reproduces the d = 1 limit), and finally generalized [136] to the anisotropic Potts model.
It is this last work the one we follow here. We shall work with transmissivities ¢, and {,
(respectively related to K, and K,). We note Ti5(t,,1,,G,) the equivalent transmissivity
between the roots 1 and 2 associated with the b-sized graph of the family indicated in
Fig. 27. Then the RGyy is constructed through:

le(t;,, t;, Gb’) = le(tls, ty, Gb) (276&)
le(t;, t;,, Gb’) = le(ty, tw, Gb) (276b)

with b = 3,5,7,--- and & = 1,3,---,b — 2, and where we have used the t, = {,
invariance of the lattice. The expression of Ti2(,,1,, Gi3) can be found in eq. (12) of ref.
[136]. The RG flow for all (b,¥) is indicated in Fig. 28, and yields the exact critical line
ty = (1 —1,)/[1 + (¢ — 1)t,] for all ¢. The RG flow is consistent with universality, in
the sense that the anisotropic Potts ferromagnet on the square-lattice has the same set of
critical exponents of the isotropic case, presenting a crossover phenomenon at the d = 1
limit ((¢;,%,) = (1,0) or (0,1)).

The v exponent for the anisotropic case is given by

~ In(b/b)
N hl()\b/)\b/)

Vppr

(277)
with

dTy(t,t, Gy
)\b = %h:l/(\/ﬂ-l) (278)

where we have implicitely used the fact that ¢, = ¢, is an invariant subspace of the present
RG (i..e., t, = t, implies t}, = 1] ). The results are presented in Fig. 4 and Table VIL.
In the d = 1 limit, say ¢, = 0, Eqs. (276.a) and (276.b) respectively become (¢/)" =

(t,)> and 0 = 0, hence
~In(p/b)  In(b/¥)
B ln(%)tmzl B In(b/¥) = (279)

dts

Vppr

which is the ezact result.

Before closing the discussion of the present model, let us mention that:
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i) The RG4 results are exact for the corresponding hierarchical lattice (the RG3; case
is illustrated in Fig. 29 for t, # t,). The intrinsic fractal dimensionality of these
lattices is given, for ¢, =t,, by dy = 2, Vb.

i1) The present RG framework uses graphs with odd valus for b and &', and can therefore
describe antiferromagnetic situations (negative K, and/or K,) considerably well.
In particular, for the ¢ = 2 model, it exactly preserves the square-lattice equiva-
lence between the K, > 0 and K, > 0 ferromagnet and the K, < 0 and K, < 0
antiferromagnet (for instance, it is perfectly consistent with the 7" = 0 fully anti-
ferromagnetic order associated with the K, < 0 and K, < 0 model). For arbitrary

values of ¢, see refs [3, 4, 101] for further information.

g-state anisotropic Potts ferromagnet on the simple cubic lattice

The dimensionless Hamiltonian is given by Eq. (275), where K; equals now K,, K,
or K, if < 1,7 > are first-neighbour sites along the x—, y— or z-axis of a simple cubic
lattice, and vanishes otherwise; K, K, K, > 0. This problem generalizes the anisotropic
square-lattice Potts model just discussed. It is therefore convenient to use graphs which
themselves generalize those used for the d = 2 case. This generalization has been achieved
in Ref. [104] which we now follow.

We only consider the RG'3; framework, the corresponding b = 3 graph being indicated
in Fig. 30; its equivalent transmissivity will be noted Tis(t.,1,,1.,Gs) (its numerator
and denominator are polynomials with thousands of terms, which have been calculated
through computer implementation of the BCM). The RG'5; relations are the following

ones:

t = Tty ty,t.,G3) (280.a)
ty = Tty b1, G3) (280.b)
t; == Tlg(tz,tls,ty,Gg) (280C)

These equations reproduces Eqs. (276) for t. = 0 (or equivalently ¢, = 0, or £, = 0).
()

Before presenting the results, let us define a convenient variable s, introduced in ref.

[93] which extends the s-variable defined for plane graphs in eq. (134) to d-dimensional
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lattices, namely:

Infl + (g — D)h(d)L.]
[l + (¢ — Dh(d)]

where the dimensionless number h(d) depends sensibly on d and very slightly on the

s = @) =

[}

€0,1] (a=u=x,y,2) (281)

particular d-dimensional lattice; h(2) = 1 for the square lattice and A(3) = 0.377 £ 0.044
for the simple cubic lattice [93].

The results for the critical surface are indicated in Figs. 31 and 32 as well as in Table
VIII. The table includes the direct RG' results as well as high precision extrapolated ones
(the extrapolation method consists essentially in “pushing” the RG value of the point
for the isotropic simple cubic lattice Potts model up to the best available value for that
particular value of ¢); the quality of the extrapolation can be checked on Fig. 33 where,
whenever possible, comparison with other high precision methods is done.

The calculation of the eigenvalues of the Jacobian associated with Eqs. (280) (eval-
uated on the relevant fixed points) provides various critical exponents. The d = 1 fixed
point (e.g., (8z,8y,8.) = (1,0,0), where we use for convenience the s-variable defined in
Eq. (134)) yields ¢12 = ¢13 = 1 (¢12 and ¢35 are respectively the d = 1 «» d = 2 and
d =1 < d = 3 crossover exponents), which are the exact results. The d = 2 fixed
point (e.g, 3;2),352),522)) = (1/2,1/2,0)) yields, besides the previously presented d = 2
value for v, the d = 2 « d = 3 crossover ¢y3 (see Fig. 34b). The d = 3 fixed point
Pr (8z,8y,8.) = (3&3),39,5&3)), where st is the critical point, expressed in the variable

defined in eq. (134), corresponding to a given value of ¢, yields the d = 3 critical exponent
vs =In3/In A (A = eigenvalue along the (1,1,1) axis): see Fig. 34a.

Isotropic quenched bond-mixed g-state Potts ferromagnet on the square-lattice

In this case, the dimensionless Hamiltonian is given by eq. (275) where the pair

coupling constants K;; has the following probability distribution:
P([X’”) = (1 — p)&([(” — [(1) + p5([(” — [(2) (282)

where K1, Ky > 0,0 < p <1 and < ¢,7 > run over all pairs of firts-neighbour sites on a

square-lattice. Eq. (282) can be rewritten in terms of transmissivities as follows:

P(1) = (1= p)é(t — t2) + pb(t — 12) (283)
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with 0 < 1,45 < 1.

Particular cases of the present problem (e.g., ¢ = 2, diluted model, i.e., K1 = 0)
have been treated [242, 157, 159, 160, 135, 243] on their own right. We present here
the quite general approach followed in Ref. [107], in which the b = 2 Wheatstone-bridge
(Fig. 11(b)) graph is renormalized into a single edge. The transmissivity Ti2({r;}, G) of
this graph G for arbitrary elementary transmissivities ry,r2,-- -, 75 (see Fig. 35) is given
[135, 107] by eq. (151). This expression deserves a quick comment before going on: if we
take ry = ry = t,t,,r0 =13 = [to+ 1, + (¢ —2)t,:t,]/[1+ (¢ — 1)t.t,] and r5 = 1,, Eq. (151)
reproduces Ti5(t,, 1, Gs) of Eq. (276a).

Let us continue now. If we associate the 2 delta distributions (283) with each one of
the 5 edges of the graph, we obtain the distribution Pg(t1,12) given by

Gltnt) = Y > e Y (L=p)"p [t = Tua({ri}, G)) (284)

r1=t1,t2 r2=t1,t2 r5=11,t2

where m equals the number of bonds with transmissivity ¢; which appears in a particular
configuration of {r;} (among the 2° possible ones) we are considering. Pg has 2° = 32
terms; however, some of them being repeated, it finally comes out to be a 14 delta

distribution whose explicit form is:
(1. 1o) = Z My(1 — p)™p® ™8 (t — ty(11,13)) (285)

where the multiplicity factors {M,}, the exponents {m,} and equivalent transmissivities
{t;} are presented in Table I of ref. [107]. If we were to iterate once more, we would
obtain a distribution with a number of deltas comparable to 14° = 537824. Even followed
through computer, the problem quickly becomes untractable. We must therefore make
and approximation. Two (at least) different schemes can be followed. The first one
(introduced by Young and Stinchcombe [244] for random-resistor problems) consists in
replacing the successively renormalized distribution by histograms (with a partition of the
interval [1, 0] for ¢ in, say, 100 smaller intervals) which are followed through the iterations
until they arrive to fixed forms, characterizing the para- and ferro-magnetic phases as well
as the critical frontier separating them. The preliminary tests [245] of this procedure for
the present problem have been succesful; it has been used [246] to discuss the relevance

of randomness, on which we will come back later on.
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The second approximative scheme (herein followed) consists in artificially holding the
renormalized distribution within its original parameter space. This means, in the present

case, a 2 delta distribution P’(t) given by

Pty = (1= p)a(t — 1) + /(1 — 1)) (286)

where (p/,1),1,) are functions of (p,t1,12) to be determined. A simple and natural way
for determining these functions is to impose that the lower momenta (first, second and
third momenta in the present case where we have 3 free parameters) of the distribution

are preserved. To be more precise, we impose

<g(t) >p = <g(t) >p, (287.a)
<WF>p = <[g0)] >p, (287.b)
<[ >p = <[g) >p, (287.¢)

where ¢() is a function to be chosen quite arbitrarily (thus yielding to different approx-
imations). If g(¢) is conveniently chosen the present scheme can provide high-precision
results for the critical surface, while being, on the same foot, computationally much sim-
pler than the first scheme. let us write explicitly Eqgs. (287):

U= +0ds = D - > (1=p)"pP "g(Tn({r},G)

r1=11,t2 r5=1t1,t2

F(p. g1, 92) (288.a)

(1= p)[gh]? + p'lgs)

= 3 Y U T (Tl i) )P

r1=11,t2 r5=1t1,t2

G(p, 91, 92) (288.b)

(1=p)al + ples)’

= 3 3 U (Tl ). )P

r1=11,t2 r5=1t1,t2

H(p, g1.92) (288.¢)

where g; = g(t) (i =1,2).
Note that, for the pure model (p = 1, Vi1, or p = 0, Vi3, or t1 = 15, Vp) eqs. (288)

become one and the same equation, namely

t' =Tt t,t,6,1,G) (289)
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where the right hand site of eq. (289) is equal to that of eq. (128), thus conveniently re-
producing the RG recurrence of the pure model. There is another particular case, namely
that of pure percolation (T = 0), in which we would like to recover the corresponding
one-parameter case. This can be done by choosing for ¢(¢) a monotonous function of ¢
such that ¢(0) = 0 and ¢(1) = 1. Then, the percolation limit (e.g., {1 = 1 and #, = 1)

makes Eqs. (288) to become one and the same equation, namely
p = Pua(p, G) (290)

(where Pi2(p, () is given by eq. (84)), which is the bond percolation RG recurrence (¢ = 1
particular case of Eq. (289)).
The solution of Eqs. (288) is given by

L2

ro= 291,

p EE (291.a)

¢, = F+IVK (291.h)

1

6 = FF; VK (291.¢)
where

K=G—-F*>0 (292)
and

= VH =3FK — F3)2 + 4K3 — (H — 3K F — F?)
- 2K3/?

(293)

The upper (lower) signs in Eqgs. (291.b) and (291.c) are to be used in the region #; >
to(th < t3) hence J; > Jo(J1 < J2). Eqgs. (291) are explicit RG recursive relations, and
therefore completely close the operational problem once the function ¢(#) is chosen. The
simplest choice is g(t) = ¢, and already is an extremely satisfactory one (for instance, the
estimated error, in the t-variables, for the critical line of the diluted model is nowhere
larger than 0.5%). However, even better results can be obtained with g¢(t) = s(¢) given
by Eq. (134).

The critical surface evolves very slowly with ¢ if represented in the (p, s1,s2) space
(as also happened in ref. [100]); see the ¢ = 2 result in Fig. 36. The present RG' yields
the following exact results: (i) pure ferromagnet critical point for all ¢ (Eq. (35)); (ii)

pure bond percolation critical point p. = 1/2 for any ¢; (iii) equal concentration model
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(p = 1/2) critical line for all ¢ (Eq. (54)); (iv) ds/dp slope at the p. = 1/2 limit of the
dilute model critical line for all ¢ easily derivable from Eqs. (53) and (134)); (v) critical
surface for ¢ = 1 given by eq. (6) of ref. [107] (i.e., a generalized form of the Kasteleyn
and Fortuin theorem [16] is recovered). The ds/dp slope at the p = 1 limit of the dilute
model critical line (whose exact result is derivable from eq. (52)) exhibits an error which
increases from 0% to 1.5% while ¢ varies from ¢ = 1 to ¢ = 4. For arbitrary points of the
(still unknown) critical surface, this RG yields results whose precision certainly is very
high (see Fig. 37 and, for numerical values, Ref. [107]).

The RG flow presents, for all ¢, two equivalent fully unstable fixed points at p = 1/2
((s1,82) = (1,0) and (0,1)) characterizing the percolation universality class. The rest of
the critical surface belongs to the pure ferromagnet universality class if ¢ < ¢*, where ¢~
is a value which depends on the particular graph under consideration (see Fig. 36 for the
RG flow corresponding to ¢ = 2 < ¢*). For ¢ > ¢*, a new universality class, namely the
random one, appears through a pitchfork bifurcation of the p = s; = s, = 1/2 fixed point
which becomes fully unstable while generating two semi-stable fixed points. The two new
fixed points are equivalent, remain on the equal concentration critical line (p = 1/2),
and symmetrically become further and further apart while ¢ increases above ¢*; they are

located at (p,s1,s2) = (3, s,,1—s,) and (3, 1 — s,,5,) (see Fig. 38).

2

The calculation of the Jacobian d(p/, s}, s5)/0(p, s1,s2) at the relevant fixed points
enables, through its eigenvalues Ay, Ay and A3, the knowledge of various critical exponents.
At the pure percolation fixed point one has that Ay = Ay = A3 = A, > 1 for all values
of ¢. Consequently, the percolation crossover exponent ¢, = 1 (exact result), and the
correlation length critical exponent v, = Inb/In A, reproduces the ¢ = 1 values of Table
VI. At the p = s; = s5 = 1/2 pure Potts ferromagnet fixed point, A\; = 0.5 for ¢ € [1,10];
Ay = Ay > 1 for all ¢, consequently v, = Inb/In )\, (see Fig. 39); As é 1if ¢ é q-,
consequently we can calculate the pure ferromagnet crossover exponent ¢; = In A3/ In A,
for ¢ > ¢ (see Fig. 40). Finally, at the random fixed point, Ay < 1 for all ¢ > ¢*, Ay =1
for ¢ = ¢* and decreases for ¢ > ¢*, and A3 = A\, > 1 for all ¢ > ¢*, which enables the
calculation of v, =1Inb/In A, (see Fig. 39).

Let us now turn our attention into an interesting related problem, namely the Harris
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criterion [247], which essentially states that, for a random ferromagnet on a Bravais lattice,
randomness is relevant (irrelevant) in the sense that it determines (does not determine) a
new universality class — different from the pure model one — if the pure ferromagnet specific
heat critical exponent «y is positive (negative). Does this criterion hold for hierarchical
lattices? The answer is [248] that not necessarily. More explicitely, o, > 0 implies rele-
vance of the randomness, but relevance of the randomness does not imply a; > 0. In what
follows we illustrate this point through the quenched bond-random Potts ferromagnet we
are interested in. We know [229] that, for an hierarchical lattice, 2 — ay(q) = ds14(q). We

denote by ¢. the value of ¢ which satisfies ay;(¢.) = 0, hence

nlq.) = 2/d; (201)

For the generalized Wheatstone-bridge graphs we are dealing with we obtain ¢. ~ 5.911,

5.218 and 4.829 for b = 2,3 and 4 respectively. On the other hand, we recall that ¢* is,

by definition, the threshold above which randomness is relevant. The value ¢* satisfies
Ny

ale(tl,"',th,Gb) .
> [ pn =1 (295)

Py ———
where Th5(t1,- -+, tn,, Gp) is the equivalent transmissivity of the graph G (with NV, bonds)
we are working with, and t. is the fixed point, i.e. t. = Tia(tc, -+, 1, Gb). Eq. (295) follows
immediately from condition (7) of Ref. [248]. We obtain ¢* = 5.3 and 4.9 for b = 2 and
3 respectively (see Fig. 41). We see that 3 regions can be distinguished, namely ¢ < ¢*
(o < 0 and randomness is irrelevant), ¢* < ¢ < ¢. (o < 0 and randomness is relevant)
and ¢ > ¢. (a; > 0 and randomness is relevant). Finally it is worth noting that our binary-
approximated RG' yields the exact ¢* as given by Eq. (295) (this is a consequence from the

obvious fact that for infinitely small randomness, the error involved in our approximation

is infinitely small as well).

Isotropic Directed bond percolation on the square lattice

We consider a square lattice of double opposite-directed bonds, and note p(q) the
independent occupancy probability of the “up”-and “right”-directed (“down”-and “left”-
directed) bonds: see Fig. 42. To study its criticality we shall renormalize the graph of
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Fig. 17(a) into a single double opposite-directed bond [28]. The RG recursive relations
are [28]:
p/ = Pl?(pv q, G) = f(p7 q) (296&)

and

¢ = flqg.p) (296.b)

where Pia(p, ¢, G) is given by eq. (195).

The flow diagram is represented in Fig. 43. Four phases are observed, namely the double-
way percolating (Py_), two single-way percolating (Py and P_) and the non-percolating
(NP) ones. At p = ¢ = 1/2 we have a a multicritical point whose universality class
is that of the isotropic bond percolation (with v = In2/In(13/8) ~ 1.43); to be more
precise, this is correct for all directions except along the p + ¢ = 1 direction, for which
v =1n2/In(3/2) ~ 1.71 (see [28] for further discussion). The rest of the critical lines
belong to the universality class of the directed bond percolation (with v ~ 1.54); four
critical (semi-stable) fixed points are present, namely at (p,¢) = (p.,0), (0, p.), (1,1 — p.)
and (1 — p., 1) with p. >~ 0.555.

T =0 spin-glass on the square lattice:

We consider a quenched bond-random spin 1/2 Ising model on a square lattice, the

probability law for the coupling constant being given by
P(Ji;) = pé(Jij = J) + a6 (Jij + J) + 16(Ji5) (297)

with J >0, 0 <p,¢q, r <1 and p+ ¢+ r = 1. We want to study, through RG, its (still
unknown, to the best of our knowledge) phase diagram at vanishing temperature.

It is intuitive that this parameter space (characterized by (p,q,r)) is not invariant
under renormalization: for instance, the point p = ¢ = 1/2 (hence r = 0) clearly will
introduce frustration. This frustration is essentially different from dilution, and therefore
it cannot be taken into account just by allowing for r = 1 —p—¢ # 0: the renormalization
of most points of the p+ ¢ + r = 1 space will produce p+ g+ r < 1. We shall then work
in a larger space, by phenomenologically introducing a frustration variable ¢, allowed to

take the values ¢ = 1 (fully frustrated bond) and ¢ = 0 (non frustrated bond). The
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probability law (297) will consistently be enlarged into the following one:

P(Jijs ¢i5) = po(Jij — 1)é(¢ij) + q6(Jij + J)6(4;)
+ r6(Jij)o(0i) + s6(Ji;)8(i; — 1) (298)

with 0 < p,¢,r,s < 1 and p+ g+ r+ s = 1. Our final aim is the s = 0 model: it just
happens that it is not a RG invariant subspace.

We shall adopt the composition laws described in subsection 3.3.3, and choose the
graph of Fig. 19 to be renormalized into a single bond (characterized by (p/, ¢, ', s’)).
This choice, besides its convenient respect of self-duality, exactly preserves the well known
isomorphism between pure ferromagnetic and pure antiferromagnetic spin 1/2 Ising model
on the square lattice (this isomorphism is violated by the b = 2 Wheatstone bridge graph,
as can be immediately seen from a ground state analysis; e.g., see the all-ferromagnetic
and the all-antiferromagnetic configurations of Table II). The RG recursive relations are
those of Eqgs. (209). We present the results [195] on Fig. 44 (r = 0 invariant subspace),
Fig. 45 (full (p,q,r) space) and Fig. 46 (s = 0 cut of Fig. 45, i.e., the p+g+r =1
plane, non-invariant subspace). The RG presents four trivial (fully stable) fixed points,
namely at p =1, ¢ = I,r = 1 and s = 1, (the remaining components being zero in all
the 4 points) respectively characterizing the ferromagnetic (F), antiferromagnetic (AF),
paramagnetic (P) and spin-glass (SG) phases. In addition to the pure percolation and
pure Ising model universality classes, we observe a new one associated with the critical
(semi-stable) fixed point on the F-SG frontier (or equivalently on the AF-SG frontier).
Finally, we obtain p. 2~ 0.93 (defined on Figs. 44-46), which compare well with the results
yielded by other methods [249, 250].

The present approach could possibly be improved or generalized (to finite temperature,
for instance) by allowing ¢ to take values between 0 and 1 as well. For example, the rules
(208) could be replaced, in the E" = A case, by less rigid ones, in the sense that ¢
could be a continuous function of ¢*" and ¢*¥ such that ¢ = 1 if ¢ = ¢ and ¢ ~ 0
if g >> g% or ¢f << ¢4 (eg., ¢ = 1 — |g&" — ¢'|/(g" + ¢g*T), or similar ones).
Such attempts, if successful, could enlighten the present view of d-dimensional spin-glass

systems.
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Isotropic Z(4) ferromagnet on the square lattice

Let us consider the Z(4) model with first neighbour interactions on a square lattice.
The pair Hamiltonian is given by eq. (67) where J; > 0 and J; + 2.J5 > 0 (ferromagnetic
case). We shall work with the convenient variables ¢; and t5(¢, € [0,1]; a = 1,2) defined
in eqs. (224).

This problem has some interesting particular cases, namely, the 4-state Potts fer-
romagnet (f; = t3) and three equivalent versions of the spin 1/2 Ising ferromagnet
(to = t3; t1 = 0 and ¢, = 1). We shall treat it within a RG where the b = 2 Wheatstone-
bridge graph is renormalized into a single bond [121]. The RG recursive relations are
quickly obtained from Eqs. (237) by considering that all five transmissivities are one and

the same. Hence

2418+ 2(1 4 )M + 4833
/= t ] 2. 12 (299.a)
L+ 85+ 268 + 4(1+ 83)8 + 265(83 + t])
and
2B 1)+ 86t + 20513 + 1) (299.1)

Pl 20 AL+ B)6 + 20(13 + 1)

The corresponding phase diagram is presented in Fig. 10 (in both ¢y vs. ¢t; and kgT'/.J4
vs. (J1 + 2.J3)/.J; representations). Three phases are observed, namely the paramagnetic
(P; Z(4) symmetry), the intermediate (I; Z(2) symmetry) and the ferromagnetic (F; fully
broken symmetry) ones. The Potts (]5) as well as the three equivalent Ising critical points
I, (a =1,2,3) are exactly located; the same happens with the P — F' critical line (which
coincides with eq. (68)). The P — I critical line (and its dual, the F'— [ critical line) is yet
unknown: the present RG approximation could well be an excellent approximation. The

main asymptotic behaviours in the neighborhood of the respective Ty, I3 and p points are

the following ones:
ty ~ (V2=1)—ct? [(c=2(3v2—=2)/7 ~ 0.64] (300)
ty ~ 1=d[(V2=1)=t]—e[(V2-1)—1,]° (301)
[d=2/(V2—1)~483 ; e=c/V2(V2—1)" ~154]
and
ly~1 — 2t % f(1/3 —1)° (302)

[f ~ 982;¢ =1In(27/13)/In(17/13) ~ 2.7245]
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With respect to the ] correction in Eq. (300), Zittartz [251] argues it should be, for the
square lattice, a t] one. With respect to the thermal critical exponent v, the results are as
follows: (i) at all three Ising points v = In2/In(2y/2 — 1) ~ 1.149 [v (exact) = 1]; (ii) at
the Potts point, v = In2/1In(27/13) ~ 0.948 [v (exact) = 2/3]; (iii) the [ — F and [ — P
lines belong to the Ising universality class as expected; (iv) the P — F' line belongs to the
[sing universality class in disagreement with the known result [122] given by eq. (69) (this
error could possibly disappear in the increasingly large-cluster limit). It is clear, however,
that all the present results are exact for the associated hierarchical lattice.

For the present or other Z(q) systems, various similar RG approaches are available in

the literature [252-255], [125, 199]

Isotropic discrete cubic ferromagnet on the square lattice

We consider the N-component cubic model with first neighbor interactions on a square
lattice. Its dimensionless pair Hamiltonian is given by eq. (244) where K’ > 0and L > — K
(ferromagnetic case). This model contains some interesting particular cases, namely the
2N-state Potts ferromagnet (1 = t3), the N-state Potts ferromagnet (¢; = 0), the spin
1/2 Ising ferromagnet (N = 1 Viq,1q; 13 = 1 VN), the Z(4) ferromagnet (N = 2 Vi, 15)
and the self-avoiding walk (L =0 and N — 0).

We shall treat this problem in a RG framework where the b = 2 Wheatstone bridge
graph is renormalized into a single edge [46]. Associating the vector transmissivity ¢ =
(t1,12) defined in eqs. (248) to each edge of this graph (' one obtains the following

recursive relations:

, Ni(1,2;G)
and
, No(1,2;G)

where N,(1,2; G) (o = 1,2) and D(() are defined in eqs. (254). These equations, when
expressed in the variable K and L, coincide with the expression (14)-(18) of ref. [46]. The
corresponding phase diagrams for typical values of N are shown in Figs. 47 represented
in both ¢y vs. t; and kgT/Jy vs. (J1 + J3)/J; variables. Similarly to the Z(4) model

(which corresponds to N = 2 in our model), there are three phases for any given value of
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N, namely the paramagnetic (P, characterized by the fully stable fixed point ¢; =, = 0),
the ferromagnetic (F; characterized by the attractor t; = ¢t = 1) and the intermediate
(I; whose attractor is (t1,%2) = (0,1)) ones. The appearence of the non physical P — [
critical frontier for N = 1 (Ising model) should be considered as spurious; as expected the
physically meaninful critical temperature for N = 1 does not depend on Jy/.J; (see the
“horizontal” line in Fig. 47b). For any fixed value of N, the Ising, the N-state and the
2N-state critical points are exactly located. Besides these ones, there is a fourth critical
point corresponding to the cubic one ((#1,%2) = (17,15) whose transmissivities can be seen
in Fig. 3a of ref. [46]) which governs the transition P — F for N < N* ~ 6.9 and becomes
completely unstable for N > N*. At N = N* a special multicritical point emerges as
the 2N-state Potts and the cubic fixed points collapse; at this value of NV these two fixed
points interchange stability (a quite common phenomenon in fact).

Concerning the critical exponents, the thermal one vp(N) and the crossover exponent
#(N) are shown in figs. 48(a) and 48(b) for the 2N-state Potts and cubic ferromagnets
respectively. In particular, vp(N) of Fig. 48(a) reproduces the values vy of Table VI for
the Wheatstone-bridge hierarchical lattice Potts model with ¢ = 2V states.

Although neither the critical frontier nor the critical exponents of the cubic model are
known analitically, there have been many approximate calculations (see for example [46],
[256] and references therein) indicating that the cubic phase transition (P — F') becomes
a first order one above a certain value N, of N (for example, Nienhuis et al [44] found
N. = 2 using variational renormalization group techniques). As the present RG led to only
continuous transitions, we expect that the present results are good approximations, for
N < 2, for the square lattice and are, surely, exact for the Wheatstone-bridge hierarchical
lattice.

Similar RG techniques have been used [257, 48, 258, 50] for the discrete cubic model

in more general situations.

4.1.2 Other real space RG approaches

Several other real space RG approaches are available in the literature, e.g, the Monte

Carlo RG (MCRG), the Mean Field RG (MFRG), the Effective Field RG (EFRG), the



- 95 - CBPF-NF-046/95

Finite Size Scaling RG (FSSRG) and the phenomenological RG.

The MCRG combines Monte Carlo computer simulations with RG techniques. Since
the first suggestion of Ma [259] in 1976 for combining these two methods, different ap-
proaches to the MCRG have been developed and applied with success to a variety of
systems. For discussion and illustration of these approaches the reader is referred to
the excellent review by Swendsen [260], as well as the subsequent references [261-264].
The MFRG combines the standard Mean Field Approximation with RG techniques. The
results obtained up to now are frequently not very accurate and it does not fully satisfac-
torily describe crossovers from one universality class to another. But on the other hand,
the procedure is operationally simple, and can therefore be useful for a first analysis of
complex systems. For a critical discussion of this method and list of references before
1987, the reader is referred to [265], see also [266-276] for more recent applications. The
EFRG [277-280] consists on a further improvement along the same line. Finally, the use
of now standard ideas on finite size scaling has enabled recently the formulation of an
interesting real space RG, the FSSRG, which presents various advantages (see [281] for
details) and that has been tested on a variety of models [282-284], [230].

We address now with some detail the phenomenological RG ([285] and references
therein). It enables high accuracy calculations of critical points, exponents (also equations
of states) of a variety of d = 2 physical systems. It can be also used for d > 2, but, similarly
to any other real space RG, the precision decreases when d increases.

The system to be considered is a long strip in d = 2 (a long bar in d = 3) whose length
equals that of L unitary cells and whose width equals that of N unitary cells. (typical
values are L ~ 100 — 10000 and N up to 10 — 20). Several boundary conditions can be

used, the periodic ones being the most usual. The partition function 7 = Z e M

configurations

of such system can be written ([30] and references therein) as follows

2=Y Mo (304)

conf. 1=1
where ¢ refers to the ¢ — th column (¢ — th plane in d = 3), |¢;) denotes its configuration,
and T is the transfer-matriz given by T' = e "™ where H; is the Hamiltonian which

contains all the bonds of the 1 — th column as well as those which connect the : — th and



- 96 - CBPF-NF-046/95

(¢ + 1) —th columns. Using the property
Y el =1 (305)
config.a
we obtain

Z = (6|T""| ) (306)

In what follows let us assume periodic boundary conditions, hence
Z=TrT" (307)

For the Potts model T'is a ¢ x ¢" matrix whose structure can be considerably simplified
by using various symmetry properties. We note A; and Ay the largest and the second

largest eigenvalue of T'. Then, in the I — oo limit, it can be shown that

7 = Ak (308)

and
-t 309
v = In(A/Az) (309)

&n being the correlation length characterizing the spin-spin correlation function at long
distances within the strip with width N. Within the finite size scaling picture [286] it is

assumed, for sufficiently large N, that at T,

Ev x N (310)
hence, by using two different widths,
Y (311)

This equation determines an approximate value for T.. The corresponding approximation

for v is given by

-1 _ n[(den/dT)re/(dEx/dt)z,]
B In(N/N")

Many alternative phenomenological procedures have been deviced (see [287-294] and ref-

~1 (312)

erences therein) but they all follow along the lines of what has been exposed herein. Also,

in general, N >> 1 extrapolations enable refined accuracy. We present in Fig. 49 the
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result obtained [295, 296] for the square lattice Potts ferromagnet. We notice that the
results for the g-evolution of v are very precise for ¢ < 4; however, nothing is detected
which could reveal that the phase transition becomes of the first-order for ¢ > 4. This is
to be attributed to the loss of validity, for such transitions, of Eq. (310).

4.1.3 Connection between the correlation function preserving RG and the

phenomenological one

As stressed in the previous sections, the correlation function preserving RG is exact for
hierarchical lattices, while it is expected to be a more or less performant approximation
for systems on Bravais lattices. Here we reproduce recent arguments [46] which clarify the
nature of this approximation by making explicit the connection between the correlation
function preserving RG and the phenomenological one.

To avoid unnecessary complications, let us focus on the particular case of the d = 2
Ising model. We can omit vector notations and represent simply by 5; = £1 the spin at
site ¢.

Successive clusters of the Wheatstone-bridge family are reported in Figs. 11(a)-(d)
(the corresponding b = 1, 2 and 5 clusters on the square lattice are shown in Fig. 50). On
each of these clusters (with b(b — 1) internal spins), the summation procedure leading to
the renormalized coupling constant K’ can be interpreted as the calculation of an interface
free energy for blocks of the type indicated in Fig. 50. The spins on the upper and bottom
horizontal sides of the block are left out of the summation. Indeed, if we indicate by {5}

the configurations of the internal spins of the cluster (i.e., other than S; and S3) we have:

K512t o o mPHESESLS:) - ZS152(K) (313)
{s}

where ¢ is an appropriate spin-independent term. From Eq. (313) we obtain that
1
[(/ = ](/([(, b) = 5[11'1 Z_|__|_ —In Z_|__] (314)

This means that K’ is nothing but the dimensionless excess free energy produced by fixing
the horizontal sides to (+) and (—), compared to the case in which both sides are fixed,

say, to (+). By definition of the (dimensionless) surface tension o, we thus have

K'(K,b) = (b—1)o(K, b) (315)
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where o(K,b) is expected to become independent of b in the b — oo (thermodynamic
limit).

From finite size scaling [286, 297] we expect, for K ~ K, and b — oo,
oK) ~ 5 on(b/ e () ~ 1/E(K. ) (316)

where €. (K) is the correlation length of the infinite system, og is a scaling function with
00(0) # 0, and £(K, b) is the correlation length in the finite block.

If we now define, as often done [68], [135-138], [141-147], [159-167], a renormalized
coupling constant K., corresponding to a linear rescaling factor b/0' (8" < b), through the

following cell recurrence relation
K'(Kyen,b') = K'(K, b) (317)

it follows, from Egs. (315) and (316) and for large b and ¥', that
X
E(Kyen, V') = 7 E(K,D) (318)
This is nothing but the definition of renormalized coupling constant in a phenomeno-
logical approach [285]. It is clear that various choices can be done for cells to be used.
In particular, the standard choice in the phenomenological approach is finite x infinite
strips, whereas here we are using finite x finite self-dual clusters. In view of the nice con-
vergence of results generally obtained with phenomenological renormalization methods,
the preceding arguments justify the usual strategy of improvement of the results herein
obtained (as well as in similar treatments) as that of considering cell to cell transforma-
tions K — K., like in Eq. (317), with both b and & becoming increasingly large (as is
usually done in the phenomenological RG).
The above derivation can of course be generalized to the case of dimensionality d # 2,
and to models different from the Ising one.
Summarizing, we see that the procedure we have used here should not be interpreted
as another type of decimation RG approximation. Indeed, although we impose the cor-
relation function to be preserved, we do so between the roots of the graphs, which corre-

sponds to imposing the surface free energy to be preserved in the Bravais blocks, whereas
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in the decimation procedures what is imposed is the preservation of the correlation func-
tion between two sites of the Bravais lattice. This makes a substancial difference since
the decimation procedures, unless conveniently handled, bring along intrinsic difficulties
related to the spin rescaling [223]. This difficulties do not exist in the present approach.

The present analysis makes clear that the well known limitations of the Migdal-
Kadanoff-like approaches are not due to the fact that correlation functions are preserved,
but rather to the fact that diamond (or tress) choices for the graphs lead, even for large
clusters, to topologies which are not at all those of the Bravais lattices which are supposed

to be approached.

4.2 Equation of states and other thermodynamical quantities

We address here the RG calculation of quantities which are defined on the space of the
external parameters of the problem. Niemeijer an van Leeuwen [223] have shown how
quantities like specific heat, order parameter and susceptibity can be calculated with
success in Bravais lattices. However, within their procedure, poliferation of coupling
constants is normally observed, which in turn implies in a certain degree of arbitrariness
on the choice of those to be taken into account. We shall discuss here RG procedures
which frequently avoid this difficulty, but which on the other hand describe hierarchical
lattices rather than the Bravais lattices we might be interested in. In practice, we shall see
that this restriction is often unimportant, as both types of lattices behave very similarly
in many respects. Also, the lower-order approximations of the RG procedures which we
intend to describe here are, operationally speaking, as simple as Mean Field calculations,
though yielding results which are, both qualitatively and quantitatively, largely superior.

To illustrate this type of approach we shall calculate, for the Potts ferromagnet at
all temperatures, the free and internal energies, specific heat, spontaneous magnetization,
longitudinal surface tension and correlation length. In all cases, to the RG recursive
relations in the parameter space (obtained, for instance, through the correlation function
preserving procedures), we add recursive equation (s) corresponding to the quantity (ies)

we want to calculate.
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4.2.1 Free energy, internal energy and specific heat

We follows along the lines of Res. [298, 229], where more details can be found than given
here. The dimensionless free energy per site of the d-dimensional Bravais lattice scales,
within the RG, as follows:

FOK) = b F(KY) + g(K) (319)

where K and K’ are, respectively, the original and renormalized dimensionless coupling
constant of the model, and ¢g(K) is the standard background term (see [223, 227, 298] and
references therein). On the other, at the graph level, the preservation of the correlation

function imposes (see Eq. (258))
6H12(R/)+K6 :3T.7;\7 6H12...Ns([() (320)

where by the Hyy and Hiz...y, we respectively denote here the dimensionless Hamiltonians
of a single bond and that of the two-rooted graph that has been chosen to approximate
the Bravais lattice. K’ is the additive term that has to be included in order to allow
for the zero-energy renormalization. This equation completely determines K’ = K'(K)
and K = KJ(K). We introduce now a proportionality factor D(K) (to be determined)
through the relation

g(K) = D(K)K\(K) (321)

If we shift the zero-energy point by adding an arbitrary value AK to the (dimensionless)
energy associated with each bond (A is an arbitrary constant), f transforms according to

f(K) — f(K)+ AKd and consequently the preservation of equation (319) implies

9(K) — g(K) 4+ M[K — b K'(K)] (322)
At the graph level, the preservation of Eq. (320) implies

KY(K) — KY(K) + AW K — K'(K)] (323)

If we impose now that Eq. (321) remains form-invariant under uniform translation of
the energy scale (i.e., D(K) does not change with A) in a similar manner to the Maxwell

equations which are form-invariant under the Lorentz transformation, it immediately
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follows that

b K — K'(K)]

D(K) =
(K) = Jidi v = k(R
This equation formally closes the operational procedure as (together with Eq. (321)) it

(324)

provides ¢g(K'), which (combined with Eq. (319)) enables us to calculate the free energy
and consequently the internal energy and specific heat.

It we are studying the hierarchical lattice generated by the chosen two-rooted graph,
then d is replaced by d; (see [229] for a detailed discussion of this point), hence D = d;b=%

becomes a purely topological number, thus yielding
FUR) = b (K 4+ dy K () (325)

Note that ds plays in this expression the same role that d (which is equal to the number
of bonds per site) plays in the standard recursive relation associated with a d-dimensional
Bravais lattice (see also Refs. [65, 66]).

If we are interested instead in a hopefully closer approximation to the d-dimensional
Bravais lattice, then D(K') contains both topological and thermal information; typically
D(K) smoothly and monotonously varies from D(0) = db=% to D(cc) = db=4r(1 —
1/b)/(1 —b~1+%=4s) when K increases from zero to inifinity [298]. If the family of hierar-
chical lattices is appropriately chosen, one should expect lim d; = d, hence D(K) ~ db?
for all values of K in the b — oo limit.

The consequences of the appararently innocuous form-invariance hypothesis for Eq.
(321) are quite interesting. Indeed, specific heats which present (within RG frameworks
that are similar but that do not allow for proper dependence of D on K') negative values for
large regions of K" become automatically (without introducing any adjustable parameter)
positive for all finite temperatures when recalculated within the present scheme.

The Potts ferromagnet has been studied [298, 229, 221] with the generalized Wheatstone-
bridge graphs. The results obtained are indicated in Figs. 51-53. In particular, Fig. 53
has been obtained by performing C'/kg(¢—1) = C, in the ¢ — 1 limit (see Kasteleyn and
Fortuin results [16]).

The analytic discussion of the present equations shows that the high-temperature
expansion for the specific heat recovers, for increasing b, more and more terms of the

expansion which is exact for the corresponding Bravais lattice.
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4.2.2 Equations of states

We calculate here the magnetization as a function of temperature at vanishing external
field (the extension to arbitrary values of the field is feasible along the same lines [299]).
The present procedure follows along the lines of [228] and enables the calculation of the
magnetization directly, without going through that of the Gibbs energy.

We consider a d-dimensional hypercubic lattice of linear size [ with Potts interaction
between first-neighbouring sites. In the I — oo limit, the order parameter M can be
defined as M = Np(K)/L?, where N(K) is the thermal canonical avarage number of
sites whose spin is pointing along the easy magnetization direction (say, the o; = 0
axis, arbitrarily chosen among the ¢ equivalent states along which the symmetry is to be
broken) minus the number of sites whose spins are pointing in any other direction (i.e.
o; # 0). Furthermore, we associated an elementary dimensionless magneton g with each
site of the lattice; we could in principle chose p = 1, but we will instead leave it as a
variable since it will change under renormalization. Within a Kadanoff philosophy, we
divide the system of L? sites into a system of L'? cells of linear size B = L/L' > 1. We
then associate with each cell the renormalized variable K" and g’ which will depend on
K and p. The total magnetic momentum (extensive quantity) is to be preserved through

renormalization, i.e.,

Ny (K = NL(K)p (326)

Dividing both terms by L? we obtain
MKy = M(K)uB* (327)

with M(K') = Np/(K')/L'. If we start with K and p(® and perform n iterations in Eq.
(327) we obtain

MK ™ = B M (K)u® (328)
Hence

MK (), (n)
M(K) = lim MR ™

b—oco Bndlu(O) (329)

By arbitrarily choosing p(°) = 1 we obtain

M(K) = lim M(K®))u™/p" (330)

n—oo
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This formula, together with the RG equation for K, enables the calculation which are
looking for. If K < K. (K. = critical fixed point) then K(*) = 0, hence M(K()) =0
which implies (through Eq. (330)) that M(K) = 0 as expected. If K > K, then K() =
00, hence M(K(*)) = 1 (conventional value for 7' = 0), which yields (through Eq. (330)).

M(K) = lim p™/B" (331)

This is the formula which provides the thermal dependence of the order parameter in the
entire non trivial region, i.e., for T' < T..
To close the procedure we have to specify how the RG recursive relations for K and
p are determined. For K we use the recurrence provided by the correlation function
procedure (Section (4.1.1)). With respect to p, let us anticipate that its RG equation will
be of the form
p=a(K)u (332)
a(K) being a function to be determined which satisfies a(o0) = B? > a(K.) > a(0) > 0
(see [228] for more details). The particular form Eq. (332) comes from the fact that it has
to be form invariant if we expand the y scale (i.e., if we make gy — Ay and ¢’ — Ay’ with
arbitrary A). To determine a(K') we proceed as follows. In order to break the symmetry
we impose the spin of, say, root 1 (of both small and large graphs) to be in the o = 0 state,
the rest of the spins (that on root 2 included) being free to take all possible orientations
(q configurations for each spin). Each graph configuration (there will be ¢+~ of them)
will be weighed with the corresponding Boltzmann factor, and will be associated with a
value for the cluster magnetic momentum m where each spin contributes proportionally
to its coordination number (see [238, 300] for further discussion of this point). We then
impose
(m)ar = (m)a (333)
where (---) denotes thermal canonical average, and G’ and G respectively denote the
small and large graphs. The whole procedure is indicate in Table IX for the b6 = 2 planar
Wheatstone bridge graph renormalized into a single edge & = 1 (in this case B? = 5).
We obtain, for Eq. (332),

Qqu/ + (q - 2) 1

K (g—1) " T [10e” +10(q — 2)e™" +8(3¢ — 5)e*™ + (334.a)
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+ (16¢% — 68 +90)e™ + (2¢° — 16¢* + 44q — 40)]p/ D,
where
D, = ™ 42(q— 1) £4(q—1)e*" + (334.b)

+ (¢—1)(5g — 9)e™™ + (¢ — 1)(q — 2)°

The results obtained for successive approximations for the magnetization on the square-
lattice are indicated in Figs. 54 and 55. In the T" — T. — 0 limit, we may define the

following asymptotic behaviour
M ~ A(1 =T/T,)" (335)

The present RG’s recover, for all ¢, the exact T, of the square lattice. The respective
g-evolutions of 3 (the exact result for the square lattice is given by eq. (37) [92]) and A
(the exact result for the square-lattice is not available, excepting for ¢ = 2) is indicated in
Figs. 5 and 56. It is interesting to compare the present results with the recently obtained
[237] exact ones for hierarchical lattices: both procedures yield the same value 5 = 0.180

for the ¢ = 2 standard Wheatstone-bridge lattice, but present discrepancies (typically
below 15%) for ¢ # 2.

4.2.3 Surface tension

We address here the thermal dependence of the longitudinal surface tension ~ of a d-
dimensional hypercubic lattice (see [301]). The procedure follows along the lines of Ref.
[226, 161]: the RG equation for v is given by

(W) K'Y = b Ky (336)

This equation, together with the RG equation for K, enables the calculation which we
are looking for. We present in Fig. 57 the ¢ = 2 results obtained for the square lattice by
using the generalized Wheatstone-bridge graphs. Within the RGyy framework we obtain

V(1) In(b/0) kT b—1\" kgT ~2J/KpT
le_%b_b/) J _< ; ) e / (T/T. — 0) (337)

which, in the b — oo limit, yields [161]:

@N _kB_Te—2J/kBT -
D 1= (T/T. — 0) (338)
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which is the exact result for the surface tension on the square lattice [6].
We also obtain
T

W) (TN o
ol A, (1 Tc> (T — T.—0) (339)

where T, is exactly recovered for all (b, '), vy is given in Table VI, and Ay is represented
in Fig. 58.

The present calculation can be straightforwardly extended to arbitrary values of ¢ and

4.2.4 Correlation length

We address here the thermal dependence of the correlation length ¢ of a d-dimensional

hypercubic lattice. The procedure is completely similar to that used for the surface
tension, and follows along the lines of Ref. [302, 195]. Eq. (336) is replaced by

¢ ¢
= (340)

and the rest of the procedure remains exactly the same. The results obtained [302] for

the square lattice are represented in Figs. 59 and 60. Also

. In(b/V) kgT q—2 b—1\*| J ksT
1 N b e
£ — —|—1n< J> [ -T2 T 7 —oo)  (341)
and
o alg)d | n(/Y) ks (b=1NT kT g kgT
¢ 7 R ey vy Sl ¢ ¢ g0 B82)

where a(g¢) cannot be calculated within the present RG framework. In the b — oo (b < b)

these respective expressions yield

kT 2\ J kT
() (e (o) o

and
_ J 2kgT  _ kT
1 ~ 1 o qJ/kBT 44
S al) o [1- 25 LAY (311)
These expressions recover (with a(2) = 2) the exact results [6, 303, 5] for ¢ = 2, namely
J 2J
! = Incoth| — ) — T>T. 4
13 nco (kBT> T (T >T.) (345)

ksT 2.J ksT
n( J ) ksT ( J OO) (346)
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and
2J J
B | th { —— T <T. 4
£ T nco (kBT> (T <T.) (347)
~ — |l = — B —_— 4
T [ 7 e i — 0 (348)

Eqgs. (343) and (344) might well be exact for all ¢ (possibly with a(q) = ¢).

For d > 2, the following asymptotic behaviours are obtained in the b — oo limit
(V' < b):
_ kBT q — 2 J kBT
el — 2(d -1 349
() [ e gy (o) ow

J O\ 2d-1) (T kpT
5—1 ~ a(q7d) (kB—T> {1 o qd _1 (qB—J> e—zq(d—l)J/kBT} (% N 0) (350)

where a(q,d) cannot be calculated within the present framework. For ¢ = 2 and d = 3

Eq. (349) exactly recovers the asymptotic behaviour for the simple cubic lattice [303].
Eqgs. (349) and (350) might well be exact for all ¢ and all d > 2. It is interesting to notice
that the d = 2 and the d =24 0 T — 0 results do not coincide (see [144]).

4.3 Interface effects

Many interesting critical phenomena occur in magnetic systems which are not fully trans-
lationaly invariant because along at least one direction (say the z-axis) the system is not
homogeneous. A typical such system is a d = 3 semi-infinite bulk (surface problem);
another typical situation (which in fact generalizes the previous one) is a d = 3 system
which is translationally invariant within the xy plane but which along the z-axis changes
at z = 0 in the sense that two different semi-infinite homogeneous bulks join there (inter-
face problem). For a general introduction on both theoretical and experimental aspects
of this problem, the reader can refer to the reviews by Binder [297] and Kaneyoshi [304];
reciprocal-space and real space RG approaches have been respectively reviewed by Diehl
[305] and one of us [306] (see also [307], [308]). The references appearing in these reviews
practically cover the present status of the subject, and will not be reproduced herein.
Our aim in this Subsection is to illustrate how the correlation function preserving

RG techniques can be used to study the criticality associated with surface magnetism.
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This type of approach has been systematically used by the Rio de Janeiro/CBPF group
and collaborators [138, 141, 142, 166, 167, 146, 147] [309-315]. As a prototype system
we shall study here the semi-infinite simple cubic ferromagnetic Potts bulk: the first-
neighbour coupling constant .J;; equals Js(Js > 0) if both 7 and j sites belong to the
(0,0,1) surface (z = 0 plane), equals Jg(Jg > 0) if at least one of the sites belongs to the
bulk (z < 0), and vanishes otherwise (z > 0). A typical phase diagram is shown in Fig.

61 (¢ =2). It is convenient to introduce the variable

s {4 - DR/ -t}

T Jp {1+ (¢—1)ts]/(1—1p)}

where we have introduced the transmissivities ts and ¢g respectively associated with Jg

(351)

and Jg. We note A. the value of A where all three critical lines of Fig. 61 join. The
surface-ferromagnetic phase (SF; finite surface magnetic order in the absence of bulk
magnetic order) only exists for A > A.. The paramagnetic (P; vanishing surface and bulk
orders) and bulk-ferromagnetic (BF; both surface and bulk orders are non-null) phases
exist for varying values of A. At A = A, a special transition occurs which corresponds
to a multicritical point (with its own universality class).

The RG recursive relations for this problem can be written as follows [138].

thy = f(ts) (352)

and
ts=g(ts,lp) (353)
where f(tp) is the equivalent transmissivity associated with the two-rooted graph of Fig.
30b (Fig. 62); f(t) equals Ti2(tm,tB,tp,Gs) of Eq. (280). ¢(ts,t5) is the equivalent
transmissivity of the two-rooted graph obtaied from the free-surface RG cell shown in
Fig. 62 by collapsing the entry nodes (forming one root) and the exit nodes (generating
the other root). These equations yield, for all values of ¢, the type of RG flow diagram
indicated in Fig. 63. We present in Fig. 64 the g-dependence of A. obtained within
the present RG as well as within an extrapolated version of it (see [138] for details). In

the neighbourhood of the multicritical point we may introduce the following asymptotic

Tsurface 1/¢
Tcsurface(Ac) Ac

behaviour
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We have presented in Fig. 65 the g-dependences of A (as well as its extrapolated value
A* [138]) and ¢. See finally Fig. 66 for the g-evolution of the entire phase diagram. For
the discusion of the various universality classes present in this problem see [138] as well

as the reviews previously mentioned [297, 305, 306].



- 109 - CBPF-NF-046/95

5 FINAL REMARKS

We have seen that the Potts model and a great number of related systems can be studied,
quite satisfactorily in some cases and only roughly in others, with real space renormal-
ization group techniques. Let us present here some open problems whose study would be

natural extensions of the content of this review.

(i) No RG techniques (nor any other, as far as we know) have been used to study the
general g-state classical model described by the interaction matrix (10a) without
restriction (10b). In particular, it may be possible to device a BCM for such a

model.

(ii) Continuously varying critical exponents (e.g., the para-ferromagnetic critical line
of the Z(4) ferromagnet on the square-lattice) and transitions like the Kosterlitz-
Thouless one remain hard problems within real space RG techniques. Although
hard, these problems cannot be considered unsolvable. Indeed, lines of fixed points
have already been exhibited in the literature [168, 316] within RG frameworks like

the ones discussed herein.

(iii) The analysis of systems presenting commensurate /incommensurate modulated struc-
tures (e.g., the chiral Potts model and frustrated systems like the ANNNI one) is,

with very few exceptions, to be done.

(iv) Some of the approaches presented herein are exact for hierarchical lattices. They
could further enlighten the criticality and the scaling laws of fractals as compared to
translationally invariant systems. For example: what are the topological ingredients
which determine limy, and for what classes of hierarchical lattices we have that

q—00

lima, =17

q—00

(v) The establishment of a BCM for dealing with probability laws as those presented in
Subsection 3.2.4 (quenched-bond random Potts model) would be very elegant and

useful.

(iv) Very recently [317], the correlation function preserving procedures described in this
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review have been satisfactorily applied to construct RG’s for approaching the clas-

sical n-vector model. This fact opens an area to be explored.
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APPENDIX

Potts ferromagnet on Migdal-Kadanoff-like hierarchical lattices

Among the simplest available real space RG’s we have those which follow along the
lines of Migdal and Kadanoff [318] approaches (differential RG’s, bond moving procedures,
etc; see [319] for an analysis and review of these approaches). Their general tendency,
when compared to available results for d-dimensional Bravais lattices, is to be qualita-
tively correct though quantitatively quite rough (although non trivial): later on we shall
illustrate this point. In any case, all the results are exact for the associated hierarchi-
cal lattices, namely the d-dimensional generalized diamond-like and tress-like ones: see
Fig. 67. In the former case, the generators are equal to the two-rooted graphs result-
ing from the Migdal-Kadanoff approximations for the considered model on d-dimensional
hypercubic lattices. The above hierarchical lattices are completely determined by the
dimensionality d and the linear expansion factor b. The diamond (tress) generator graph
is a parallel (series) array of b%~!(b) branches, each of which is constituted by b(b%1)
bonds in series (parallel). Two topological properties can be verified: (i) For all b and
d, and for both diamond and tress types, the intrinsic fractal dimensionality is given by
d; =1nbd?/Inb = d; (ii) For arbitrary fixed b and d = 2, and only then, the diamond and
tress hierarchical lattices are dual of each other.

The aim of the present Appendix is to study [143, 145] the g-state Potts ferromagnet
on these d-dimensional hierarchical lattices and to follow their behaviour in both 6 — oo
and b — 1 limits. Associating with each elementary bond a thermal transmissivity ¢, we
have (through the algorithms (102) and (108)) for the equivalent transmissivities between
the roots 1 and 2 for the diamond-like (D) and tress-like (T') graphs:

d—1
! L+zq_—ti)tb} b .
Tia(t, Dy b,d,q,) = o+ (diamond) (A.1)
T4+ —1) |
and " ,
- |
Tio(t,T50,d,q,) = = (tress) (A.2)
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Let us now focus the diamond case (the tress case is strictly analogous). The RGpyy

recursive relation is given by
le(t/,D;b/,d,Q) == le(t,D;b, d,Q) (Ag)

This equation admits, for all (b,¥,d,q), two trivial (stable) fixed points, namely ¢ = 0
(paramagnetic phase; P) and £ = 1 (ferromagnetic phase; F'), as well as a critical (unstable)

fixed point noted t;,, which satisfies:
le(t;;b/,D;b/,d,Q) = le(t?;b/,D;b, d,Q) (A4)

The corresponding thermal critical exponent vy is given by

~ In(b/b)
N hl()\b/)\b/)

Uppt (A5)
with
dTIZ(tv Da bv d7 q)

A
’ dt

(Vb) (A.6)

— K
=t

The results obtained for d > 1,¢ > 0,6 > 2,8 < b, and for both diamond and tress cases,
are indicated in Figs. 68-70 (the &' = 1 results correspond to the associated hierarchical
lattices). It is worth noticing that, for all (¢, d), both diamond and tress cases and both
15, and vy, the b — oo limit is approached through a power law (1/b corrections). This is
in contrast with the behaviour expected for lattices with finite critical temperature (i.e.,
0< hmbb/—><o;> 5, < 1): in such cases, finite size scaling arguments [286] usually suggest, in
the b — oo limit, a power law approach for fixed (b — V'), and a logarithmic approach for
fixed o'. It is also worth noting that in no case first-order phase transitions appear. This
is in contrast with the case of d-dimensional Bravais lattices (d > 1): for them, the phase
transitions always become of the first order for ¢ large enough. We recall however that
the results obtained herein illustrate the common expectation that, for a great variety of
models, the para-ferromagnetic transitions are of the continuous type for all hierarchical
lattices.

Let us now turn our attention onto a different type of limit, namely the differential one
(i.e., b =1and b = 1+ with g — 04). We generalize here [143] Shapiro’s treatment [320]

of the bond percolation case (¢ = 1). We first notice that if we consider the hierarchical
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lattices generated by the d-dimensional generalized Wheatstone-bridge graphs (see Fig.
11) with equivalent transmissivity between the roots 1 and 2 noted T15(W'), we have, for
all (£;0,d,q),

Tia(t, Dy b, d, q) < Tia(t, Wb, d, q) < Tho(t,T5b,d, q) (A7)

This is a trivial consequence of the fact that the equivalent transmissivity of any graph is a
monotonous function of the elementary transmissivity of any of its edges, together with the
fact that the breaking (collapsing) of all the “transverse” edges of the Wheatstone-bridge
graph precisely yields the diamond (tress) graph (see Fig. 71). It is then straightforward
to verify that, in the b — 1 limit, the RGy; recursive relation is one and the same tor both
diamond and tress cases (and consequently for the Wheatstone-bridge case as well, since
it is squeezed between them), namely

t’wt—l—ﬂ{tlnt—(d—1)<1_t>[1+(q_1)t] In <1+1_t )} (A.8)

q (q—1)t

The corresponding critical fixed point ¢* satisfies

L= )1 + (g — 1)t7] i
. ) (A9)

This equation yields the results presented in Fig. 72 as well as the following ones:

t*Int* = (d — 1)(

PFaloge ™ (d—140;¢>1) (A.10)

which recovers the asymptotically exact result for the d-dimensional hypercubic lattice

[25] (see eq. 33);

* 1 _
b, (d=2) (A.11)

which is the exact result for the square lattice; and

t* ~ el (d — o) (A.12)

which differs from the exact result for d-dimensional hypercubic lattice.

The fact that the d — 1 result is asymptotically exact comes from the fact that the
linear chain has an unique topological property, namely to be scale invariant (hierarchical
lattice) and translationally invariant (Bravais lattice) simultaneously. The fact that the

d = 2 result exactly recovers that of the square lattice comes from the confluence of
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the diamond and tress equivalent transmissivities into the self~-dual Wheatstone-bridge
equivalent transmissivity. This is a nice manner for understanding why the differential
Migdal-Kadanoff approach preserves self-duality.

From Eq. (A.8) we also obtain the thermal critical exponent:

- :1—|—1nt*—dq—1{[q—Z—Z(q—l)t*]ln (%) —q} (A.13)

+(¢—1

This equation yields the results shown in Fig. 73 as well as the following ones:
v~ (d—140) (A.14)
which recovers the exact result for d-dimensional hypercubic lattice (see eq. 34) [25]; and
1
1/_1:2<1——1n q+1> d=2 A15
7 (Va+1) (d=2) (A.15)

and

v —1 (d — o0) (A.16)

which do not coincide with the exact results for the hypercubic lattice [91, 321].
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FIGURE CAPTIONS

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

1 - Typical phase diagrams of the site-bond percolation (S N B) and site-or-bond
percolation (SUB) on d-dimensional lattices (d > 1). P and N P respectively denote
the percolating and non-percolating regions; p. (bond) (p. (site)) corresponds to the
critical probability of the standard bond (site) percolation.

2 - Two-site spin configurations and its corresponding energy spectrum for the Z(4)
interaction (assuming that 0 < J, < J1/2) and the Z(5) one (supposing that 0 <
Jy < Ji). The spin state n; (n, = 0,1,2,---,¢ — 1) is represented by a vector
pointing into a direction which makes an angle 27n;/q with the direction shown on
the left (which corresponds to n; = 0). For each pair configuration, the heavy line
corresponds to its energy while the dashed ones refer to the remaining energy levels

of the considered spectrum.

3 - Schematic phase diagram for a quenched bond-and-site diluted ferromagnet on
d-dimensional lattices (d > 1). P and F' respectively denote the paramagnetic and

ferromagnetic phases.

4 - g-dependence of the correlation length critical exponent v for the Potts fer-
romagnet on the square lattice. The lower curve corresponds to the exact result
(given by eq. 36) while the others were obtained through the correlation function
preserving RGyy using the cells shown in Fig. 27.

5 - ¢-dependence of the critical exponent 3 for the Potts ferromagnet on the square
lattice. The exact result (given by eq. 37) is represented by the lower curve (“square
lattice”); the remaining curves [228] correspond to successive RGyy approximations
using the cells shown in Figs. 11(a) — (d). The broken lines are indicative and have

been used when the calculation was available only for integer values of ¢.

6 - Schematic variation of the main features concerning phase transitions for the
g-state Potts ferromagnet on d-dimensional Bravais lattices. The transition is of

first order above the full line, otherwise it is continuous whenever it exists (d > 1).
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The broken line at d = 6 for ¢ < 2 separates the region where the critical exponents
are classical (mean-field ones) from that with non-trivial ones (notice that for ¢ = 2

this occurs at d = 4).

7 - Exact critical temperature (eq. 38) as a function of .J,/.J, for different values of
g for the anisotropic Potts ferromagnet on the square lattice. F' and P represents

the ferromagnetic and paramagnetic phases respectively.

8 - Exact critical temperature as a function of ¢ for the ferromagnetic (J > 0) and

antiferromagnetic (J < 0) isotropic Potts model on the square lattice (respectively

given by eqs. (38) and (43) at J, = J,).

9 - Critical temperature as a function of Jy-concentration p for different values
of Ji/Js (numbers parametrizing the curves) for the quenched bond mixed Ising
ferromagnet on the square lattice. These curves were obtained [107] through the
correlation function preserving R(i9; using the cells shown in Fig. 11(a) and (b). P

and F' denotes the paramagnetic and ferromagnetic phases respectively.

10 - (a) Phase diagram of the Z(4) ferromagnet on the square lattice in the (1, 13)
space (defined in eq. 224) obtained through the R(G3; approximation [121] with the
cells shown in Figs. 11(a) and (b). P is the ¢ = 4 Potts fixed point; I;, I, and
I3 are the Ising fixed points. B denotes the attractors of the paramagnetic (P),
ferromagnetic (F) and intermediate (I) phases. The shaded region is nonphysical.
The t; = t; and 1y = ¢? dashed lines represent Potts and Ising invariant subspaces
respectively. (b) Same phase diagram in the (kgT'/Jy,(J1 + 2.J3)/J1) space. The

dashed lines are asymptotes.

11 - d-dimensional two-rooted graphs of the Wheatstone bridge type with chemical
length b. The roots 1 and 2 (internal vertices) are represented by open (full) small

circles. The fractal dimensions d; are also indicated.

12 - Pairs of two-rooted dual graphs. To each edge is associated an occupancy

probability p;; p? refers to its corresponding dual (eq. 77).
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13 - Two-rooted graphs which contain at least one irrelevant edge. Open (full)

small circles denote roots (internal vertices).

14 - Multi-rooted graphs. G and G are the respective collapsed and broken graphs
obtained from G by contracting (i.e., collapsing after deleting) and deleting one of
its edges. The polynomials in figs. (d), (e) and (f) represent the multi-connectedness

function (i.e., the probality of connection of all the roots).

15 - Series (a) and parallel (b) array of two edges. To each vertex ¢ is associated

the Potts variable o; = 1,2,---,¢. The coupling constants are denoted by J,({ =

1,2,s,p).

16 - Two-rooted oriented graphs. p, denotes the occupancy probability of the ori-
ented edge (. The arrows near the roots 1 and 2 indicate the sense (from 1 to 2)
on which the graph should be traversed. The graphs obtained in (b) and (c) are,
respectively, the 1-broken and the 1-precollapsed oriented graphs obtained from the
one in (a). The 2 graphs in (b) are equivalent.

17 - A two-rooted oriented graph G (Fig. a) and the following graphs obtained
through operating on the horizontal edges: (b) the broken G (c) the collapsed
G, (d) the precollapsed G:** and (e) the precollapsed G graphs. The arrows near
the roots 1 and 2 indicate the sense (from 1 to 2) on which the graph should be

traversed.

18 - The two-rooted Wheatstone bridge graph whose edges are associated with
the vectors (p;, i, 7, 8;) (1 = 1,2,---,5) whose components respectively represent
the probabilities of the edge being ferromagnetic, antiferromagnetic, absent and

frustrated.

19 - Two-rooted graph whose edges are all associated with the vetor (p,q,r,s)
whose components represent the respective probabilities of the edge being ferro-

magnetic, antiferromagnetic, absent and frustrated.

20 - (a) The two-rooted Wheatstone-bridge graph whose edges are associated with
the transmissivities (ty),t(;)) (¢ = 1,2,---,5) defined in eqs. (224) for the Z(4)
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model. The graphs obtained from (a) by operating on the edge 5 are: (b) the
broken, (c) the collapsed and (d) the precollapsed graphs.

21 - (a) The two-rooted Wheatstone-bridge graph whose edges are associated with
the vector transmissivities (ty),t(;),tgf)) (¢ =1,2,---,5) defined in eqs. (243) for
the Z(6) model. Operating on the edge 5 we obtain the following graphs: (b) the
broken, (c) the collapsed, (d) the precollapsed G*® and (e) the precollapsed G**

one.

22 - Rooted mod-6 « flows for a fixed external flow a (o = 0(a), o = 1(b), a =
2(¢) and a = 3(d)) on a terminal graph G/, with 2 precollapsed edges of type 2
(represented by broken lines) and 3 precollapsed edges of type 3 (represented by
dotted lines). The number on each edge represents the flow component along the

considered edge.

23 - The non-equivalent terminal graphs G/, associated with the graph ' shown
in Fig. 2la. The broken (dotted) line stands for a precollapsed edge of type 2
(type 3) whose vector transmissivity is (0,1,0) ((0,0,1)). The equivalent vector

transmissivity (71, Ty, T3) associated with each graph is shown below it.

24 - Typical phase diagrams (full lines) and RG flows (dashed lines) in the (Y7, Y3)
parameter space. O, e and o respectively denote trivial (fully stable), critical (semi-
stable) and multicritical (fully unstable) fixed points; A, B and C denote statistical
equilibrium phases. (a) The critical line presents 3 universality classes (two critical
and one multicritical), the Y5 = 0 point of the critical line is simultaneously a critical
point and a fixed point, and can be determined by treating the Y; = 0 particular
case of the system because the Y, = 0 axis is an invariant subspace under RG; the
Y; = 0 point of the critical line is a critical point but not a fixed point consequently
its determination demands the treatment of the general (Y7, Y3) problem. (b) The
critical lines present 4 universality classes (three critical and one multicritical); one
of the critical fixed points is at infinity (“run away” fixed point), and consequently

the B-C critical line might be a first-order one.
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25 - The correlation length critical expoent v as a function of ¢ for the g-state
Potts ferromagnet on the square lattice. The RGpy curves were obtained through
the correlation function preserving RG using cells from the d = 2 Wheatstone-bridge
graph family (see Figs. 11(a) — (d)). The exact result (eq. 36) is also plotted for

comparison.

26 - The initial steps (n = 0,1,2) of construction of the Wheatstone-bridge hier-
archical lattice. The replacement of each bond by the generator (n = 1) in the n'
step leads to the next step of construction. The hierarchical lattice corresponds to

the n — oo limit whose fractal dimension is dy = In5/1n 2.

27 - b-sized cells and their two-rooted self-dual graph representations; all the en-
trances, and all the exits of the cell, indicated by arrows, are to be respectively
collapsed in order to generate the two roots 1 and 2 (noted by empty small circles)
of the associated graph; the internal sites of the cell become, without any modifica-
tion, the internal vertices (noted by full small circles) of the graph. The full (dashed)

line is associated with a transmissivity t,(¢,) for the anisotropic Potts model.

28 - (a) RGs5; flow diagram and critical frontier in the transmissivity space (t,,1,)
for the anisotropic Ising (¢ = 2) ferromagnet on the square lattice using the cells
shown in Figs. 27(a) and (b). The critical line coincides with the exact one ¢, = ¢
P and F' denote the respective paramagnetic and ferromagnetic phases. The fully
stable and unstable fixed points are represented by O and e. (b) Critical flow lines
associated with various values of ¢ and any value of b-sized cell shown in Fig. 27
(they coincide with the exact ones for the anisotropic Potts ferromagnet on the
square lattice). The ¢ — 0 limit corresponds to tree-like percolation; the ¢- and
g l-frontiers are, for all values of ¢, symmetric with respect to the straight line

o+ 1, =1.

29 - The initial steps (n = 0, 1, 2) of construction of the inhomogeneous hierarchical

lattice corresponding to the R(G'5; approximation using the cells of Fig. 27.

30 - (a) d = 3 extension of the b = 3 sized cell (disregarding the irrelevant bonds)
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of Fig. 27b; (b) the two-rooted graph representation of the cell shown in Fig. 30(a).
ly, t, and t, are the Potts transmissivities along the three crystal axes of the simple

cubic lattice represented by full, dotted and dashed lines.

31 - RGs flow diagram and critical surface [104] for the anisotropic Potts ferro-
magnet on the simple cubic lattice in the (5552), 3352), 322)) space (whose coordinates
are defined in eq. (281) taking A = 1). The attractors of the paramagnetic (P) and
ferromagnetic (F) phases are denoted by O, while the respective d = 1, d = 2 and

d = 3 critical fixed points are represented by B, o and e.

32 - g-dependence [104] of the RG critical point (see point P; of Fig. 31) corre-
sponding to the isotropic d = 3 Potts ferromagnet (notice the ordinate scale). The

dots are series results: ¢ = 1 [322], ¢ = 2 [323], ¢ = 3 [324].

33 - Extrapolated results [104] (represented by full lines) for the critical point corre-
sponding to the particular anisotropic d = 3 Potts ferromagnet where two coupling
constants are assumed equal (= J) and the third one (= J;;) possibly different.
The isotropic d = 1, d = 2 and d = 3 cases are on the ordinate, abcissa and bisectrix
respectively. (a) ¢ = 1 (the dots correspond to series results [325]); (b) ¢ = 2 (both
dots [326] and circles [327] are series results).

34 - g-dependence of critical exponents (full lines) obtained through the RGs; ap-
proximation [104] for the anisotropic cubic lattice Potts ferromagnet. (a) d = 3
correlation length critical exponent vs (the dots are series results: ¢ = 1 [328] and
q =2 [329]); (b) d = 2 «» d = 3 crossover exponent ¢y3 (the ¢ = 1 dot is a series
result [325] while the ¢ = 2 dot is an exact one [330, 331].

35 - The two-rooted Wheatstone-bridge graph whose edges are associated with the

Potts transmissivities ro(¢ = 1,2,---,4,5).

36 - RG flow diagram and critical surface of the quenched bond-mixed q-state Potts
ferromagnet on the square lattice [107] in the (p,s1,s9) space for ¢ = 2. The
attractors of the paramagnetic (P) and ferromagnetic (F) phases are represented

by o. The fully unstable and semi-stable fixed points are denoted by e and W
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respectively. The critical surface is invariant under the (p, s1,s2) — (1 —p, s2,81) —
(p,1 — s1,1 — s9) transformations and depends very slightly on ¢ (let us say for
g > 1) and on the RG linear scaling factor b. The twisted H-like region determined
by (s1=s2=1Vp),(si =1, p=0, Vsy) and (s = 5, p=1, Vs;) corresponds to
the pure ferromagnet; the p = % line constitutes an invariant subspace corresponding

to the equal concentration model.

37 - RG9; critical temperature of the quenched bond-mixed g-state Potts ferromag-
net on the square lattice [107] as a function of Jy-concentration p for typical values

of ¢ and J;/Jy (numbers parametrizing curves).

38 - Position of the fixed points which attract almost every point of the critical
surface as a function of ¢ for the quenched bond mixed Potts ferromagnet on the

square latice [107] using the RGo (b= 2) and RG'5; (b = 3) approximations.

39 - g¢-dependence of the RGy (b = 2) pure (full line) and random (dot-dashed
line) critical exponents v, and v, for the quenched bond mixed Potts ferromagnet
on the square lattice [107]. ¢* denotes the bifurcation value of ¢ (see Fig 38); for
b=2, ¢~ ~ 5.3. The dashed line represents the exact result for the pure ferromagnet

(see eq. (36)) where it was assumed that ¢* = 2.

40 - q-dependence of the RGy (b = 2 and 3) approximation for the pure to random
crossover critical exponent ¢; for the quenched bond mixed Potts ferromagnet on

the square lattice [107]. ¢* denotes the bifurcation value of q.

41 - Variations of the bifurcation value ¢* and of the value ¢. of ¢ for which oy =0
as functions of the inverse of the RG linear scaling factor b for the quenched mixed
Potts ferromagnet on the generalized Wheatstone-bridge hierarchical lattices. The
dashed lines are speculative ones assuming the Harris criterion to be recovered (i.e.,

*

q* = q. = 2) in the b — oo limit.

42 - Portion of a square lattice of double opposite-directed bonds which have inde-

endent occupancy probabilities p (“up” and “right”-directed) and ¢ (“down” and
p pancy p p p g q
“left”-directed).
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43 - RG9; approximation for the flow diagram and critical frontier of the double
opposite-directed bond percolation on the square lattice [28]. The attractors of the
double-way percolating (P1_), two single-way percolating (up-and right- directed
Py; down-and left-directed P_) and non-percolating (NP) phases are represented
by WM. The semi-stable and the fully unstable fixed points are denoted by e and o

respectively. The arrows indicated the direction of flow under renormalization.

44 - R4, approximation for the flow diagram and critical frontier at 7' = 0°K for
the frustrated Ising model (without dilution) on a square lattice [195]. W denote
the attractors of the ferromagnetic (F), antiferromagnetic (AF) and spin-glass (SG)
phases. The semi-stable and the fully unstable fixed points are represented by e
and o respectively. The arrows indicate the direction of flow under renormalization.

The flows are symmetric under the transformation p «—— g.

45 - R4, approximation for the phase diagram at 7' = 0°K for the quenched bond-
random frustrated Ising model on a square lattice [195]. W denote the attractors
of the ferromagnetic (F), antiferromagnetic (AF), paramagnetic (P) and spin-glass
(SG) phases. The semi-stable and fully unstable fixed points are represented by e

and o respectively.

46 - The s = 0 cut of Fig. 45 which corresponds to its non-invariant subspace

p+qg+r=1.

47 - RG9; approximation for the flow and phase diagrams for the isotropic N-
component cubic ferromagnet on the square lattice for different values of N [46]. P, F
and I denote the paramagnetic, ferromagnetic and intermediate phases respectively.
(a) Flow and phase diagram in the transmissivity (¢1,?2) space (defined in eq. (248)).
The arrows indicate the RG flow; the full squares and the full circles respectively
indicate stable and unstable fixed points. The line t; = #5 corresponds to the 2/N-
state Potts model. (b) Phase diagram in the (kgT'/.J1, (J1 + J3)/J1) space. The

dashed lines are asymptotes.

48 - N-dependences of the thermal correlation length critical exponent vy and of
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the crossover exponent ¢ within the RGy; approximation [46] for the: (a) 2N-state
Potts ferromagnet on the square lattice; (b) N-component cubic ferromagnet on the

square lattice. In the N — 0 limit, which corresponds to the self-avoiding walk

(SAW), it was found that v7(0) = In2/In(4 — /3) ~ 0.85.

49 - g-dependences of the thermal (a) yr(yr = v;') and magnetic (b) yu(yn =
(d+2—mn)/2) anomalous dimensions for the g-state Potts ferromagnet on the square
lattice within the phenomenological RG approximation [295, 296]. The error bars
refer to ¢ = 4 only. The full lines represent the exact results for yr [91] and vy,
[92]. The scales on the right refer to the critical exponents o = 2(1 — y;') (a) and

o =yn/(2=yn) (b).

50 - b= 1,2 and 5 clusters of spins on the square lattice corresponding to graphs

from the Wheatstone-bridge family with chemical length b (see Fig. 11 (a)-(d)).

51 - RG4y approximations [298] (b = 2 (a), b = 5 (b)) for the specific heat as a
function of the inverse reduced temperature K for the d = 2 Ising ferromagnet
(¢ = 2). The arrows and the dotted curves indicate the exact critical point K. and

the exact result [6] respectively.

52 - RG) approximations [298] for the specific heat as a function of the inverse
reduced temperature K for the d = 2 ¢-state Potts ferromagnet (dotted curve:
b=2and g = 1.4; full curve: b =5, 4 and 3 if ¢ = 2,3 and 4 respectively). The
arrows indicate the exact critical points; the downwards arrow indicates the critical

point associated with the ¢ — 1 limit (C' vanishes for all K in this limit).

53 - The d = b = 2 RG percolation ‘specific heat’ C, = k5" (0C/,)|,=1 [298] as a
function of the bond occupancy probability p =1 — ¢ . The arrow indicates the

exact critical point.

54 - Successive RGyy approximations [228] for the thermal behavior of the magne-
tization for the Ising (¢ = 2) ferromagnet on the square lattice. For comparison the

exact result [332] is also shown.
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55 - RG/5; approximation [228] for the thermal behavior of the magnetization for

the g-state Potts ferromagnet on the square lattice for typical values of ¢.

56 - Amplitude A (defined in eq. (335)) of the critical behavior of the magnetization
for the Potts ferromagnet on the square lattice as functions of ¢ within successive
RGhyy approximations [228]. The broken lines are indicative and have been used
when the calculation was available only for integer values of ¢q. For comparison, the

exact result [332] for A in the Ising case (¢ = 2) is also shown.

57 - RGy approximations [161] for the thermal behavior of the longitudinal reduced
surface tension v = v(71')/v(0) for the Ising (¢ = 2) ferromagnet on the square lattice.
The dashed line corresponds to the exact result [6]. The curves are out of scale (in

fact, they are all much closer to the exact result).

58 - Cluster size dependence of the RGy coefficients Ay (defined in eq. (339))
of the critical behavior of the longitudinal reduced surface tension for the Ising

ferromagnet on the square lattice [161]. The arrow points to the exact result A = 2

[6].

59 - RGy approximations [302] for the thermal behavior of the inverse of correlation
length ¢! for the Ising (¢ = 2) ferromagnet on the square lattice. For comparison,

the exact result [6, 303, 5] is also shown (dashed line).

60 - RG4; approximations (b = 4) [302] for the thermal behavior of the inverse of
correlation lenght {71 for the ¢-state Potts ferromagnet on the square lattice for

typical values of q.

61 - A typical phase diagram of a semi-infinite ferromagnet with respective bulk and
surface coupling constants Jg and Js. BF, SF and P denote the bulk ferromagnetic,
surface ferromagnetic and paramagnetic phases respectively. All three phases join
at the surface-bulk multicritical point (special transition). The non-vertical dashed
line corresponds to the limiting case where the surface is completely disconnected

from the bulk volume.
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62 - Free surtace RG cell; the respective dashed and full lines are bonds associated
with the surface Jg and bulk Jg coupling constants. The arrows are located at the

entry and exit nodes (which will generate the two roots of the associated graph).

63 - Flow and phase diagrams for the semi-infinite Ising (¢ = 2) ferromagnet on
the simple cubic lattice in the transmissivities space (ts,?5) within the extrapolated
RG approximation of ref. [138]. BF, SF and P refer to the bulk ferromagnetic,
surface ferromagnetic and paramagnetic phases respectively. B, o and e denote
trivial (fully stable), multicritical (unstable) and critical (semi-stable) fixed points

respectively. The broken lines are indicative.

64 - ¢-dependences of A, and its extrapolated value A% within the RG approxima-
tion of ref. [138]. W, o, ¢ and O represent the ¢ = 2 respective results obtained by
mean field approximation (see [297] and references therein), and in refs. [333], [334]

and [335].

65 - g-dependences of A (defined in eq. (354)), its extrapolated value A* and the
crossover exponent ¢ (defined in eq. (354)) within the RG approximation of ref.
[138]. @ and o represent the respective results of [336] and [334].

66 - Phase diagrams of a semi-infinite cubic-lattice g-state Potts ferromagnet in
the (T.(q)/T.(2), A) space for different values of ¢ within the extrapolated RG ap-
proximation of ref. [138]. BF, SF and P denote the respective bulk ferromagnetic,

surface and paramagnetic phases.

67 - The initial steps of construction of different b-sized d-dimensional generalized
diamond-like and tress-like hierarchical lattices. The roots (1 and 2) and internal

sites are represented by empty and full dots respectively.

68 - Critical fixed points t;,, (a) and critical exponent v (b) as functions of the
linear size b for fixed ' = 1 and ¥ = b — 1 for the Ising ferromagnet on the d = 2
diamond-like and tress-like hierarchical lattices within the RGy approach [143].
The dot-dashed line corresponds to the exact result for the Ising ferromagnet on the

square lattice.
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69 - Dependences of the critical fixed point ¢* on ¢ and d within the R(G/9; approach
[143] for the g-state Potts ferromagnet on d-dimensional diamond-like ((a), (b)) and
tress-like ((c), (d)) hierarchical lattices. The dot-dashed curves ((a), (c)) refer to
the exact results for the Potts ferromagnet on the square lattice. In (b) and (d)
the results corresponding to the Ising ferromagnet on the d-dimensional hypercubic

lattice have been included for comparison, the dashed line being a guide to the eye.

70 - Dependence of the critical exponents v on ¢ and d within the RG9; approach
[143] for the g-state Potts ferromagnet on d-dimensional diamond-like and tress-like
hierarchical lattices (one and the same for both diamond and tress types). (a) v
against ¢ for typical values of d; the dot-dashed curve refers to the exact result for
the square lattice. (b) v against d for typical values of ¢; the results corresponding
to the Ising ferromagnet on the d-dimensional hypercubic lattice have been included

for comparison, the dashed line being a guide to the eye.

71 - Illustration, for the linear size b = 2, of the unequalities among the Potts
equivalent transmissivities between the roots 1 and 2 of the d-dimensional (d = 2, 3)

generalized Wheatstone-bridge, diamond-like and tress-like graphs.

72 - Dependence of the critical point ¢t* on ¢ and d within the differential RG
approach (b ="1and b — 1) [143] for the g-state Potts ferromagnet on d-dimensional
generalized diamond-like, tress-like and Wheatstone-bridge hierarchical lattices (one
and the same for all of these hierarchical lattices). (a) t* as function of ¢ for different
values of d (the d = 2 curve coincides with the exact one for the square lattice). (b)
t* against d for various values of ¢; the results corresponding to the Ising ferromagnet
on d-dimensional hypercubic lattices have been included for comparison, the dashed

line being a guide to the eye.

73 - Dependence of the critical exponent v on ¢ and d within the differential RG ap-
proach (6’ =1 and b — 1) [143] for the g-state Potts ferromagnet on d-dimensional
generalized diamond-like, tress-like and Wheatstone-bridge hierarchical lattices (one
and the same for all of these hierarchical lattices). (a) v as function of ¢ for various

values of d (the exact result for the square lattice is represented by a dot-dashed
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line). (b) v against d for different values of ¢; the results corresponding to the Ising
ferromagnet on d-dimensional hypercubic lattices have been included for compari-

son, the broken line being a guide to the eye.
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TABLE CAPTIONS

TABLE I - Exact values [111] for the p = 1 slopes of the bond-dilute ¢-state Potts

ferromagnet on the triangular and honeycomb lattices for different values of g¢.

TABLE II - All non-equivalent configurations of the d = b = 2 Wheatstone-bridge
graph (where each bond is either a ferro-precollapsed (dotted line) or an antiferro-
precollapsed (dashed line) one) and their corresponding ground-state energies () /|.J|
and degeneracies ¢‘({ = F, AF') when the rooted spins are in the same state (I con-
figuration) or in different states (AF configuration). The resulting equivalent bond
according to rule (208) is also given (the wavy line corresponding to a frustrated

bond). The open (full) dots correspond to the roots (internal vertices).

TABLE III - Family of two-rooted graphs with finite chemical length 6 and N incident
edges on each root used to treat spin models on the square lattice. The b — oo limit
corresponds to infinite strips with width N, very common in the phenomenological

RG' approach.

TABLE IV - The non-vanishing {n;(¢),d:(¢)} coefficients which appear in the equiv-
alent transmissivities (see eq. 270)) between the roots 1 and 2 of the g-state
Potts model on the generalized d = 2 b-sized Wheatstone-bridge graphs (shown
in Figs. 11(a)-(d)) whose iterations lead to hierarchical lattices with fractal dimen-

sions d; = In[b* + (b — 1)?]/In b for different values of b. They satisfy, according to
Eq. (124), >, ni(q) =14 >, di(q) = ¢° where ¢ =b(b—1) .

TABLE V - The {a;,b;} coefficients [107] which appear in the expression of

_ | dT2(t,Gy
Ap = c(lt )

} (see eq. (272)) as function of ¢ in the g-state Potts model,
t=1/(\/3+1)
using as cells the generalized d = 2 b-sized Wheatstone-bridge graphs, for different

values of b.

TABLE VI - RGyy approximations vy for the critical exponent v of the ¢-state Potts
model on the square lattice, using as cells the generalized d = 2 b-sized Wheatstone-

bridge graphs, for different values of b, & and ¢(¢ = 1,2,3,4). The asymptotic be-
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haviors for ¢ — 0 and ¢ — oo (the latter one being equal to

In(b/8")/ In{[6* + (b — 1)*]/[6"* + (¥ — 1)*]}) are also included.

TABLE VII - RGy, approximations vy for the critical exponent v of the ¢g-state Potts
model on the square lattice, using as cells those shown in Fig. 27, for different values
of b, b and ¢ (¢ = 1,2,3,4). The asymptotic behaviors for ¢ — 0 and ¢ — oo are

also included.

TABLE VIII - Critical points (kgT./q.J.) for the ¢-state anisotropic Potts ferromagnet
on the simple cubic lattice [104] for ¢ = 1 (a), 2 (b) and 3(c): RG (top) and
extrapolated (bottom) values. * indicates exact results (see, for example, [3]) for
the isotropic d = 2 case; § [322], & [323] and §§ [324] are series results for the

isotropic d = 3 case.

TABLE IX - Non-equivalent configurations of the ¢-state Potts ferromagnet on the
graphs G’ (a single edge) and G (Wheatstone-bridge) with their corresponding total
degeneracies (where the multiplying factor 2 accounts for the equivalent symmetric
configuration), Boltzmann weigths and cluster magnetic momenta m (where each
spin contributes proportionally to its coordination number) necessary to calculate
eq. (333). The spin at the root 1 (at the top) is fixed in the state ¢ = 0 (noted
7). W represents the (¢ — 1) configurations different from T; e denotes the (¢ — 2)
configurations different from T and M, while A represents the (¢ — 3) configurations

different from T, B and e.
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TABLE I

[1/Tc(17 O)] ch(pa 0)/dp]P=1

triangular | honeycomb

1.2472 1.7770
1.1877 1.5782
1.1506 1.4659

1.1246 1.3863
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TABLE VI
b Square lattice
2 3 4 5
b’ (exact)
4ln2 ~ 0.924 | 9In3 ~ 0899 56Ind ~ 0.892 _m_ o 1047
q—0 37 Vi | 1nE VNG ! Vi Vi
q=1 1.428 1.380 1.363 1.355 4/3 = 1.333
q=2 1.149 1.109 1.095 1.088 1
=3 |1 1.024 0.988 0.975 0.968 5/6 = 0.833
q=4 0.948 0.916 0.903 0.897 2/3 22 0.667
q— o 20431 | &% ~0.428 Ind 0431 s ~0.433 -
36In(3/2) ~ 0.859 | 56In(4/2) ~ 0.863 m_ oy 1047
a=0 - TG~ Vi | B v ! ]
q=1 - 1.305 1.303 1.305 4/3 = 1.333
q=2 - 1.048 1.046 1.046 1
=3 |2 - 0.933 0.931 0.930 5/6 = 0.833
q= - 0.865 0.862 0.861 2/3 = 0.667
In(3/2) ~, In(4/2) ~ In(5/2) ~s
q— o0 - ol = 0.424 | BOOL > 0,431 | OOk > 0.435 -

_ _ 5041n(4/3) ~ 0.868 T o~ 1.047
=0 Y S ! i~
q=1 - - 1.301 1.306 4/3 =2 1.333
q=2 - - 1.043 1.044 1
q=3 |3 - - 0.928 0.928 5/6 = 0.833
q=4 - - 0.859 0.858 2/3 = 0.667

In(4/3) ~ In(5/3) ~
q— 00 - - sk = 0.440 | RO/ = 0.445 -
q—0 - - - ? 3-% = %’
q=1 - - - 1.311 4/3 = 1.333
q=2 - - - 1.046 1
q=3 |4 - - - 0.928 5/6 = 0.833
q=4 - - - 0.857 2/3 =2 0.667
q— o0 - - - In(s/4) o 451 -

In(41/25) —
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TABLE VII
RGas; RGs; RGs3 Square lattice

(exact)

0 | FE R | TR e R | T = L | g =

q=1 1.652 1.610 1.527 4/3

q=2 1.369 1.317 1.218 1

q=3 1.244 1.188 1.082 5/6

q=4 1.170 1.110 1.000 2/3

q— oo | 22 2 0.683 | piEdm =0.613 | ik 20.503 -
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TABLE VIII
(a) q=1
3y/3z
01 | 02 | 03 | 04 | 05 | 06 | 07 | 08 | 09 1.0
J3./3,
0.5548 | 0.7112 | 0.8349 | 0.9421 | 1.0390 | 1.1287 | 1.2129 | 1.2928 | 1.3602 | 1.4427
0
0.5548 | 0.7112 | 0.8349 | 0.9421 | 1.0390 | 1.1287 | 1.2129 | 1.2028 | 1.3692 | 1.4427°
1.0592 | 1.2643 | 1.4255 | 1.5646 | 1.6806 | 1.8047 | 1.9125 | 2.0145 | 2.1117 | 2.2049
0.1
1.0229 | 1.2104 | 1.3612 | 1.4934 | 1.6139 | 1.7260 | 1.8317 | 1.9322 | 2.0284 | 2.1210
~ [ 14912 | 1.6689 | 1.8216 | 1.9584 | 2.0840 | 2.2013 | 2.3121 | 2.4174 | 2.5183
0.2
- | 1.4061 | 1.5636 | 1.7024 | 1.8293 | 1.9479 | 2.0601 | 2.1670 | 2.2696 | 2.3686
- = [ 1.8592 | 2.0223 | 2.1682 | 2.3019 | 2.4266 | 2.5440 | 2.6557 | 2.7625
0.3
- — | 17259 | 1.8690 | 2.0002 | 2.1231 | 2.2394 | 2.3506 | 2.4575 | 2.5607
= - ~ [ 2.1942 | 2.3476 | 2.4882 | 2.6190 | 2.7421 | 2.8591 | 2.9708
0.4
- - — | 2.0158 | 2.1504 | 2.2766 | 2.3963 | 2.5107 | 2.6209 | 2.7273
= - - = [ 2.5078 | 2.6543 | 2.7905 | 2.9186 | 3.0402 | 3.1563
0.5
- - - ~ | 2.2882 | 2.4172 | 2.5397 | 2.6569 | 2.7698 | 2.8789
- - - - = [ 2.8061 | 2.9472 | 3.0798 | 3.2055 | 3.3256
0.6
- - - - - | 2.5489 | 2.6739 | 2.7935 | 2.9088 | 3.0203
. - - - - = [3.0027 [ 3.2294 | 3.3590 | 3.4826
0.7
- - - - - - | 2.8012 | 2.9232 | 3.0406 | 3.1543
- - - - - - = [ 3.3699 | 3.5031 | 3.6300
0.8
- - - - - - ~ | 3.0472 | 3.1667 | 3.2824
m - - - - = - ~ [ 3.6395 | 3.7696
0.9
- - - - - - - - | 3.2882 | 3.4057
- - - - - = - = = [ 3.902
1.0
- - - - - - - - - 352508
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TABLE VIII

(b) q=2
Jy/Js

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
J:/3s

0.4529 | 0.5708 | 0.6644 | 0.7462 | 0.8205 | 0.8897 | 0.9550 | 1.0172 | 1.0769 | 1.1346
0

0.4529 | 0.5708 | 0.6644 | 0.7462 | 0.8205 | 0.8897 | 0.9550 | 1.0172 | 1.0769 | 1.1346*

0.7276 | 0.8578 | 0.9631 | 1.0555 | 1.1398 | 1.2183 | 1.2925 | 1.3631 | 1.4309 | 1.4964
0.1

0.6993 | 0.8165 | 0.9141 | 1.0018 | 1.0828 | 1.1591 | 1.2316 | 1.3012 | 1.3682 | 1.4332

- [0.9967 | 1.1090 | 1.2075 | 1.2972 | 1.3806 | 1.4593 | 1.5341 | 1.6059 | 1.6751
0.2

- ] 0.9323 | 1.0299 | 1.1184 | 1.2009 | 1.2792 | 1.3540 | 1.4261 | 1.4958 | 1.5634

- - 12270 1.3304 | 1.4243 | 1.5116 | 1.5939 | 1.6721 | 1.7470 | 1.8192
0.3

- - | 1.1275 | 1.2164 | 1.2998 | 1.3791 | 1.4553 | 1.5289 | 1.6002 | 1.6696

- - - | 1.4379 | 1.5355 | 1.6262 | 1.7115 | 1.7926 | 1.8702 | 1.9449
0.4

- - - | 1.3058 | 1.3898 | 1.4700 | 1.5472 | 1.6219 | 1.6944 | 1.7652

- - - - [1.6365 | 1.7301 | 1.8181 | 1.9018 | 1.9818 | 2.0588
0.5

- - - - 1 1.4746 | 1.5556 | 1.6336 | 1.7092 | 1.7828 | 1.8546

- - - - — | 1.8264 | 1.9169 | 2.0029 | 2.0851 | 2.1642
0.6

- - - - - | 1.6373 | 1.7162 | 1.7927 | 1.8671 | 1.9399

- - - - = — 12.0098 [ 2.0979 | 2.1821 | 2.2630
0.7

- - - - - — | 1.7958 | 1.8732 | 1.9485 | 2.0221

- - - - - - — [ 2.1880 | 2.2741 | 2.3568
0.8

- - - - - - - | 1.9513 | 2.0274 | 2.1019

- - - - - - - - [2.3619 | 2.4463
0.9

- - - - - - - ~ | 2.1044 | 2.1796

- - - - - - - - - 2.5323
1.0

- - - - - - - - - | 2.2556%
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TABLE VIII

(c) q=3
Jy/ds

01 | 02 | 03 | 04 | 05 | 06 | 07 | 08 | 09 1.0
J2/Je

0.4060 | 0.5066 | 0.5869 | 0.6572 | 0.7213 | 0.7813 | 0.8380 | 0.8923 | 0.9445 | 0.9950
0

0.4060 | 0.5066 | 0.5869 | 0.6572 | 0.7213 | 0.7813 | 0.8380 | 0.8923 | 0.9445 | 0.9950*

0.6044 | 0.7072 | 0.7918 | 0.8670 | 0.9360 | 1.0008 | 1.0622 | 1.1211 | L1778 | 1.2327
0.1

0.5820 | 0.6749 | 0.7537 | 0.8251 | 0.8917 | 1.9548 | 1.0150 | 1.0730 | 1.1291 | 1.1836

= [0.8144 | 0.0028 | 0.9814 | 1.0537 | 1.1214 | 1.1857 | 1.2472 | 1.3065 | 1.3638
0.2

- 07642 | 0.8413 | 0.9123 | 0.9791 | 1.0429 | 1.1043 | 1.1636 | 1.2213 | 1.2774

- ~ | 0.9945 [ 1.0761 | 1.1510 | 1.2212 | 1.2878 | 1.3515 | 1.4128 | 1.4721
0.3

- ~ | 0.9174 | 0.9878 | 1.0547 | 1.1187 | 1.1807 | 1.2408 | 1.2093 | 1.3565

= - = | 1.1602 | 1.2374 | 1.3008 | 1.3783 | 1.4439 | 1.5070 | 1.5681
0.4

- - — | 1.0580 | 1.1249 | 1.1892 | 1.2515 | 1.3122 | 1.3714 | 1.4293

- = - = | 1.3168 | 1.3911 | 1.4614 | 1.5287 | 1.5934 | 1.6560
0.5

- - - ~ | 1.1918 | 1.2564 | 1.3191 | 1.3802 | 1.4399 | 1.4985

= = = = ~ | 14671 | 1.5391 | 1.6080 | 1.6742 | 1.7382
0.6

- - - - ~ | 1.3213 | 1.3843 | 1.4459 | 1.5061 | 1.5652

- = - = - = [ 1.6127 | 1.6830 | 1.7506 | 1.8159
0.7

- - - - - — | 1.4478 | 1.5008 | 1.5705 | 1.6301

- - = = - - = | 1.7546 | 1.8235 | 1.8900
0.8

- - - - - - ~ | 1.5723 | 1.6335 | 1.6936

- = - = - - = = [ 1.8936 | 1.9613
0.9

- - - - - - - - |1.6952 | 1.7557

- - - - - - = - — | 2.0300
1.0

- - - - - - - - ~ | 1.8169%8
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