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We discuss, within 2 real-space renermalization-group,interesting
thermal effectse C(surface singularity at the bulk transition;
Ising-Heisenberg crosscver) concerning the free surface of a
cemi—-infinite d=3 spin 1,2 anisotropic Heisenberg ferromagnet.
Comparison with the Mermin-Wagner theorem and with experimental

work is done.
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1 INTRODUCTION

Surface magnetism is nowadays an active field of
research. This is due both to its theoretical
richness and te its important applications
(;orrosion. catalysis , information storaged. See
Ref.[1) for a general review, and Réfs.[a] and [2]
for reviews of respectively real ~space and
reciprocal - space renormalization-group (RGO
approaches.

The theoretical prototype for surface magnetism is
the =spin 11/2 Ising ferromagnet in simple cubic
lattice with a (€0,0,1> free surface, .Is and J.
respectively being the surface and bulk coupling
constants. The corresponding phase diagram |is
indicated in Fig.1: three distinct phasecg,namely the
bulk ferromégﬁetic {BF; both bulk and free surface
are magnetized), the surface ferromagnetic (SF; only
the free surface it magnetized) and the paramagnetic
CP; both bulk and surface are disordered> ones,
Join at a multicritical pointClocated at 4 = J‘/J.-i
==;Ac).

In the present work we discuss,within a real -space
RG framework,two interesting effects, namely Cid the
influence of the symmetry of the magnetic
interaction and its connection with the
Mermin-Wagner theorem, and (iiD the singularity

which the surface magnetization thermal behavior
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exhibits at the bulk critical peint for A > Ac
€ extraordinary transition J. In Section 2 we
introduce the model and the RG formalism;, in
Sections 3 and 4 we discuss -the influence of the
interaction symmetry and the surface singularity

respectively. We finally conclude in Section S.

2 MODEL AND RG FORMALISM

We consider the spin 1/2 anisotropic Heisenberg
dimensionless Hamiltonian
-M = I K - ni3Cofo§+af a§>+ a:a? ) 1)
<i,$
where f3 = 1/k T and <i,J> run over all pairs of
first-neighboring sites on a semi-infinite simple
cubie lattice with a (€¢€0,0,1> free surface ;
CK”.ni j) equals CKs.ns) if both sites belong tc the
surface and equals CK..n.) otherwizse K.E J ./k.T
and K.E J./k-T); J‘. J.z 0 and 0= n‘.n.s 1 (nijt 1
recovers the standard Ising interaction and n, jzo
recovers the tsotropic Heisenberg interaction); o".: ’
o’.: and a: are the spin 1/2 Pauli matrix.
To obtain the phase diagram in the C K..Ks.'n‘ » Mg d
space (or equivalently in the C kBTVJ’.Js/J!.n'.ns)
space) within the RG approach we have to establicgh

the recurrence relations

P ce.ad
K2 o= £CK ) a

Ks: = gCK..K‘.n..'ns) 2.
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Ny < hCK..n‘) (2.cd
N = kCK.,Ks.n‘.ns) (2.4

Notice that the bulk affects the surface but the
opposite is not true, csince the surface |is
cubextensive with respect to the bulk.

Also we expect the Ising particular case (L.e..n' =
Ng~™ 1Y to be a subspace which remmains invariant
under renormalization since it presents a fully
developed axial symmetry. For this to occur it
suffices that hCK..i) = kCK..Ks.l.i) = 31 for all

CK‘.Ks). The recurrence equations then become

K. = fCK-.13 C3.a0
K; = gCK..K‘.i »10 ’ ¢3.bD

We finally expect that the isotropic Heisenberg

particular case (i.e., 7

s = Mg = ) also remains

invariant under renormalization, since nothing
disturbs the perfect isctropy of the interactions.
For this to occurs it suffices that hCKn.O) =
k(K K _,0,00 = 0 for all (K ,KD. The recurrence

B'' s p' E -
equations then become

K' = £CK_,0D Cd.ad
B »

K; = gCK...Ks.0.0) 4.
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Both the above invariances(i.e..ntj=1 and nij=0) can

be simultaneously satisfied if we establish the RG
Eqe.(2) following Ref.(4]. The method essentially
consists in preserving, through renormalization., the
correlations between the rocts Cor terminal sites
of conveniently chosen two-rooted finite graphs,. In
other words, Tr e-ﬁH ic to be precerved under
internal eites .
renormalization. 1If the model is classicallwhich
happens here if n, j= i>. this method provides the

exact answer [5] for the hierarchical 1lattice
ascociated with the particular graph that has been
chosen. There is no unique manner for determining
the best cholces for graphs: this partially relies
on 8 kind of “culinary art”. Two-rooted graphs very
well fitted to the simple cubic lattice have been
introduced in Ref.[8]. Here we shall rather follow
Ref.{7)] and adopt the simpler two-rooted graphs,
Migdal -Kadanoff-like, indicated in Fig.2. By so
doing we partially loose the information
corresponding to the particular site connections
existing in the simple cubic lattice and itis
€0,0.1) free surface, but the resulic are expected
to remainl qualitatively (even quantitativelly
occasionally) cerrect: this has in fact been so for
the Ising particular case (nij=13.

Let. us now focus a problem of further complexity,
namely the calculation, for all temperatures, of the

bulk magnetization M. as well as of the surface one
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Ms' To perform this calculation we adopt the simple
RG procedure introduced in Ref.[(8] and follow along
the lines of Ref.[8]. Excepting for appropriate
ecaling factoers, Mn and Ms respectively coincide
with pand p_ .the dimensionless elementary magnetic
dipocles respectively associated with the bulk and
the surface sites (see [8,8] for details). The RG

equations for Hy and H, are established by imposing
that the bulk and surface total magnetic moments

Cextensive quantities) must be preserved through

renormalization. The equations have the following

forms:
Hy = ICK-.n‘)y. (5. ad
He = m(K‘.Ks.n..ns)ps (5.b2

Together with Egqs.2 they close the RG procedure. For
N, = ns=1 they become

_ Hy = ICK'.l )p. C6.ad
p; = m(K..Ks.i | )ps (6.bd

and, for L QO ,they become

By = 1CK’.0 )p' C7.ad
He = m;K'.Ks.O .0 Dps €7.D)

Eas. (B) (Eqs.(7)) are to be used together with
Eqe.C3 (Eqgs.C4)) to study the Ising (isotropic

Helsenberg) particular case.
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3 INFLUENCE OF THE NATURE OF THE INTERACTIONS

The Mermin-Wagner thecrem {10} essentially states
that no spontanecus magnetization at finite
temperatures can exist if the three following
conditions are simultaneocusly satisfied:

Cid the system only invol ves short-range
interactions;

Ciid the system is two dimensiocnal;

Ciiid the symmetry breakdown corresponds to
interactions which are associated with a
continuous group of symmetries.

The question we want to focus is whelher the SF can

exist if ng= 0, no matter the value of Ny There is

a relatively widespread confusion concerning this

central point. A (fallacious) argument is frequently

raised as follows: ‘condition (i) is obviosly
csatisfied; the surface is a two dimensional system
hence condition Cii) also is satisfied; finally M=

O, therefcre condition (iild alsc |is satisfied;

consequently the SF cannot exist and this for any

value of Ny In fact this is not true : it is only

Lf Tig vanishes as well that the SF cannol exist. One

easy way out of the par adox is to say that tLhe

theorem does not apply because condition (iid is nct
catisfied, the system strictly being a d=3 one

Csemi-infinite bulkd. And this is of course correct.

However we believe, on physical grounds, that the
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surface magnetization vanishes, for A > Ab'
exponenttally while entering deep into the bulk.
This exponential behavior leads to a system which
can, in practice, be considered as a o x o X finite
one, 1.e., a d=2 one, and consequently condition
Ciid can, in practice, be considered as =zatisfied.
Consistently, only remains condition (iiid #s the
one whose satisfaction would lead us oﬁt of the
fallacy. And it is indeed so, because to satisfy
Ciild all the relevants interactions have to satisfy
it, which is not the case. Indeed the finite widih
of the active surface includes much more layers than
the unique free surface layer (for which Ng= 0.
Summarizing, the SF phase is expected to exist {f at
least one of ns and n- is non vanishing. It must
disappear only 1f both n; and n, vanish since then
the Mermin-Wagner theorem, in practice, applies. In
Figs.3 and 4 we reproduce the RG results [7]1 which
are consistent whith the above considerations.

Let us discuss a last point. For the SF phase to
disappear in the Cns.nnb + C0,00 limit, it is not
nécessary that AE diverges: 1t could well remain
finite and even so the SF phase disappear through
the collapse of the P -~ SF critical line on the SF -

BF critical 1line. It is not necessary that Ac
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diverges, dut it does Cas shown in Fig. 5.

4 SURFACE MAGNETIZATION

The thermal behaviors of M. and Ms have been
caleulated within the present RG approach only for
the ng= Mg* 1 model. The results [8) are présented
in Fig. & .

It is well known that

ﬁ’b
M, o C'r:‘3 ) e
and ﬂord
c*r:'-"- ™ It A< A Q. ad
p*F .
Ma T2 D if A= A C9.bd
s c |~
ﬂlb
cT®¢y /31 53-D if A> A 9. ¢
L ¢ s " ® e

in the neighborhood of the temperatures where Mn and
_Ms vanish. All these facts are consistently
recovered within the present RG approach. ¥What we
want to discuss here is a2 more subtle point, namely

the singularity which might exist in MSC'I'.'J at the
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bulk critical point T:n' it A > Ac. We expect,in this

CaAse,

X
A_ca-'r/r:“:: “ for T4 'rc'“’ C10. ad

D
M_CTY-M CT. "D i}
-A CT/T?®-1> * for T T'° C10.B)
+* e <

The central questions we address here are what the
values of A._/A*. X, and x_ are. The present RG
numerical results (8] are consistent with x = x = 1
and A_/A+ # 1, i.e., a discontinuous temperature
derivative of M‘ CA* and A depend on Js/Jl. ;but the
ratio A_/A*roughly remains equal to 4). This result
is in clear variance with Mean Field calculations
(113 since they yield A /A = 1 ,i.e., a continuous
temperature derivative of Ms.

On experimental grounds‘. surface magnetism in Gd has
been studied [12,13]. We focus here the recent
experiment by Rau and Robert [131 . Their data are
consistent with A_/A‘_-i , in agreement with Mean
Field calculations but in disagreement with the
present RG ocnes. One possible explanation could be
the fact that Gd seems to be close to the isotropic
Heisenberg moadel, whereas the present calculation
has been done for the Ising model. The theoretical

treatment of the dependence of A / A* on Cn‘.ns)
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would enlighten this point, but this is still to be
done. However, 1f even in the limit Ng= Ng< 4]
A_/A’ remains different from unity, then the
understanding of Rau and Robert results should be
searched elsewhere.

Since the bulk order acts on the surface as an
external magnetic field, one could expect for- A_/A*
< 1. It is however A-/A-» > 1 which actuaily oCCcurs.
We believe +this must be due to surface-bulk
correlation phenomena : a kind of feed-back effect

related to the fact that the bulk is magnetically

more susceptible for T 2 'I‘:D

than for T ¢ T. .
Equivalently, fer T ) T:" the bulk acquires a
relatively important magnetization induced by the
surface magnetization; this bulk magnetization in

*

turn enhances Ms.
Let us finally mention that we observe in Fig.6 a
slight, but surprising, non monotonicity in the Ms

vs. T curves as function of JS/J' for JS/J'« i

5 CONCLUSI ON

The main results of the present RG treatment of
surface magnetism in a semi-infinite ferromagnetie

bulk c¢an be summarized as follows
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Cid> The surface ferromagnetic (SF) phase exists as
long as either the surface or the bulk C(or bothd
interactions are lIsing-like. It disappears in the
simul tanecus surface and bulk isotropic Heisenberg
case, and it does sco through the divergence of Ac .
The entire behavior is consistent with the
Mermi n-Wagner theorem ;

Cii) AL the bulk critical point and for A > Ac. the
temperature derivative of the surface magnetization
is disconttnuous for the Ising model. This could be
considered as consistent with the surface tension

experiments [14] on liquid ¢

He, but clearly
disagrees with the recent experiments [13]1 on Gd
(possibly isotropic Heisenberg liked. In order to
clarify this question, the study of the influence of
the nature of the madgnetic interactions on the

surface magnetization temperature derivative would

be very welcome.
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‘CAPTION FOR FIGURES

Fig.1 - Phase diagram for the spin 1,2 Ising ferromagnet in the

semli-infinite simple cubic lattice with a (0,0,1D free surface.

Fig.2 - RG cluster transformation for the bulk (ad and its free

surface Cb); @ and O respectively dencte internal and terminal

slites,

Fig. 3 - RG flow diagrams in the invariant subspaces cad NG =
'ns=1 and Cbd LR O; ® ., and O respec_t.ively denote trivial
Cfully stabled, critical (semi-stabled and multicritical C(fully
unstabled) fixed points ; dashed lines are indicative ; BF, SF
and P respectively denote the bulk ferromagnetic, surface

ferromagnetic and paramagnetic phases.

Fig.4 - g~ evolution of the ‘ phase diagram for Ising bulk <(ad
and isotropic Heisenberg bulk Cb); @ denotes the multicritical

point..

Fig.8 - Cn_.n - dependence of the location _Ec -of the
multicritical point appearing in Fig.4. Notice, in the Ne= 4]

plane, a slight minimum.
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