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ABSTRACT

We employ a path integral techniques to write quantum and classical propagators of a
particle interacting with a classical gas and a non-equilibrium scalar phonon field respec-

tively and moddeling random (friction) enviroments.
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I. INTRODUCTION

The interaction of a classical particle with friction, originated from shocks with a random
enviroment, has been very successfully described, at a phenomenological level, by means of
the famous Langevin-Einstein equation with a damping term([1]).

In this paper we intend to analyse the quantum version of the above classical friction
phenomenological interaction framework by means of path integral techniques borrowed
from our previous work ([2] and [3]).

The scope of the paper is as follows: In section Il we deduce the quantum propagator of
a particle interacting with a random enviroment modelled by a classical gas, from an exact
microscopic point of view. In sections III and IV we present the same analysis, but now
with the particle interacting with a scalar phonon field with random initial conditions, as
a random enviroment. Finally in the appendix we present the path integral solution of a

classical Brownian charged particle in the presence of a magnetic field.

II. THE QUANTUM PROPAGATOR OF A PARTICLE INTERACTING WITH A

CLASSICAL GAS

Let us start our study by considering the grand canonical partition functional of a clas-
sical gas, in a volume £ C R®, at temperature T' = (k3)~! and with a two body interaction

potential V(r)

= N 2rm
2(2,8,0) = Y 5(Z5)" 28 (8,9) (1)
N=0 : ﬂ
with
1 N N = A N (Fp)? N V(ri—r )]
ZN(Zvﬂvg) = T’/HdST_éHdSPg X 6(_ Zhl 2m +ZZ<J (I7e=r3DD) (2)
RN 2 p—q =1

By following our previous study (see [2] and references therein), we can re-write Eq.(1)

as a functional integral for a field theory of a disorder field ®(7) for this classical gas
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Z(2,68,9) = <exp(a/d3rem@m)>¢, (3)

where the disorder field average is defined by the following Gaussian field path-integral

(.)e = ! /DF[CI)(F)] x ¢~ 3 | ETOM(L() (4)

<1>

with the constant coupling identifications

s 4 1

=8 = T

o = (3 exp Ly (0) (5)
Bh? 2 '

Here, the kinetic term, of the disorder gas field in Eq.(4) has the two-body potential, as the

Green function, i.e,
LV(F—r") = 5(3)(F— ') (6)

The interaction, i.e, sucessive shocks of a quantum particle of mass M with the particle
gas, 1s easily implemented in the field theory of disordered gas by considering the Feynman
path integral propagator interacting with the disordered gas field by the usual expression

with a coupling constant g (see [2]):

(G (T ))e = GUEH;(7,1) =
/DF[F(O')] % e%f: Fm(E)? % <e%f: dog®(7(c)) + ozfdf’f‘e”q’(rq)h) (7)
It is a straightforward « perturbative calculation to obtain a closed expression for our

proposed "damped” quantum propagator

N Y i gL #i2 _ a2 NN I

Z (8% ' dSTI...dSTN X (/ DF[F(O')]Gﬁ o dcrgm(j—o_) G_TZk,]:l V(|7’k_7’]|)

o N Ja A=) =r

o= H T fdoV (i T10) =iy [ o fl o'V (o) 7)) (8)

In the regime of high-temperature, v — 0, the leading contribution is exactly given by

the non local Feynman path integral (7 = 1)
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(?daﬂ@((ifvt); (f¥7t/)) ~

/ DF[F(O')]GZ :, da%m(g—g)2(0)e— dcrf do'V (7(c)—=7(c")) (9)
() =7 (") =7~

and this is our main result of this section.
In order to obtain closed expressions in the one dimensional case for Eq.(9), let us
approximate the non local interaction by the two-time quadratic action near a equilibrium

point of the particle gas potential (V(0) = V’(0) = 0), namelly

2o [ arvisto - rio) ~ S5 [ [[arotoy—ret (0

In this case the path integral Eq.(9)-(10), was exactly evaluated and the result, for finite

time t, is (see [3]):

m

9V (0 0)/*55

TV )
” 1/2 3/2

O - vy (1)

)1/2

27Tlt Slﬂ(

Ciam((r,1); (r',0)) = ( )

mg .
GXP[(Tt1/2(V (0))'72 cot(

It worth to remark that the above quantum propagator still displays the divergence of
the quantum probability |Gaam((r,t); (r',0))|? in the equilibrium limit + — oo as similar
phenomena obtained in pure phenomenological studies([4]).

Finally we point out that the above damped quantum propagator, Eq.(9), satisfies the

following Schroedinger equation in the presence of a random potential([2]).

d . h? L
thz G((F, 1) (7, 1) = (=5~ B +(M)G((F, 1): (7, 1)
lm G((7,1); (7, 1) = OF=7) (12)

t—t/

where the random potential satisfies the Gaussian statistics

(@(F)O(M)e = g8¥(F 7). (13)
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I1I. THE PATH INTEGRAL FOR ONE DIMENSIONAL MOTION OF A
PARTICLE INTERACTING WITH PHONON FIELD AS A RANDOM

ENVIROMENT

In this section we deduce the phenomenological Langevin equation ([1]) as an effective
macroscopic equation obtained from a microscopic theory of a particle interacting weakly
with a (non-equilibrium) friction enviroment, modelled by a scalar phonon field with a
random initial conditions.

Let us, thus, start this section by considering the following classical one dimensional

phonon field ¢(x,t) with Lagrangean
+°° 1 8(/5 0o,
o= [ [ gl s (1)

where the phonon field time evolution is in the range [0, 00) and 3 denotes a microscopic con-
stant related to the cristal (phonon) tension. We shall consider, together with the Eq.(14),

the following initial conditions:

¢(z,0) = g(x)
o(x,0) = f(x), (15)
where g(x) and f(x) are fixed functions to be specified later.

At this point, we take a classical one dimensional particle of mass M in the presence of

a harmonic potential with the following Lagrangean:

~1
Lo = [ GMG - F@hn (16)
0
We thus propose the following interaction Lagrangean of the classical particle and the clas-

sical phonon field,

o0 + oo
Low =i [ [ deste.s(o - 9000 (1)
0 —o0
where g is a dimensionless coupling constant which couples the particle position Q(t) with

the phonon field at the cristal position x. In order to proceed with our study, let us introduce

the plane wave expansion for phonon field,
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o(x,t) = /_+OO dkor(t)e™™ (18)

with,

o-x(t) = or(1). (19)

At this point, it worth to replace the full interaction, Eq.(17), by the first order equivalent

interaction Lagrangean in the leading limit of weak coupling, i.e, ¢ — 0T

i/ooo dt /_: da(o(x, t)o(x — gQ(t)) ~ ¢ lim dt /_: da(o(0,1) + %(O,t)x +...)0(x — gQ(1))

L—oo 0

[ ) (20)

o0

The complete Lagrangean for the system is, thus, given by the equation below:

Lo+ Lo+ Ly =
- 1'2 1 242
[ astgén - o) +
/0 MO M) - g / i /WA dk keu(HQ(D),  (21)

where

sa0) = [ dk g
|k|<A

z = dk fre*®.
¢(x,0) /WA I (22)

Here we have introduced a momentum cut-off |k| < A which may be removed at the end
of our calculations and leading to a formal renormalization of the macroscopic parameters
of the effective equation of the particle motion, as we are going to show at the end of this
section.

The classical motion equations for each harmonic oscilator is easily obtained from Eq.(21)

and are as follows:

MQ(t) = —Mw2Q(t) — ghoi(t)

A1) = —BK*ox(t) — gkQ(1). (23)
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By considering the above equations of motion in the frequency domain, by means of a
Laplace transform, we get the following algebraic equations in the frequency domain in

place of Eq.(23), i.e,
M(s*Q(s) = sQ(0) = Q(0)) = —MwoQ(s) — ghou(s) (24)
Sou(s) = sge — fi =~k ou(s) — ghQ(s). (25)

The use of identity

b = (- (20
s+ Bk2 s2 4+ Bk Bk?
allow us to get the following equation for the particle of mass M:
/ dl (Ms*Q(s) — sQ(0) — Q(0)) = —/ dk Mw*Q(s)
[k|<A k] <A
sgr + fr — gkQ(s)
—g dk k . 27
IR M

Now we note that the Q(S) term, coming from the last equation in the right-hand side of
the Eq.(27) is explicitly given by:

g2 ~ 92277 ~

dK Q(s) — NG sQ(s). (28)

The time domain equation associated with Eq.(27) (and taking into account Eq.(28)) leads,

B Jikj<n

straightforwardly, to the following damped equation
2
MQU) = (=Mui + Q1) = v™Q() + F(1) (29)
where we have a finite shift in the frequency of the harmonic oscilator and also a renormalized

viscosity explicitly expressed in terms of our microscopic parameters as

) _ 27rg2 1
NG (f|k|<A Ik (30)

Note that by choosing random Gaussian ultra-local initial conditions for our phonon field

14

enviroment, i.e,
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¢(z,0) = g(z) = 0 (31)

with

(f() (=) = yo(x—af), (33)
we obtain that the external non-vanishing force in Eq.(29) satisfies the random initial con-
dition in time

(FO)F()) = vo(t—1) (34)
which is the famous Langevin equation.

Now we will present a path integral representation for the above random equation,

Eq.(29).

IV. THE PATH INTEGRAL FOR THE BROWNIAN MOTION

In this section we consider the Brownian motion of a one dimensional harmonic hoscilator

with the Langevin equation in the interval [0, co] (see Eq.(29))

d?*z dx 9

where f() is the one-dimensional phenomenological random force with Gaussian statistics
(f()) =0
(F()F(1)) = ~yo(t—1). (36)

Physical quantities in this system are functionals of the one-dimensional particle position
x(t,[f]) and must be averaged over the random force. The whole averaging information is

contained in the probabilistic characteristic functional

200) = fexp~ [ ats et 11) (37)
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In order to write the above average in terms of a path integral over trajectories
x(t),0 <t < oo, we follow the same procedure of section Il which leads us to the following

result:

d d
F

e f‘x’ dt dt2 z 4y dz at L 4 2 x) f dtJ(t (38)

It is instrutive to remark the non-triviality of the functional determinant in Eq.(38), a
result that is opposite to that associated to first-order in time kinetic operator of the Ref.[5].
In order to proceed its evaluation, we use the following similarity relationship between the
kinetic operator for the damped equation of motion and that for the non-damped harmonic

oscilator, i.e,

d? d? d
o(t) oty — & -
e~ (dt2+Q) dtz—l—l/dt—l—w (39)

where one must choose a(t) and §(t) satisfying the following relationship

da
2— = 4
o =V (40)
da d*a
= ()P =+ 41
CEgr Tt (41)
or exactly
a(t) = %t (42)
2 _ V_2 2
w? = 1 + Q- (43)

As a consequence of the above similarity relationship, we have the validity of the results

written below:

d? d vy, d? 5
det[ﬁ—l—ya—l—w | = detle (ﬁ—l_ﬂ Je2]
d? 2 Y2ty —t
= det] o + (-2 +0?) = T Wb —h) (44)
dt 4 \/271'7 ty — 1) \ sin[( —|— W2 (ty — tl)]
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The Gaussian fourth-order action in Eq.(12) has the following Green function for its

kinetic operator ([1]):

~ d? d 2v—1 d? d 2y —17%
Gltita) = {(a + v +6) o + g+ Tt (45)

where the symbol * denotes the operation of taking the (formal) adjoint of the operator
under consideration ([3]).

Again, as a consequence of the similarity relationship, Eq.(39), we can easily write the
above Green functions in terms of the well-known causal Euclidian Green function for the

harmonic oscilator, i.e,

v d2 j 4
(5 (s 4 01)eF) T (1) =
vosin(—4 + )2t —t) .
H(t— /)e——tSIH( —I_w ) ( )6 t (46)
w? %
and
d2 d 2y*x1—1 ! d2 d 2 —1 !
[(ﬁJrV%er)] (t,t") = (@—Vaer) (t,1)
. in(—2% + W)Vt —1) L.,
B I i e s e Ul ) (47)
w2

4
Now a simple evaluation leads, finally, to the following expression for the fourth-order
Green function:

_ o0 v 1 —ﬁ 2 1/2 t - t/ Vot
Gty ty) = / dt' e=24 sin(— + )7 )e_Et X
0

2 _ v2
w 4

vy sin(—% + w2)1/2(t -ty .

O(t, — )0t — ty)e2 ez
w? — %
—%(tl—tg) t2 2 2
:if__/ dt' sin(— 2 + w?)V2(t; — )] sin[(— = + W)Vt — 1,)]. (48)
T AWty 4 4

The generating functional, Eq.(37), thus takes the closed form

Z[J(t)] _ e—% OOO dtfooo dt’ J(t)é(t,t')J(t”)‘ (49)
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As we have shown, the path integral techniques of Refs.[2] and [5] provides a quick,
mathematically and conceptually, simple way to analyse random forced physical systems.
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APPENDIX A: A PATH INTEGRAL SOLUTION FOR THE BROWNIAN

MOTION OF A CHARGED PARTICLE UNDER A MAGNETIC FIELD.

Let us start this appendix by considering the Langevin equation in a three dimensional
infinite medium (¢ > 0), for the Brownian velocity of a charged particle in the presence of a

external magnetic field, i.e,

do(t) e, = N
(X B)(1) = —vi(h)f(1), (A1)

where B = Bk is the magnetic field in the z-direction; 9(t) = vl(t)z + Uz(t)j + U3(t>i€
denotes the velocity vector of the Brownian particle, v is the Brownian damping viscosity

and f(t) is the phenomenological random force satisfying the Gaussian statistics (v > 0)

(L) f;(1) = ~vo(t —1)by;. (A2)

The probability of observing that the particle has a prescribed velocity v;, at a time
t; and another prescribed velocity v,,; at a time ¢y, with ¢, > ¢;, denoted from here on by
PlU(t1) = Uiy U(t2) = Uput, is given by the following path integral average of the probabilistic

velocity occupation time ([2])

Plo(ty) = Uin; 0(t2) = Uouw] =

/ Df(e)e s b HOTOS (11, [7]) = 50)6 (02, []) = o). (A3)
where we have used the notation v(, [f]) to emphasize that the particle vector velocity is a
functional of the Brownian random force f(t) whose precise functional form satisfy Eq.(A1).

At this point, we follow previous studies ([1]) to re-write Eq.(A3) as a Feynmam-Wiener

path integral over trajectories 0(1);t; <t <t ([2]), i.e,
Pli(ty) = Ui 0(t2) = 0 = 0. /DF(temewfu

/*(n) Tims(t2) =Tout Dr[ac )]5F[ dt B Z(UXB)( )+ vi(t) — (t)]detF[(% + v)bir — Ceis R, (A4)

c



CBPF-NF-036/98 13

We now observe that the functional determinant in Eq.(A4) is unity as a straightforward

consequence that the Green function of the operator % is the step function when operating
in the domain C'*[ty,5].
By using the Lagrange-multiplier representation for the delta functional inside the aver-

age Eq.(A4), namely:

dv e, = =
(] P 5(t) — =
) [dt chB + vi(t) — f]

/ DIIA(1)]e @ L (A
X(t1)=X(t2)=0

and evaluating the resulting X(t) and f(t) Gaussian functional integrals, we arrive at
the exact path integral representation for the two-velocity probability for the Brownian

(classical)particle Eq.(1):

P6(t1) = Vin; ¥(l2) = Uour] =

/ DF[(t))e > Jn 7 (A6)
6(t1):6in§6(t2):ﬁout

which, by its turn, leads to exactly soluble path integrals of a 2D Euclidian quantum har-
monic oscilator under the presence of a external magnetic field with cyclotron frequency,

w. = eB/e, and a 1D Euclidian harmonic oscilator into the z direction with frequency v*:
Plo(tr) = Oin; 0(l2) = Vour] =

/[ Do) [ DFa(t)]
v1(f1) =" 501 (f2) =0t va (t1) =040z (t2)=vg™t

1 X

/ DF[vg(t)]e_ﬂ ftl di (1}§+u2v§)‘ (A7)
vg(tl):vgn;vg(tg):vom

In the special (pedagogical) case of w? + v? = “;—2;7 = 1 and t; = 0, one can evaluate

easily the first propagator with the result (see [6]):

PlU(0) = U053 0(1) = Uout] =

1 - i—t(vf“t— (vi?)2+(v1")2 cos|wct+arctan( len ))?
—e V] <
4rt
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X

— 41—1:(112‘3“ — (vi‘")2—|—(v§")2 sin[wct+arctan( v%n )])2
e vl ><
4. ~1/2
(my/ —sinV4vt) X
14
T ((vgn)2+(v§ut)2) cosh \/Et—2v§nv§ut
6_\/: sin VAvt . (AS)

In the general physical case of generics B and v, even if these external parameters are
time-dependent, one can write the associated Euclidian Schroedinger (diffusion) equation
and solve exactly such (initial conditions) Feynman propagators by making use of the space-

time transformations of Refs. [4]-]7].



