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Abstract

The supersymmetry in quantum mechanics and shape invariance condition
are applied as an algebraic method to solving the Dirac-Coulomb problem.
The ground state and the excited states are investigated via new generalized

ladder operators.
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I. INTRODUCTION

The supersymmetry (SUSY) algebra in quantum mechanics (QM) initiated with the work
of Nicolai [1] and elegantly formulated by Witten [2], has attracted interest and found many
applications in order to construct the spectral resolution of solvable potentials in various
fields of physics [3]. SUSY QM was first formulated by Witten [2] and also Gendenshtein
who used shape invariance property [4]. The hydrogen atom was studied via SUSY QM in
non-relativistic context by Kostelecky and Nieto [5]. They used the SUSY QM for spectral
resolution and also for calculating transition probabilities for alkali-metal atoms.

The Dirac-Coulomb problem is an exactly solvable problem in relativistic quantum me-
chanics and the solution can be found in some books on quantum mechanics, for instance [6].
Dirac-Coulomb problem has also been studied via SUSY QM [8-16]. Our purpose in this
paper is to obtain the complete energy spectrum and to point out energy eigenfunctions of
the Dirac-Coulomb problem via shape invariance, and new generalized ladder operators in
SUSY QM, whose Lie algebraic structure for shape invariant potentials has been presented
by Fukui-Aizawa [17] and Balantekin [18], which (has) been applied for exactly soluble
potentials in non-relativistic quantum mechanics [19,20].

It is particularly simple to apply SUSY QM for shape-invariant potentials (as) their SUSY
partners are similar in shape and differ only in the parameters that appear in them. More
specifically, if V_(x; a;) is any potential, adjusted to have zero ground state energy EO = 0,
its SUSY partner V. (x;ay) must satisfy the requirement V,(z;a0) = V_(x;a1) + R(ay),
where ag is a set of parameters, a; a function of the parameters ag and R(a;) is a remainder
independent of z. Indeed, f®)(a;) = f(f---(f(a1))---), i.e. the function f applied s times.
In this case, one can determine the energy levels for V(z;aq) to be EM = w1 R(a;).
Recently, some relativistic shape invariant potentials have been investigated [21].

The SUSY hierarchical prescription was utilized by Sukumar to solve the energy spec-
trum of the Dirac-Coulomb problem [9]. In this work the Fukui-Aizawa-Balantekin [17,18]

approach to the Dirac-Coulomb problem is investigated via SUSY QM.
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This present paper is organized in the following way. In the section IT we realize a graded
Lie algebra structure in terms of the 4x4 matrix supercharges analogous to Witten’s SUSY
algebra for the Dirac radial equation associated with the hydrogen atom. In section III,
we deduce new generalized ladder operators in relativistic quantum mechanics via super-
symmetry, in order to build up the energy eigenvalue and eigenfunctions of supersymmetric
partner potentials, using the shape invariance condition. In section IV concluding remarks

are given.

II. THE DIRAC-COULOMB PROBLEM AND SUSY

In this section, we adopt the Sukumar approach to construct the 4x4 matrix supercharges.

The Dirac radial equation for the hydrogen atom can be written as

G
w0 1| k —v G 0 oy G
a + - = ) (1)
0 L] T\y-k|\F a, 0 )\ F

where k is an eigenvalue of the Dirac operator K = B(i L+ 1), ~v= %, ap = m+

E, ao=m—-E, |k|=j+3 (k=+1,42,+3,---,)and 1 is the 2x2 unity matrix. The

operator D given by
D=s+k—nyo (2)
diagonalizes the matrix that appears in the interaction term,
D™ (kos — iyoy) D = so3, (3)

so that we obtain

where
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G G
=D , p=Er. (5)
F F
The eigenvalue equations for £ =| k | and k = — | k |, respectively, become
|k m\ = d s v
— = -—=|G 6
( 5 + ) a5 50 (6a)
k] m\ 5 d s 7\ 4
E_mMyg = (-2 45 T\ p 6b
— k] m\ s [(d s 7\ 4
( . + ) -=\35, + > s G_, (6¢)
— k] m\ - d s 7Y\ 4
L SR A I o 6d
< s E dp p s ’ (6d)

where Fy = F(+ | k|), Gy=G(+|k|), F_=F(—|k|) andG_=G(—|k]).

Defining the intertwining operators in their matrix form

d s v
A(+) _ 2 1
-t (2w )
_ d s
Y ——— 2_ 1
Pt (52 )
and
k m
0= ual +ig0s, 9)
we get
G G
AP T =0 T, (10)
F, Fy
L F
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From (9), (10) and (11), we obtain:

T lxo]| =4 T (12)
G_ Fy Fy
In similar way, we find:
G F. F.
T lx-o| =40 | (13)
F, G_ G_

From equations (7), (8), (10) and (11), we see that there exists the following supersym-

metric partner eigenvalue equations:

2 2 G

_ + v om +
apap | O = (e ) [ (14

Fy +

and
ol > 2\ [ F
_ 0 m

APAT| | = (1 + 5= ﬁ> e (15)

G_ G_

The mutually adjoint non-Hermitian supercharge operators for Witten’s model are given
by

0 AP B 0 0
Qs = Ao = , Qo =A{o, = , (16)
0 0 A 0

4x4 4xd
so that the SUSY Hamiltonian H satisfies [H, Q4] = 0, and takes the form

ﬁ+WWm—@iW@0

H = [Q+7Q*]+ = dp

H 0
(17)

Il
P N | —

0 H.

where the matrix superpotential W (p) = (% — %) 03. At this point we would like to call
attention to the fact that the above Hamiltonian operators is a 4x4 matrix and as far as
we know this is the first time where a 2x2 matrix superpotential operator appears to the
Dirac-Coulomb problem. We also can see that the pair of SUSY Hamiltonians is given by

H_ = ASJF)A(()*), H, = Agf)A(()Jr) and o3 is the Pauli diagonal matrix.
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III. SPECTRAL RESOLUTION VIA LADDER OPERATORS

Let us now build up the energy eigenvalues and eigenfunctions of supersymmetric partner
potentials, using the shape invariance condition and the generalized ladder operators. From

the last section one obtains the following matrix forms of the pair of SUSY potentials:

s(s—1) 2\ A2
Voo \s)=| ” o : (18)
0 s(s+1) _ 2) + A2
02 P 52
s(s+1) 22 A2
(H) 2y X 0
V—I—(pa )‘7 8) = g g s(s—1) 9\ A : (19)
0 -, +

Althought the SUSY partner potentials V() are not shape invariant, we can see that their

respective components are:

A2 N2

‘/(+)11(p7 )‘7 S) = Vv(*)ll(pa )‘7 5+ ]-) - m + 8_2, (20)
\? \?
Vicyae(ps Ay ) = Vigyea(p, A, s+ 1) — 511y +t 3 (21)

From (27), (20) and (21) one can written

)\2 )\2 )\2 )\2
Ri1(a1) = Ryo(ar) = — + =3 (22)

(s+1)2 s af af

so that Ry(a;) = ﬁ + ;\—5 fori =1,2---. Thus we get the following energy eigenvalues of
H(—)u = H(+)22 :
n 2 2
() _ g _ _ A A
Efy = FEl5 = ;Ru(az‘) = Grnye t (23)
where a; = fi"1(ag). By comparison (23) with the eigenvalue equations we obtain the energy

eigenvalues of the hydrogen relativistic atom,

A2 m? A2 A2
AN GO N NN/ B ¥ 24
TR TR T2 (s +n)?’ ’ ’ (24)

providing
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2

E™ = e n=0,1,2,--, (25)
L+ e

which is in agreement with the result obtained by Sukumar using the SUSY Hamiltonian
hierarchy method [9].
Note that the shape invariance condition is associated with translation of the parameter

a’s, so that the Eq. (10) can be written in the following form:

T

d d
( dx) TS TP =D (26)
AP (a0) AT (a0) = AT (a0) AT (a1) + R(ay), (27)

where
d s v

AF — 4 + 21 28
=g 21 (28)

Following Fukui-Aizawa-Balantekin [17,18], we obtain the following ladder operators:
B_(s) = T'(s)A;,(s), Bi(s) = BL(s), (29)

T'(s) being a translation operator defined by

d

T(s) = ¥, so that Ti(s) = e s, (30)

where ag = s so that R(a,) = T(an)R(an_1)T (ay) and R(a,)B(ao) = By (ag)R(an_1).
Thus, it is easy to see that the operators By (ag) and R(a,,) satisfy the following commutation

relation:
[H_y11, BY] = (R(a1) + R(as) + - -+ R(a,))B}, n=1,2,---, (31)

with H_y,, = By B_ = AgJ{)AS). Consequently we see that the Fﬁn), component eigenfunc-

tion the n-th excited stated, is given by

F B_’f_(s)é(_o) (p;s), n=1,2,3,--- (32)
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The ground state eigenfunction must be annihilated by B_(s), so
A~ (5)G9(p; s) =0, (33)
which lead us the following physically acceptable solution:
G (p; s) = Nap'e +*, (34)

N¢ being the normalization constant.

From (29) and (30) we see that the raising operator may be written as

B.(s) = (dip + % — g) et (35)

Consequently, for the first excited state one may write

_ l(2s +1) (% - Ll)ﬂ pHleT . (36)

Finally we would like to call attention that the above formalism may be applied to the

exactly solvable potentials in relativistic quantum mechanics [21,22].

IV. CONCLUSION

In this paper we investigate the Dirac-Coulomb problem via supersymmetry in quantum
mechanics. The shape invariant formalism for the supersymmetric partners is applied to
obtain the complete energy spectrum and eigenfunctions of the Dirac-Coulomb problem.

The generalized ladder operators have been used to obtain the complete set of the en-
ergy spectrum and eigenfunctions for the Dirac-Coulomb type potential in supersymmetric
quantum mechanics formalism. Solving this problem a Schrédinger-like equation for shape
invariant potentials is obtained for the upper component. The lower component can, conse-

quently, be obtained the upper component one.
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The first review work on SUSY QM with application for the Dirac-Coulomb problem was
reported by Haymaker-Rau [10] but they do not consider the Sukumar’s method. Recently,
the confinement of neutral fermions by a pseudoscalar double-step potential in the Dirac
equation in (1+1) dimensions has been investigated [22].

The complete energy spectrum and eigenfunctions of the Dirac-Coulomb problem are
deduced via a new approach of the SUSY QM. Indeed, one has used the algebraic structure
for shape invariant potential, recently proposed by Fukui-Aizawa-Balantekin [17,18] to con-
struct the energy eigenfunctions for the Dirac-Coulomb problem. This approach is different

from the SUSY Hamiltonian hierarchy method applied by Sukumar [9].

ACKNOWLEDGMENTS

The author is grateful to A. N. Vaidya, whose advises and encouragement were precious.
RLR was supported in part by CNPq (Brazilian Research Agency). He wishes to thank J.
A. Helayel Neto for the kind of hospitality at CBPF-MCT. The author wishes also thank
the staff of the CBPF and DCEN-CFP-UFCG.



CBPF-NF-032/03 9

REFERENCES

[1] H. Nicolai, J. Phys. A: Math. Gen. 9, 1497 (1976).

[2] E. Witten, Nucl. Phys. B185, 513 (1981); See also, for example, R. de Lima Rodrigues,
The quantum mechanics SUSY algebra: an introduction review, Monograph CBPF-MO-
03/01, hep-th/0205017.

[3] F. Cooper, A. Khare and U. Sukhatme, “Supersymmetry in quantum mechanics,” World
Scientific, Singapure, 2001; B. Bagchi, “Supersymmetry in quantum and classical me-
chanics,” published by Chapman and Hall, Florida (USA), (2000); G. Junker, “Super-
symmetric methods in quantum mechanics and statistical physics,” Springer, Berlin
(1996); A. Das, “Field theory: a path integral approach,” World scientific, Singapure,
chapter 6 (1993).

[4] L. E. Gendenshtein, Zh. Eksp. Fis. Piz. Red. 38, 299-302 [JETP Lett., 356-359 (1983)).

[5] V. A. Kostelecky and M. M. Nieto, Phys. Rev. Lett. 53, 2285, (1984); V. A. KosteLecky
and M. M. Nieto, Phys. Rev. A32, 1293, 3243, (1985); V. A. Kostelecky, M. M. Nieto
and D. R. Truax, Phys. Rev. D22, 2627, (1985); V. A. Kostelecky and M. M. Nieto,
Phys. Rev. A38, 4413, (1988).

6] J. D. Bjorken and S. D. Drell, Relativistic Quantum Mechanics, McGraw-Hill Book
Company, New York (1964); P. M. Mathews aand K. Venkatesan, A Text Book of
Quantum Mechanics, New Delhi, Tata McGraw. Hill, (1987).

(7] R. W. Haymaker and A. R. P. Rau, Am. J. Phys. 54, 928 (1986).
[8] R. J. Hughes, V. A. Kostelecky and M. M. Mieto, Phys. Rev. A34, 1100 (1985).
9] C. V. Sukumar, J. Phys. A: Math. Gen. 18, L697 (1985).

[10] R. W. Haymaker and A. R. P. Rau, Am. J. Phys. 54, 928 (1986).

[11] Richard J. Hughes, V. Alan Kostelecky and M. Martin Nieto, Phys. Rev. D34, 1100



CBPF-NF-032/03 10

(1986).
[12] P. D. Jarvis and G. E. Stedman, J. Phys. A: Math. Gen. 19, 1373 (1986).
[13] C. Fred, K. Avinash, R. Musto and A. Wipf, Ann. of Phys. 187, 1 (1988).
[14] Y. Nogami and F. M. Toyama, Phys. Rev. A47, 1708 (1993).

[15] M. G. Kwato Njock, S. G. Nana Engo, L. C. Owono, G. Lagmago and B. Oumarrou,
Phys. Lett A187, 191 (1994).

[16] F. Cooper, A. Khare and U. Sukhatme, Phys. Rep. 251, 267 (1995).
[17] T. Fukui and N. Aizawa, Phys. Lett. A180, 308 (1993).
[18] A. B. Balantekin, Phys. Rev. A57, 4188 (1998), quant-ph/9712018.

[19] A. B. Balantekin, M. A. Céndido Ribeiro and A. N. F. Aleixo, J. Phys. A: Math. Gen.
32, 2785 (1999); A. N. F. Aleixo, A. B. Balantekin and M. A. Candido Ribeiro, .J. Phys.
A: Math. Gen. 33, 3173 (2000); A. N. F. Aleixo, A. B. Balantekin and M. A. Candido
Ribeiro, J. Phys. A: Math. Gen. 34, 1109 (2001), quant-ph/0101024; E. Drigo Filho
and M. A. Candido Ribeiro, Phys. Scripta 64, 348 (2001), nucl-th/0108073.

[20] H. Fakhri, Phys. Lett. A308, 120 (2003).

[21] A. D. Alhaidari, J. Phys. A: Math. Gen. 34, 9827 (2001), hep-ht/0112007; A. N. Vaidya
and R. de Lima Rodrigues, J. Phys. A: Math. Gen. 35, 1 (2002), hep-th/0204022; A.
S. de Castro, J. Phys. A: Math. Gen. 35, 6203 (2002), hep-th/0204006.

[22] Antonio S. de Castro, Phys. Lett. A35, 100 (2002), Erratum-ibid A308, 80 (2003), hep-
th/0209196; Antonio S. de Castro, Wiliam G. Pereira, Phys. Lett. A308, 131 (2003).



