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I. INTRODUCTION

The relativistic tridimensional isotropic harmonic oscillator has been introduced many

years ago by Itô, Mori and Carriere [1], with the Dirac Hamiltonian linear in the position

�r and momentum �p, with the replacement of �p by �p − imωβ�r, where i =
√−1, m the

mass and ω the oscillator frequency. This system is an exactly soluble model which has

unusual accidental degeneracies in its spectrum [2].

The system analyzed in [1], was denominated Dirac oscillator by Moshinsky and

Szczepaniak [3]. The Dirac oscillator has been investigated in several contexts [4–20].

The Dirac oscillator with a generalized interaction was treated by Castaños et al. [9].

Dixit et al. [10] have obtained a parity invariant Dirac oscillator with scalar coupling by

doubling the number of components and using a representation of the Clifford algebra C�7.

These works motivate the construction of a new linear Hamiltonian in terms of the mo-

mentum, position and mass coordinates, through a set of seven mutually anticommuting

8 × 8-matrices yielding a representation of the Clifford algebra C�7.

In the present work we study a new formulation of the Dirac oscillator using the Clifford

algebra C�7 which, in the non-relativistic limit leads to the 3D isotropic oscillator with a

correction term for both signs of energy. The correction term is different from those in

the other formulations and will be interpreted in the following.

II. GENERALIZED DIRAC OSCILLATOR

The Clifford algebra C�7 is defined by a set of 7 objects satisfying the anticommutation

relations

[Γa, Γb]+ = 2δab1, a, b = 1, 2, · · ·7. (1)

The irreducible representations of Γa are provided by the 8 × 8 matrices given by

�Γ = 12×2 ⊗ �α, Γ4 = 12×2 ⊗ β, Γ4+i = Γ̃i = ρi ⊗ γ5, (2)

where ρi, i = 1, 2, 3, are a set of the Pauli matrices and
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�α = τ1 ⊗ �σ, (i = 1, 2, 3), β = τ3 ⊗ 12×2, γ5 = α1α2α3β = τ2 ⊗ 12×2. (3)

Here, ρi, τi and σi are three sets of the Pauli matrices which act in different space. Now,

we build the Dirac oscillator Hamiltonian linear in the position �r, momentum �p and mass

M as:

H = c�Γ · �p + Γ4Mc2 + cMω�̃Γ · �r. (4)

The above Hamiltonian gives

H2 = c2�p2 + M2c4 + c2M2ω2r2 − ih̄c2Mω�Γ · �̃Γ. (5)

To interpret the last term in H2 we analyze the structure of the total angular momen-

tum associated with the Hamiltonian H.

It is easy to verify the commutation relations:

[H, Li]− = −ih̄c(�Γ ∧ �p)i − ih̄cMω(�̃Γ ∧ �r)i (6)

[H, Si]− = ih̄c(�Γ ∧ �p)i (7)

where �L = 18×8 ⊗ �r ∧ �p and �S = − ih̄
4
12×2 ⊗ (�α ∧ �α).

Thus

[H, Li + Si]− = −ih̄cMω(�̃Γ ∧ �r)i �= 0, i = 1, 2, 3. (8)

Now we compute the commutator of H with another spin like operator �I, which we

define as being

�I = −i
h̄

4
�̃Γ ∧ �̃Γ (9)

with

[Ii, Ij]− = ih̄εijkIk, (i, j, k = 1, 2, 3). (10)
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We obtain

[H, Ii]− = ih̄cMω(�̃Γ ∧ �r)i, i = 1, 2, 3. (11)

Thus we see that the operator

�J = �L + �S + �I (12)

with

[Ji, Jj]− = ih̄εijkJk i, j, k = 1, 2, 3, (13)

satisfies the equation

[H, �J ]− = [H, �L + �S + �I]− = 0. (14)

Thus we may identify �J as the total conserved angular momentum. When ω = 0,

�JD = �L + �S commutes also with the Hamiltonian in equation (6), i.e.

[H(ω = 0), �L + �S]− = 0. (15)

Note that the operator H(ω = 0) is a direct sum of two Hamiltonians of the free Dirac

particle, viz.,

H(ω = 0) = c�Γ · �p + Mc2Γ4 =

⎛
⎜⎝ c�α · �p + Mc2β 0

0 c�α · �p + Mc2β

⎞
⎟⎠ . (16)

In this case with ω = 0, the operator �I commutes also with H(ω = 0) :

[H(ω = 0), Ii]− = 0, (i = 1, 2, 3). (17)

Therefore, the operators Ii, commuting with H(ω = 0), generate a global symmetry of

SU(2) between the Dirac particles described by the Hamiltonians in the lower and upper

sectors. The doublet of fermionic particles described by this Hamiltonian can be labeled

by value 1/2 of the I-spin, and the eigenvalues of I3 = h̄
2

and I3 = − h̄
2
. From equation (9),

we obtain:

I2 =
3

4
h̄2

⎛
⎜⎝ 14×4 0

0 14×4

⎞
⎟⎠ , I3 =

h̄

2

⎛
⎜⎝ 14×4 0

0 −14×4

⎞
⎟⎠ . (18)
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The interaction term in equation (4) is dependent on the operators of the ordinary spin

Si and of the I-spin Ii. Indeed, using the definitions given by equations (3), (6) and (9)

we can write the forms of H and H2, respectively, as

H = 12×2 ⊗ (c�α · �p + βMc2) +
2

h̄
cMω�I · �r

H2 = c2�p2 + M2c4 + c2M2ω2r2 +
4

h̄
c2Mω�S · �I. (19)

At this stage, we can justify that the matrices of I-spin (1/2 in our case), represent an

inner symmetry of the doublet of free Dirac particles, given by above expression for the

total angular momentum. Indeed, we notice that �S + �I is the true total spin of the Dirac

oscillator described by the Hamiltonian (19).

Next, we consider the solution of our model of the Dirac oscillator in the non-relativistic

limit. If we decompose the eigenfunction Φ of H with eigenvalue ER in the form

Φ =

⎡
⎢⎢⎢⎢⎢⎢⎣

v1

w1

v2

w2

⎤
⎥⎥⎥⎥⎥⎥⎦

, (20)

where v1, w1, v2 and w2 are two-component spinors, the eigenvalue equation

HΦ = {12×2 ⊗ (c�α · �p + βMc2) +
2

h̄
cMω(�I · �r)}Φ = ERΦ (21)

gives:

(
cτ1 ⊗ �σ · �p + τ3 ⊗ 12×2Mc2 0

0 cτ1 ⊗ �σ · �p + τ3 ⊗ 12×2Mc2

)
⎡
⎢⎢⎢⎢⎢⎢⎣

v1

w1

v2

w2

⎤
⎥⎥⎥⎥⎥⎥⎦

+cMω(�ρ · �r)⊗
(

0 −i12×2

i12×2 0

)
⎡
⎢⎢⎢⎢⎢⎢⎣

v1

w1

v2

w2

⎤
⎥⎥⎥⎥⎥⎥⎦

= ER

⎡
⎢⎢⎢⎢⎢⎢⎣

v1

w1

v2

w2

⎤
⎥⎥⎥⎥⎥⎥⎦

, (22)

where
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�ρ · �r =

(
x3 r−

r+ −x3

)
, r∓ ≡ x1 ∓ ix2. (23)

Thus we get for the spinors v1, w1, v2 and w2, the following relations:

ERv1 = Mc2v1 + c�σ · �pw1 + cMω(−ix3w1 − ir−w2),

ERw1 = −Mc2w1 + c�σ · �pv1 + cMω(ix3v1 + ir−v2),

ERv2 = Mc2v2 + c�σ · �pw2 + cMω(−ir+w1 + ix3w2),

ERw2 = −Mc2w2 + c�σ · �pv2 + cMω(ir+v1 − ix3v2), (24)

which show that in the non-relativistic limit, for ER → E ′
+ + Mc2 (positive energy), the

components v1 and v2 are predominant and w1 → (v1/c) → 0 and w2 → (v2/c) → 0. On

the other hand, for ER → −E ′
− − Mc2 (negative energy), the components w1 and w2 are

predominant and v1 → (w1/c) → 0 and v2 → (w2/c) → 0.

Now, the eigenvalue equation for H2 can be simplified to give

H2Φ = E2
R

⎡
⎢⎢⎢⎢⎢⎢⎣

v1

w1

v2

w2

⎤
⎥⎥⎥⎥⎥⎥⎦

=
{
c2p2 + M2c4 + c2M2ω2r2 + Mc2h̄ω�ρ ⊗ τ3 ⊗ ·�σ

}
⎡
⎢⎢⎢⎢⎢⎢⎣

v1

w1

v2

w2

⎤
⎥⎥⎥⎥⎥⎥⎦

, (25)

or

E2
R − M2c4

2Mc2

⎡
⎢⎢⎢⎢⎢⎢⎣

v1

w1

v2

w2

⎤
⎥⎥⎥⎥⎥⎥⎦

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

p2

2M
+

1

2
Mωr2 + h̄ω

⎛
⎜⎜⎜⎜⎜⎜⎝

1
2
σ3 0 σ− 0

0 −1
2
σ3 0 −σ−

σ+ 0 −1
2
σ3 0

0 −σ+ 0 1
2
σ3

⎞
⎟⎟⎟⎟⎟⎟⎠

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

⎡
⎢⎢⎢⎢⎢⎢⎣

v1

w1

v2

w2

⎤
⎥⎥⎥⎥⎥⎥⎦

, (26)

where

1

2
�ρ ⊗ τ3 ⊗ ·�σ =

⎛
⎜⎜⎜⎜⎜⎜⎝

1
2
σ3 0 σ− 0

0 −1
2
σ3 0 −σ−

σ+ 0 −1
2
σ3 0

0 −σ+ 0 1
2
σ3

⎞
⎟⎟⎟⎟⎟⎟⎠

, σ± ≡ 1

2
(σ1 ± iσ2). (27)
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Observing that equation (26) gives us coupled relations only between (v1, v2) or (w1, w2),

we have:

E2
R − M2c4

2Mc2

(
v1

v2

)
=

{
p2

2M
+

1

2
Mωr2 + h̄ω

( 1
2
σ3 σ−

σ+ −1
2
σ3

)}(
v1

v2

)
,

E2
R − M2c4

2Mc2

(
w1

w2

)
=

{
p2

2M
+

1

2
Mωr2 − h̄ω

( 1
2
σ3 σ−

σ+ −1
2
σ3

)}(
w1

w2

)
, (28)

where

( 1
2
σ3 σ−

σ+ −1
2
σ3

)
=

1

2
{�ρ ⊗ 12×2} · {12×2 ⊗ σ} =

1

2
�ρ ⊗ ·�σ. (29)

Next, using the fact that v1 and v2 are large compared to w1 and w2 in the case ER →
E ′

++Mc2 ⇒ E2
R−M2c4 → 2Mc2E ′

+, and ER → −E ′
−−Mc2 ⇒ E2

R−M2c4 → −2Mc2E ′
−,

equations (28) give us

E ′
+

(
v1

v2

)
=

(
p2

2M
+

1

2
Mωr2 +

1

2
h̄ω�ρ ⊗ ·�σ

)(
v1

v2

)
,

E ′
−

(
w1

w2

)
=

(
p2

2M
+

1

2
Mωr2 − 1

2
h̄ω�ρ ⊗ ·�σ

)(
w1

w2

)
, (30)

where E ′
± are assumed to be small in comparison with Mc2. The operator �ρ⊗·�σ commutes

with all the other terms of these two Hamiltonians, so that we can substitute it by the

eigenvalues 1 and -3, when acting on the triplet states, VT and WT , and on the singlet

states, VS and WS, respectively. Hence we get:

E ′
+VT =

(
p2

2M
+

1

2
Mωr2 +

1

2
h̄ω

)
VT , E ′

−WT =

(
p2

2M
+

1

2
Mωr2 − 1

2
h̄ω

)
WT ,

E ′
+VS =

(
p2

2M
+

1

2
Mωr2 − 3

2
h̄ω

)
VS, E ′

−WS =

(
p2

2M
+

1

2
Mωr2 +

3

2
h̄ω

)
WS. (31)

The energy spectra of these Hamiltonians are then given by:

[
E ′

+

](n)

T
= (n + 2)h̄ω,

[
E ′

−
](n)

T
= (n + 1)h̄ω,

[
E ′

+

](n)

S
= nh̄ω[

E ′
−
](n)

S
= (n + 3)h̄ω, (n = 0, 1, 2 · · ·), n = � + 2m, (32)
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which reveal an asymmetry between the positive and negative energy spectra. For exam-

ple, when
[
E ′

+

](0)
S

= 0, we have ER =
[
E ′

+

](0)
+ Mc2 = Mc2; on the other hand, when[

E ′
−
](0)
S

= 3h̄ω, ER = −Mc2 is absent, since ER = −
[
E ′

−
](0)
S

− Mc2 = −Mc2 − 3h̄ω. The

interesting question about the existence or not of an interaction that inverts this asym-

metry of the spectra derived above, in the non-relativistic limit, can be responded in the

affirmative. This interaction corresponds to changing the sign of ω in equations (4) and

(5). The nonequivalence of the spectra in these two cases follows from the nonexistence

of a unitary transformation satisfying the following conditions: Γi → Γi, Γ4 → Γ4 and

Γ̃i → −Γ̃i, i.e., �α → �α, β → β, γ5 → γ5 and �ρ → −�ρ, since the representations �ρ and

−�ρ are inequivalent.

III. CONCLUSION

We have found a new representation for a Dirac oscillator via the Clifford algebra C�7.

With the introduction of the interaction dependent on the I-spin in (9), for ω �= 0, the

global symmetry SU(2) that exists in the case ω = 0 is broken and the I-spin degrees

of freedom convert to the degrees of freedom of spin and orbital angular momentum,

according to equation (12).

In the context of a gauge field theory with the local symmetry of SU(2) spontaneously

broken, such a phenomenon of convention of the degrees of freedom I-spin to spin [21]

occurs. However, the breaking of the global symmetry SU(2), as in our Dirac oscillator

model, has not been investigated in the literature. Our Dirac oscillator model is not

manifestly covariant, however, it is quantum-mechanically well-defined. Interestingly, the

Hamiltonian does not commute with the ordinary angular momentum operator �J = �L+ �S,

but a new I-spin must be added.

The symmetry breaking brought out here for the Dirac oscillator was studied in the

non-relativistic limit when the additional constraint provided by the Dirac equation is

fully implemented.

The formulation of the Dirac oscillator Hamiltonian [3] in terms of the Wigner ladder

operators [22] permits a purely algebraic treatment for the relativistic problem [23], the

details of which will be published separately.
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Let us conclude with a discussion on the relationship between the new Dirac oscillator

and other proposals including the 4 × 4 oscillator with vector coupling and the 8 × 8

oscillator scalar coupling. The usual Dirac oscillator Hamiltonian in the non-relativistic

limit leads to that of a 3-dimensional isotropic oscillator shifted by a constant term plus

a �L · �S coupling term for both signs of energy. In another work, Dixit et al. [10] have

considered the Dirac oscillator with scalar coupling which in the non-relativistic limit

leads to a harmonic oscillator Hamiltonian plus a �σ · r̂ coupling term, where r̂ = �r
r
. In the

new Dirac oscillator presented in this paper the correction term is different. Indeed, our

Dirac oscillator Hamiltonian in the non-relativistic limit leads to that of a 3-dimensional

isotropic oscillator plus a �ρ ⊗ ·�σ coupling term.
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