CBPF-NF-025/96

“A Deformed Model for the Unstable Phonon Spectrum in ‘He”

M.Rego-Monteiro***, L.M.C.S. Rodrigues*® and S. Wulck™*

*Centro Brasileiro de Pesquisas Fisicas - CBPF
Rua Dr. Xavier Sigaud, 150
22290-180 — Rio de Janeiro, RJ — Brazil

TINFN - Sezione di Torino
Dipartimento di Fisica dell’Universita di Torino
Via Pietro Giuria, 1
10125 Torino, Italy

**Instituto de Fisica
Universidade Federal do Rio de Janeiro
Cidade Universitaria - [lha do Fundao

21945-970 — Rio de Janeiro, RJ — Brazil

ABSTRACT

The theoretical derivation of the phonon anomalous dispersion relation,
wP" = cop(1 — yp?), predicts that v is positive and therefore that the four-phonon process
is the dominant scattering, thus contradicting experimental results of phonon lifetime in
neutron scattering and of specific heat measurements. We show that this discrepancy
between theory and experiment concerning the stability of phonon spectrum is overcome
when we treat the gas of phonon excitations in *He as an ideal deformed bosonic gas.
When this model is compared with data from * H e specific heat measurementsfor 7' < 1 K,

it reproduces within 5% of accuracy the curves resulting from least-squares fits of those
data.
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1 Introduction

The phenomenon of superfluidity, which is the ability of a liquid to flow through narrow
capillaries without any friction, was discovered by Kapitza [1]. It appears in liquid Helium
[1, 2] bellow the A-point, which is the temperature where it undergoes a second order phase
transition (T = 2.18 K) [3].

The superfluid properties of * He are well described by Landau theory [4].In this theory,
which is based on a quantum liquid concept, the superfluidity in * He follows from phonon
and roton excitations [5]. Even for very low temperatures (below 1 K'), the phonons
present an anomalous dispersion given by

W’ = cop(1 — 7p?) ,

where ¢q is the sound velocity. This dispersion relation was theoretically derived from a
hydrodynamic Hamiltonian [6]: through a self-energy calculation using the lowest order
perturbation theory, the constant 7 was estimated to be positive. The positivity of ~
implies that the three-phonon process is not allowed and therefore the four-phonon process
would be the dominant scattering. This is in disagreement with experimental results.
On one side, a negative v is obtained (for most values of the pressure) in *He specific
heat measurements [7, 8]. Besides, experimental data of phonon lifetime in scattering of
neutrons show that the phonon spectrum is unstable, that is, the three-phonon process
does occur [9].
In *He, phonon excitations are dominant in the lowest part of the dispersion curve [4].
As the momentum approaches py/h = 1.9A7!, the rotons contribution becomes more and
2
L —Po) , where LS =86 K
2u k
and the effective mass of the roton m = 0.15 my.. For temperatures not too close to the
A-point, the gas of elementary excitations is treated as an ideal bosonic gas. The phonon
gas obeys Bose-statistics and the minimum roton energy is high enough so that the rotons

more relevant. Their dispersion is given by w(p) = A +

follow Boltzman distribution.

The purpose of this paper is to present a model where the discrepancy between theory
and experiment concerning the stability of the phonon spectrum in *He is overcome [10].
We show that treating the gas of phonon excitations as an ideal deformed bosonic gas,
we find positive values for 7, but due to the influence of the deformation parameters, the
phonon spectrum is unstable (in accordance with the experimental data). These results
are obtained by comparing our model with data from * He specific heat measurements [8]
and we reproduce, within 5% of accuracy, the curves resulting from least squares fits of
those data.

A deformed ideal bosonic ¢-gas is a system that generalizes the ideal boson gas using a
set of independent g-oscillators [11, 12], which are objects that satisfy deformed Heisenberg
algebra, instead of the standard bosonic oscillator. Deformed Heisenberg algebras are non-
trivial generalizations of the Heisenberg algebra through the introduction of one (or more)
[13] deformation parameters such that the non deformed case is recovered for a special
limit of the parameter (s). It is worth to note that ¢-oscillators can be interpreted as usual
quantum oscillators presenting a particular type of non-linearity [14]. Moreover, a special
class of deformed algebra, called “quasi-triangular Hopf algebras” in the mathematical
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literature [15], presents an interesting connection with g-oscillators: the g¢-analogue of
classical Lie Algebras [16, 17], which are examples of quasi-triangular Hopf algebras,
can be realized in terms of g-oscillators [11, 18]. Finally, interesting systems possessing
deformed symmetry algebras have been found in several areas of physics [19-21].

Most of the literature on the ideal boson g¢-gas refers to a representation of a g¢-
oscillator algebra that we call “flundamental representation” [22]. Different representations
characterized by a parameter vy have been obtained [23]. Recently, the consequences
of using such inequivalent representations on an ideal ¢-gas were discussed and vy was
interpreted as a “background effect” [22]. This parameter is crucial to construct our ideal
q-gas model for the phonon spectrum in *He [10].

This paper is organized as follows: in section 2 we review the ideal ¢-gas in its fun-
damental representation (vo = 0); in section 3 we extend to the (19 # 0) inequivalent
representations; in section 4 we present our model for the phonon spectrum in *He and
finally, in section 5 we compare it with data on Cy measurements of *He and present our
conclusions.

2 Ideal g-gas in the “fundamental representation”

One calls bosonic g-oscillators (or deformed Heisenberg algebra) [11, 12] the associative
algebra generated by the elements a,a™ and N satisfying the relations

[Nv a+] = aF ) [Nv Cl] =—a (21)
aat — qa"’a = q_N ,

where the deformation parameter ¢ € IR. Note that a and ™ are generalizations of the
usual annihilation and creation operators and that the standard algebra is recovered in
the limit ¢ — 1.

It is possible to construct the representation of relation (2.1) in the Fock space F
generated by the normalized eigenstates |n) of the number operator N as

aly = 0, , Nn)=n|n); , n=0,1,2--- (2.2)
n) = (a™)"10) ;

where [n]! = [n] -+ [1], [n] = (¢" — ¢=)/(q — ¢=*) and [n] = n as ¢ — 1.
In F one can express the deformed oscillators in terms of the standard bosonic ones

b, bT, which obey the usual Heisenberg algebra,

N =10b%b

bbt — bTh =1 : (2.3)

Y

as [24]

1/2 1/2
) b, at =bt ([xii]) ; (2.4)
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and it can easily be shown, using (2.3), that
aat =[N+1] , ata=[N]. (2.5)

It is well known that the SU(2) algebra
o, Je] = £Js | [Jy,J_] =2Jq (2.6)

can be realized a la Jordan Schwinger through the use of a pair of creation and annihilation
operators as

1
J_|_ - bil—bg y J_ - b;—bl y JO - §(N1 - NQ) - (bil—bl - b;bg) . (27)

1
2
It was shown by Biederharn and Macfarlane that the appropriate objects to realize SU,(2)
(the deformed SU(2) algebra),

oo Ju] = £Jo  [JosJ] = 2[Jo] (2.8)

are the g-oscillators. In fact, considering a pair of independent g-oscillators a; and as,,
one realizes SU,(2) a la Jordan Schwinger as [11]

Jy = afay , J_=afay (2.9)
Jo = %(Nl —N,) # %(ai"al —afay) .
Further, with
n=j+m , no=j5—m, (2.10)
one can realize the |j,m) basis of SU,(2) by means of the above g-oscillators as:
(af )+ (ag )"

Y N R

As expected, in the ¢ — 1 limit the non-deformed algebras are recovered.
We are interested in real ¢ > 1 deformed g¢-oscillators. We note that in the ¢ — oo

0) . (2.11)

limit for n > 2, [n] — oo and as a result when ¢ = co Fock space

1
n)y = at)™0) ,
n) [n]!( )"10)

is reduced to a fermionic one since |n) vanishes for n > 2 [25].

Let us consider an ideal deformed system described by the Hamiltonian [27, 25, 26]:
H= Zwiaj'ai = ZwZ[NZ] 5 (212)

where a;, a} and N; are interpreted respectively as annihilation, creation and occupation
number operators of particles in level ¢, with energy w;, which satisfy the algebra (2.1)
and commute for different levels.
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The grand canonical partition function is:
Z = Trexpl—f(H — uN)] = exp(—p9) | (2.13)

where T is the temperature, kg is the Boltzmann constant, 3 = (kgT)™" and N, N =
ZNM is the total number operator; p is the chemical potential and € is the grand

canonical potential. For the above system Z factorizes and the grand canonical potential
is given by a sum over single level partition functions [26]

1
Q:_lenzg(wivﬂvﬂ)v (214)
where

Z2(wi, By p) Ze : (2.15)

The system is enclosed in a large v-dimensional volume V' and as in the usual pro-
cedure, the sum over levels is replaced by an integral over the p-space. With the energy
spectrum of each ¢-particle obeying the dispersion law

w; — p° (2.16)

the general expression for the grand canonical potential (2.14) is

0= -V /d”pln > e =Pl nl=pn) (2.17)
huﬂ n=0

for a = 1(2) one recovers the ultrarelativistic (non-relativistic) case, with v = 1(1/2m).
Integrating over the angular variables, defining the new variable n = gvp® and inte-
grating (2.17) by parts, we finally have

o0

Z[n]z”e_[”]”
0= ﬁ/ vl ”0—, (2.18)
ZZ e[l

. . _ 7T”/2F(1—|—1) .
— Pu v T gt
where z = e”* is the fugacity. The thermal wavelength A, A™ = TErDR Gy 18 the
relevant expansion parameter in the thermodynamic functions.
The pressure P = —% and the density n = %|T,V for the g¢-oscillator in v-spatial
dimensions and energy spectrum given by (2.16) are then
P(T,z) = kKTATY,(2) (2.19a)

n(T,z) = A "y,(z), (2.19b)
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where
' Z[n]z”e [nln
Y,(2) = yi/ I A L — (2.20a)
! F(g + 1) 0 Zne—[n]n
n=0
yg(z) = 20.Y,(2)

F(E—I_l) Zzne [n]n
n=0
(Z[n]zne [n]n) (an”e [n]n)
- = - =0 : (2.20b)
(Zzne_[”]”)
n=0

We can see numerically that for high ¢ (which, means ¢ > 3) [25, 26, 28], the series in
functions Y;(z) and y,(z) can be approximated by their first three terms (n =0, 1,2):

1 o ze 7 —|— (q —|— q_1)226_(q+q_1)77 _|_ .
Yi(z) = 7/ dip "1 , 2.21
(%) F(i +1) Jo T l 14 ze 4 22¢—(ata™ ) 4 ... ( a)

1 0 e 4+ 2(q + q—l)e—(q-l—q_l)n 4.
~ - via
Yye(2) = T2+ 1) /0 dn n [ ey v T (2.21D)
(26_77 _I_ (q _I_ q_l)Zze_(q-I_q_l)n _I_ e )(26_77 _I_ 22 e_(q+q_1)77 _I_ e )
(14 ze=n 4 z2e~(ata™)n ... )2 :

Similarly, to the ideal gas, in the high temperature limit, the fugacity z is small
compared to one; performing the integrations and keeping terms up to the third order in
z, we obtain

-V

p

P = z[1+ Fiz + 122+ 0(23)] , (2.22)

and
n=A"z[14+2:F +322F, + 0(2°)], (2.23)

where the coefficients F' are given by:

—1 1
J— , 2.24
1 25t + (q + q—l)u/oz ( EL)
P o= ! (2.24D)
2 = 3%+1 (1 +q+ q—l)u/oz ) )
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Inverting (2.23) and substituting into (2.22), we find the virial expansion of the deformed
gas [25, 26, 29];

n —1 1 1

1 2 .\ 1 (nA)? 4+
- J— n o .. .
Jatt (242¢ 4207 (T4 q+q7t)/e

For lower temperatures, if n is kept constant, nA” increases and so does z. When z
reaches 1, the temperature T attains its critical value T2, defined by

nAY = (1) (2.26)
which can be expressed as:

o _ ,}/Fa/u(% T 1)hoznoz/u
c kﬂ_a/QFa/y(i_l_ 1)y;‘/y(1) .

(2.27)

From (2.15) we see that the ground state (w; = 0) is not affected by the deformation.
Therefore, the series in (2.20) will only converge if z < 1 and g has to be non-negative as
in the usual ideal gas. Also, when T' — 0, there will be an accumulation of particles in this
state: Bose-Einstein condensation is present in this deformed system [28]. Comparing 7.
to the critical temperature for non-deformed gases of the same density n, one finds

In the vicinity of T'? we have to take into account the zero-point energy and single out
its contribution in (2.20). Therefore the expressions for P and n become:

P(T,2) = AV (2), (2.20a)
W(T,2) = o A, (2:290)

where the first term on the right-hand side of (2.29.b), which is due to the contribution
of the zero energy, is relevant only for 7' < T9. In this region z remains equal to one, as
in the usual case.

The specific heat per mole Cy is defined as

Oy =Vor

6T‘n : (2.30)

where € is the energy density (internal energy per volume) and V' the molar volume. From
the thermodynamic definitions of ¢ and of the entropy density one has

—-P, (2.31)
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with P given by (2.29.a). It is easy to find that

e="1p

(a4

: (2.32)

a generalization of the standard result for ¢ = 1.
To obtain C'y one has to compute dré|, = (9¢/dT')|, which from (2.32) can be obtained
in the two regimes from

P(T) = BAY,[(T)] T>T (2.33)
PT) = BT r<1.
Now, for T' > T2,
~ v v —v v vy
%%:E(aﬁ)mm@+awmn@mﬁm (2.34)

where Y/(2) = 0.Y,(2). From y,(2) = A"n,

Ozl = —= . (2.35)

Substituting (3.35) in (3.34) one gets

E «a

Do) (e - (L) (2.36)

« «
Also, for T" < T4,

Cy v /v L1

L= (L) () () (2.37)
Clearly equations (2.36) and (2.37) also generalize the usual ¢ = 1 ideal bosonic gas
specific heat.

It is seen from above that for £ > 1 a deformed ¢-gas has the Bose-Einstein conden-
sation phenomenon with the specific heat exhibiting a sort of A-point discontinuity. The
critical temperature being higher than for the bosonic ideal gas, we see that the presence
of deformation favours the Bose-Einstein condensation phenomenon.

3 Ideal ¢-gas in the inequivalent (1, # () representa-
tions

We show now the consequences of choosing different representations of a q-oscillator
algebra on a system which generalizes the ideal quantum boson gas [22, 23, 30].

Let us consider the deformed algebra (2.1). Assuming that a, at are mutually adjoint,
N = N* and the spectrum is non-degenerate, representations of algebra (2.1) in a Hilbert
space 'H were built [23].
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Denoting the normalized basis vectors by |n >, for ¢ > 1 (which is the case we shall
be interested) the following representations were obtained [23]:

atin> = ¢+ 1" n+1 >,
aln> = ¢ %n]ln -1 >, (3.1)
Nlin> = (vo+n)n>,

where vy is a real free parameter which goes to zero when ¢ — 1. When vy = 0, N 1is
interpreted as the usual particle number operator for the state |n >. This is not anymore
the case for vy # 0 [22]; its eingenvalue is interpreted as the sum of the number of particles
n, in the state |n >, plus a background effect vy. The operator N = N — g is the number
operator, N|n >=n|n >, for the representations in (3.1) characterized by vy.

For ¢ > 1, as 1y is the lowest bound of the spectrum of N, it classifies inequivalent
representations of the algebra (2.1) [22]. In fact, it can be easily verified that

¢ = ¢(N] - a*a) 32)
is a Casimir operator for the algebra (2.1) and in the representation (3.1) one has
Cln >= ¢ "[w]|n > . (3.3)

As (3.2) is different from zero only for ¢ # 1, one sees from (2.4) that when ¢ = 1, vp is
necessarily zero.
Let us now consider an ideal deformed system described by the Hamiltonian

H = Zwi a;»"ai = Z wz([NZ] — quCi) (34)
where N; is an operator that can be interpreted as the number operator of particles in

levels i when vy = 0. a;, af and N; satisfy algebra (2.1) and commute for different levels.
In the grand canonical partition function (2.14), we have now

72w, By 1) = Ze sl (3.5)

When vy is assumed to be the same for all levels ¢, we obtain the low density virial
expansion:

P = % [1 N q—uod/a (_Qd/la+1 + (q-|—q_11)d/o‘) (n/\d)

_I_q—21/0d/oz2 (22d/1a+1 . 3d/£+1 . 2d/a(q_|_2q—1)d/a + (1+q+;_1)d/a) (n/\d)Q + .- ] . (36)

When the energy spectrum of the ¢-particles obeys the dispersion law (2.16), the pres-
7TV/2F(§+1)
D(5+1)A" (Bvg)"/
is the modified thermal wavelength with v, = ¢7"°v. Also, in the low temperature regime,

when the fugacity 2 — 1 the temperature attains its critical value T,

sure P and the density n are given by (2.19) and (2.20), where now A;” =

_lma/?Fa/v( +1) “/”(1)

; (3.7)
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and (2.28) becomes here

T, yq(l)

Similarly to the vy = 0 case, the basic equations are

aflv
T 261 .
— = ( ) qg . (3.8)

P(T,2) = B A7 Yy(2) (3.9)

and

+ AL Ya(2) 5 (3.10)

the first term on the right-hand side of (3.10), which is due to the contribution of zero
energy, is relevant only for T" < T9. In this region z remains equal to one, as in the
standard case. For vy = 0, (2.27), (2.28) and (2.29a and b) are recovered.

The specific heat per mole Cy, (2.36) and (2.37), is then

Cofk = 2 (g + 1) (A/n) 1Y, (2) — (2)2 Zy;,((i)), T T, (3.11a)
vk = 2 (g + 1) (An)"1Y, (1), T < T, (3.11b)

It is interesting to observe that the presence of the parameter vy, which characterizes the
different representations of the ¢-oscillators algebra (2.1), changes the shape of the specific
heat C'y in (3.11) but leaves the “A-point discontinuity” invariant [22]. We remark also
that as in the “fundamental” representation (19 = 0), the ¢-gas presents Bose-Einstein
condensation but now the critical temperature depends on the representation under con-
sideration.

4 A deformed model for phonons in *He

We propose now that the phonons in *He are described by a ¢-gas and take for the phonon
gas the Hamiltonian (3.4), that is,

H = Z wiata; = Z w; ([NZ] — quC) , (4.1)

7

As p = 0 for phonons [31], our canonical potential is

Q= —% Z In Z e_ﬁ‘”"qyé[”] ) (4.2)
7 n=0

We will now abandon the assumption that v is the same for all levels i. We propose
then a different v for each level such that in the continuum limit [10]

i &° 2 p*/2m
1/0—>1/0(p):§p = E/\ ,

(4.3)
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where ¢ = €’.

As v, is dimensionless, the algebraic constant é has dimensions [§] =
gr~tem™! sec. Besides, it appears in (4.3) an energy scale E\. We take it as £\ = kgT),
where T\ = 2.18K is the A-point temperature for *He, and m = mag.. The choice of T
seems the most natural, as superfluidity in *He only happens below this temperature. It
is as natural to choose m = mag, since we have the non-relativistic classical dispersion
law for vo(p).

We take for the phonon the anomalous dispersion relation, that is [6],
wi = w(p) = col — 04}72) ) (4.4)

where ¢q is the sound velocity and « is some dimensional constant to be determined latter.
Therefore, our energy-momentum relation for the phonon in *He is

2

W (p) = ¢ Pw(p) = P cop(1 — ap?) ; (4.5)

for small phonon momenta it can be expanded as

1
W’ (p) = cop(l — (o — 8*)p* — (a8 — 5 Yt 4 (6% —adh)p® + - (4.6)

This relation is to be compared with the small momenta ad-hoc phonon dispersion relation
usually found in the literature [6-8], that is,

WP (p) = cop(1 — yop® — yap* + ), (4.7)

where the v's are free parameters that are determined in measurements of *He specific
heat. We are thus presenting an algebraic interpretation for dispersion relation (4.7).
From (4.5) and (4.6) we see that the presence of deformation alters the usual anomalous
phonon dispersion relation.

In order to obtain the canonical potential in the continuum limit, we follow the pro-
cedure of section 2 and substitute (4.6) in (4.2); we get

v

Q:—W

/ dPp In Y ePeor(i=(o=spt=(os= et t-) (4.8)

For low temperatures, we can expand the exponential and the logarithm in the integral
of (4.8). Then, defining a new variable y = Bc¢op, we have for the pressure,

L ﬁﬁ;cg [w;) ) w;) N (4bzﬂ: b) iy (=55 ?;)65254 ~3h) 0, .
where
S et
) :/ dyy™™ W (4.10)
and
S P L K L (4.11)
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Finally, from (2.30) and substituting (4.9) in (2.32), the low temperature ¢g-phonon specific
heat per mole is

P = AT® + BT + DT+ GT* + -+, (4.12)
where

28K% (L ot 4 48% — Ta6?) V

N 2k5V 5 - 15kY (e — )V ~ 7
A = 72h3c3 @5 b= 2R3 o, D= w2hicf <
10 6 3 4 202

272h3c)

5 Comparison with experimental data and final com-
ments

In this section we show that using for A, B and D values experimentally determined by
fitting the low temperature phonon specific heat

C¥' = AT® + BT® + DT + - -- (5.1)

with measured specific heat data of *He at the temperature range 0.14 K < T < 0.86 K,
[8], our model leads to unstable phonons for all the analysed values of the pressure [10].
In that temperature range, we take the *He total molar specific heat

Cv = CPh 4+ o (5.2)

with C@Z given by and (4.12) and (4.13). The rotons contribution to the total specific heat
is negligible for almost the whole analysed temperature range (0.14 K <7 < 0.86 K) [8].
Therefore we will take the usual (non-deformed) roton molar specific heat,

roton — 2vm1/2p(2JA2
(2%)3/2h3k}3/2T3/2

(1 +keT/A + %(kBT/A)z) AIkST (5.3)

where A is the energy gap, p is the position of the energy minimum and m is the effective
mass of the roton. Equation (5.2) is then

Cy = AT+ BT+ DT"+GT°+ -+
2Vm' /2R A2
(2%)3/2h3k}3/2T3/2

(1 +ksT/A + %(kBT/A)Z) BT (5.4)

We compare (5.4) with the data of analysis 2 in reference [8]. As the T7 coefficients
present very large errors for the samples 10-16, we restrict our analysis to the samples
6-10. Taking for the coefficients A, Band D in (5.4) the least-squares fits of the measured
specific heat data for samples 6-10 in analysis 2 (and G = 0), we obtain ¢, «, ¢ and ¢; a,
co and ¢ are determined from the three first relations (4.13), but as a consequence of
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assumption (4.3), the deformation parameters ¢ and 6 are not independent. Therefore ¢
is determined from

Ing = 2map.6%kgTh . (5.5)

These results are listed in Table I. We see that the values of g increase with the pressure
and that the values of ¢y are almost 5% lower than the directly measured sound velocities
[9]. We remark that our ¢g-phonon model has interesting properties. Besides reproducing
the experimental results of *He Cy measurements, the parameters have an algebraic
nature and are not introduced ad-hoc as in the usual model. Its greatest advantage is
that it reconciles the theoretical prediction [6] for the anomalous dispersion of phonons
with the unstable character of phonon spectrum in *He [7-9]. Indeed, inspection of Table
[ shows that « is always positive, but the coefficient of p* in dispersion relation (4.6), that
is, (a — 6%), is always negative.

Let us now take the total molar specific heat (5.4) and consider non-zero values for
;. Trom the definition (4.13), we see that it is given in terms of the parameters o, 6
and ¢o which are completely determined once A, B and D are known. We have then a
“theoretical” G'p, which is calculated from the ¢, o and 6 determined from A, B and
D. Therefore, considering terms up to 7% in our C@h expansion is crucial to prove the
consistency of our model. In fact, we find different sets of values of o, ¢ and ¢y such
that the “theoretical” values G are equal to the “experimental” ones, G, that is, those
values of G obtained by fitting the theoretical Cy (5.4) with the curves resulting from
least-squares fits of C'y measured data for samples 6-10 in analysis 2 [8] within 5% of
accuracy.

In Tables II and I1I we show sets of parameters for which Gr = Gg. Table II lists three
difference sets for sample 6 in analysis 2 [8] and Table III, a set of parameters for each of
samples 7-10 in analysis 2 [8]. We see that the ¢y values are then more in accordance with
the experimental ones. In Figs. 1 and 2, we compare the curves obtained in our model
with the ones resulting from least-squares fits of C'y data for samples 6-10 in analysis 2
[8]. The curves in Fig. 1 correspond to the four different sets of parameters for sample 6
shown in Table IT and those in Fig. 2, to the sets of parameters for samples 6-10 listed in
Table ITI. In Fig. 3, we show the deviation from Greywall’s experimental values C'.zp in
the Cy values predicted in our model, for samples 6-10 in analysis 2 [8] (see Table III).
We note that it was recently shown that the specific heat calculated from Tsallis statistics
[32] also presents good results when compared with experimental data [33].

An intriguing question remains: why *He superfluid excitations should be considered
as deformed objects? There have been interesting indications that the continuum descrip-
tions of physical quantities breakdown both in a convergent fluid [34] and, more recently,
in superfluid *He [35]. As a similar mechanism has been observed in connection with
deformed algebras [36] we believe that this is the underlying reason why our approach
applies so well to *He superfluid. Finally, we recall that the roton contribution, which
starts to be relevant for T" > 0.6 K, becomes dominant for 7" < 1 K. Therefore, we
believe that in order to have a good model for temperatures closer to the A-point it will
be necessary to deform the roton as well.
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Sample A/10* B/10* D/10* 1% ¢o/10* /10 6
(erg/mol K*) | (erg/mol K®) | (erg/mol K®) | (cm?®) | (ecm/sec) | (gr~2cm™2sec?) | (gr"

6 84.42 -49.8 83 27.5790 2.2854 2.1 1

7 69.3 -36.10 67 26.9650 | 24177 2.7178 1

8 5777 -25.4 49 26.4240 | 2.5501 3.0873 2

9 49.85 -18.8 38 25.9760 | 2.6625 3.3821 2
10 43.44 -13.0 25 25.2000 | 2.7739 3.3206 2

Table I - Values of co, a, 6 and ¢ resulting from the least-square fits of the specific heat
data with the expression Cy = AT3 + BT® + DT7 + Cieton ) for samples 6-10 in

analysis 2 of ref. [8]; the roton data are those of [8].
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Sample B/10* D/10* (/10 1% ¢o/10* o/l
(erg/mol K*) | (erg/mol K®) | (erg/mol K®) | (erg/mol K'° | (em?) | (em/sec) | (gr~*cm

6 84.42 -49.8 83 0 27.579 2.2854 2.

6 80 -15 59 -27.2 27.579 | 2.3250 2.97

6 82 -11 23 -9.76 27.579 | 2.3272 1.8¢

6 81 -15 51 -26 27.579 2.3182 2.7%

Table II - In the upper row, we repeat the values of table I for sample 6. In the lower
ones, we have three sets of values of ¢y, o, 6 and ¢ obtained taking for A, B, C and
G (see relations (4-12) and (4-13)) values that reproduce, within 5% of accuracy,
the curves resulting from least-squares fits of the specific heat data [8] with the
expression Cy = AT® + BT® + DT7 + C{}Oton. These values are such that CN?T = GE,
where G is given by the last relation (4.13).
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Sample A/10* B/10* D/10* (/10 1% ¢o/10* o/l
(erg/mol K*) | (erg/mol K®) | (erg/mol K®) | (erg/mol K'° | (em?) | (em/sec) | (gr~*cm

6 80 -15 59 -27.2 27.579 | 2.3250 2.97

7 66 -16 67 -46 26.965 | 2.4546 3.8¢

8 57 -9 37 -11.3 26.424 | 2.5631 3.4%

9 48 -4 26 -35.82 25.976 | 2.6992 3.57
10 43 -7 21 -9.31 25.568 2.7847 3.4¢

Table III - Values of ¢y, «, 6 and ¢ obtained taking for A, B, D and G values that
reproduce within 5% of accuracy the curves resulting from least-squares fits of Cy
data [8] with the expression Cy = AT? + BT® + DT7 + Ci*°". These values are
such that Gp = G, where Gy is given by the last relation (4.13).
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