CBPF-NF-023/99

Logistic Algebras
M.A. Rego-Monteiro

Centro Brasileiro de Pesquisas Fisicas - CBPF
Rua Dr. Xavier Sigaud, 150
22290-180 — Rio de Janeiro, RJ — Brazil

April 1999
Abstract

We introduce a three-generator algebra where the eigenvalue of one generator is given
by the logistic map. We also present the Casimir operator of this algebra, construct
matrix representations that can be finite as well as infinite and obtain the Hamiltonian
of the X X-model in a magnetic field from the lowest dimensional representation of the

algebra.

Key-words: Algebras; Non-linear systems; Chaos.

e-mail: regomont@chpf.br



—1 - CBPF-NF-023/99

The relevance of symmetries in physical systems is well established. Algebraic structures
can play an important role in the solution of physical models: in a few cases, for completely
solved systems [1], symmetries can be very important since for these models they are in
general connected to their invariants.

For systems that present some kind of non-regular deterministic behaviour (in special
cases these systems may be even chaotic [2]) the known algebraic structures are not very
useful since the construction of regular invariants, an usual procedure in solving physical
models, is in opposition to the non-regular behaviour of these systems.

Within this framework it may be relevant to generalise the known algebraic structures
and, in particular, to develop a class of algebras that may present a non-regular behaviour.

We start considering the algebra generated by Jy, J1 described by the relations

J_|_JZ' = JZ'_|_1J_|_ 5 i:0,1,2,"' (1&)
JiJo=J Jiy1 (1.b)
Jpd_—J_Jy=a(Jo— 1), (l.c)
where J_ = J_IJ[ , Jj = J; and a is a real constant. Moreover,
Ji = TJZ'_l(l — Ji—l) (2)

with r a real parameter. We could have chosen J; 41 = ao+a1J;+---+a,J" +--- but we
are particularly interested in eqn. (2) where .J; is given by the logistic map [2]. In fact,
considering the general quadratic expansion (n = 2) for .J; ;1 most results we are going to
discuss for the logistic map (eqn. (2)) are unchanged.

The hermitian operator Jy can be diagonalised. Consider the state |ng) with the

highest eigenvalue of .J,
J0|n0> = n0|n0> (3)

Since ng is the highest Jy eigenvalue we must have

Jylng) =0 (4)
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Using the algebraic relations in eqn. (1) we obtain*

Jolnm) = nm|nm) : ()
T ) = Noltms)
Jilnmer) = Nlnm)
where
N = val(no = 1) (6)
and
Nmt1 = M (1 — ) (7)
Of course, since the eigenvalues of Jy are given by the logistic map, eqn. (7), their values
as m increases can have an irregular behaviour depending on the values of r and ng, and

the dimension of the representation.

Let us now consider the operator
C=J,J_+ay=J_Jy+aly (8)
Using the algebraic relations (1) it is easy to see that
[C5Jo] = [C, J:] =0, (9)
i.e., (' is the Casimir operator of the algebra. In fact, we arrive easily at
Clnm) = colnm) (10)

with ¢g = ang independent of m. The value ng characterises the inequivalent representa-
tions of the algebra.
As far as matrix representations are concerned we give three examples that can be

easily verified to satisfy eqns. (1-7)

Example 1. Two-Dimensional Representation

no 0 0 No T
Jo = soJL = o Jo=J] (11)
0 ny 0 0

*In order to preserve the standard notation for the logistic map, the states generated by the lowering

operator J_, are labeled by |n,,) with INCREASING values of m.
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For this case the allowed values of r and ng are determined by the equation ng — ny = 0
such that ng — ny # 0. There are two non-trivial solutions for these two equations

L T+ lEVIE—2r =3

n~ =
0 2r

(12)

The solution ng gives nd > nf implying @ > 0, while ny < ny give a < 0. For both cases

r > 3.

Example 2. Three-Dimensional Representation

Mo 0 0 0 No 0
Jo=|o mo | i nm=loo ~m|:=J (13)
0 0 ny 00 0

The allowed values are computed from ng—ng = 0, ng —ny # 0, ng—ny # 0. The solution

can be obtained numerically and there are four non-trivial solutions to this case.

Example 3. Infinite Dimensional case

ng 0 0 0 0 No 0 0
0 ng 0 0 00 N 0

Jo=|0 0 ny 0 s Jy=100 0 N, - ;L=ﬂ<m
0 0 0 ns 00 0 0

The allowed values of r and ng can be computed for instance for ¢ < 0 from n,, > ng
for all values of m > 1. In figure I we show the half-leaft region, with the allowed values
of r and ng. In this case n,, was computed up to m = 200. The diagram with possible
solutions has as superior boundary a composition of several curves. For 1 < r < 3 we
see the stable fixed point curve, (r — 1)/r, of the logistic map. For 3 < r < 3.4 we have
the lowest branch attractor two-cycle logistic map curve, (r+1 —+/r2 — 2r — 3)/(2r) and
so on. The points that are below these curves are the allowed values for a < 0 infinite-
dimensional representation. The peculiar structure of equations (1a,b) allows the algebra

to have highest weights with finite and infinite representations.
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In order to indicate a possible application of the algebra (eqn. (1)) for low-dimensional
representions, where the irregularity aspect does not fully emerge, we construct a spin-1/2
nearest-neighbour quantum spin chain Hamiltonian invariant under this algebra.

The matrices (AJo)r, (AJ1)r

ngy 0 0 O 0 by b3 O
0 no 0 O 00 0 bs t
(AJo)r = ; (AJy)r= ;o (AJ)r=(AJ4)R
0 0 ng O 0 0 0 b
0 0 0 m 00 0 O
(15)
with
by = i(—bg + Ng)l/2 , (bg — arbitrary),
bg = Zbg R (16)

bia = (—bg + Ng)'/?

are 4 x 4 matrices satisfying eqns. (1-7). These matrices are reducible representations

since they can be constructed as

(Ado)r = ar(Jo@ 1 +1® Jo)+all @1 +asdo @ Jy,
(AJ+)R = Oé1J_|_ ® ]1 —|— Oéz]l ® J_|_ —|— Oé3J_|_ ® Jo —|— Oé4J0 ® J_|_ 5 (17)

with a similar equation for (AJ)g, where

o —|— (a0 —nl(no —|— nl) bg[nl(l — 1) — no(l —|— 1)]
@ = ——— = ] = :
ng — Ny ng — Ny (i 4+ 1)(ny — no)
o (no + i)/ —b3 + NG o 2bs o (i 1)/ =3+ NG
2T 1 — No ’ ’ T (1 + t)(n1 — ng) ’ t Ng — 1 ’

(18)

Eqns. (17) represent a reduced form of a universal coproduct of the algebra (1).
Let h = AC—~41 @1, where AC is the result of the Casimir, eqn. (8), for the matrices

in eqn. (15) and v a constant. Consider the Hamiltonian

N-1
H=JY 1@ @hupn@le--ol (19)
n=1
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where J is a constant and h, .1 is h acting in the (n,n + 1) slot of (€ )®". Then, we

obtain

1= 1 (a —a™)
=5 Y (oot +otota + plata o+ ar) ) + U5 o - k) 20

/12 2
a = Vb + No (21)

bs

This is the X X-Hamiltonian in an external magnetic field with a non-trivial boundary
condition. We have just proven that this Hamiltonain is invariant under algebra described
in eqn. (1). This result indicates that the lowest dimensional representation of the algebra
(1) is connected to slq(2) for ¢* =1 [3].

We present now some comments. Firstly, instead of having eqn. (lc) we could have
chosen a more general algebra

Jpd o= J_Jp = as(Ja — Jaig1) -
i=0
In this case the Casimir becomes
C=JyJ_+ Z aziJoitt -
i=0

The only difficulty with this general approach seems to be the increasing algebraic com-
plication in the equations determining the allowed values of r and ngy. There are also other
possible ways of generalising the algebra; for instance we could think to construct higher
rank Logistic algebras or to find out possible non-trivial deformations of eqns. (1-7). It
would be also interesting to find the bialgebra structure of the algebra, eqn. (1), and the
completely integrable strucuture connected to it as indicated by the example worked at
the end of this letter. It would be tempting to develop an example where the irregularity
present in the algebra is manifest, for instance by considering a Lipkin-Meshkov-Glick [4]
like model where now the generators belong to the algebra in (1).

Finally, we conjecture that the points in fig. I below the lower branch of the two-
cycle curve (r + 1 — /12 —2r —3)/2r for 3 < r < 3.4 correspond to the X X-model
as the upper boundary points. The reason is that the “asymptotic” states of the infinite

dimensional representation |ni) (see eqn. (12)) occur with infinite degeneracy, being then
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the relevant ones. Moreover, since ny = rng (1 — ng) = ng we can reconstruct with [nF)
the two-dimensional representation of the logistic algebra (1). It would be interesting to
find out what are the statistical models on and below the higher-cycles curves in fig. 1.
Furthermore, the model associated to the allowed solutions @ < r < 4 in fig. I, where a is

the Feigenbaum point, is a potentially soluble model with a close relation to chaos.

Acknowledgments: The author thanks E. Curado, A. Malbouisson and L. Rodrigues
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[Fig. I:] The points in this diagram are allowed values of r and ng for the a < 0 infinite dimension
representation. The superior boundary of this diagram is a composition of several curves. For
1 < r < 3 we see the stable fixed point curve (r — 1)/r, of the logistic map. For 3 < r < 3.4 we
have the lowest branch attractor two-cycle logistic map curve, (r + 1 — /\%v\wﬁ and so

on.



