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Abstract. We reexamine and extend a group of solutions in series of Bessel functions for a
limiting case of the confluent Heun equation and, then, apply such solutions to the one-dimensional
Schrodinger equation with an inverted quasi-exactly solvable potential as well as to the angular
equation for an electron in the field of a point electric dipole. For the first problem we find finite-
and infinite-series solutions which are convergent and bounded for any value of the independent

variable. For the angular equation, we also find expansions in series of Jacobi polynomials.

1. Introduction

Firstly we revise and extend some solutions in series of Bessel functions for a limiting case of
the confluent Heun equation (CHE) — the CHE is also called generalized spheroidal wave equation
[1, 2, 3]. Then we apply these solutions to the one-dimensional Schrédinger equation with an
inverted quasi-exactly solvable potential [4], as well as to the angular equation for an electron in
the field of a point electric dipole [5].

For the inverted potential we find even and odd eigenstates given by finite series of Bessel
functions corresponding to the same energy eigenvalues, for any value of the parameter which
characterizes the quasi-exact solvability. We obtain as well infinite-series solutions which are
convergent and bounded over the entire range of the independent variable.

For the angular equation, in addition to expansions in series of Bessel functions, we get solutions
in series of Jacobi polynomials, equivalent to the ones proposed by Alhaidari [6]. The latter type
of solutions is inapplicable to the inverted potential and this is the reason for regarding expansions
in series of Bessel functions.

The stationary one-dimensional Schrédinger equation for a particle with mass M and energy
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FE is written as

% 2ME 2MV (z)

T2 [8 V(u )]¢ 0, u=ax, &=-—%— V(u) = a2 (1)
where a is a constant with inverse-length dimension, A is the Plank constant divided by 27, x is
the spatial coordinate and V' (z) is the potential. For the inverted potential, considered by Cho
and Ho [4],

b2 12— (1/4)
V(u) = ——sinh?uy — ——~2
(u) 1 sinh® u ol n

u € (—o0,00), (1=1,2,3,--+) (2)
where b is a positive real constant. This is a particular case of a class of potentials which gives
degenerate states with opposite parity [7, 8]. It is a bottomless potential in the sense that V(u) —
—00 when u — +oo. If b? < 4(1 4 1)% — 1, it is an inverted double well; if b® > 4(1 + 1) — 1, it
resembles the potential of an inverted oscillator. Then, we have the equation

de 5 5 1 1
T2 + —4 sinh® u + ( 4) cosh2u] Y =0, (3)

which, for the previous values assigned to [, is a quasi-exactly solvable equation.

A quantum mechanical problem is quasi-exactly solvable (QES) if one part of its energy spec-
trum and the respective eigenfunctions can be computed explicitly by algebraic methods [9, 10, 11].
Alternatively, a problem is QES if admits solutions given by finite series whose coefficients neces-
sarily satisfy three-term or higher order recurrence relations [12], and it is exactly solvable if its
solutions are given by hypergeometric functions (two-term recurrence relations). This viewpoint
is suitable for handling problems involving Heun equations because in general these present such
finite-series solutions [13]; they admit as well infinite-series solutions which could afford the rest
of the spectrum.

With respect to the second problem, the Schrodinger equation for an electron in the field of
a point electric dipole is used for modeling the scattering of negative ions by polar molecules [5].
When it is separated in spherical coordinates (7,0, ¢), the #-dependence satisfies the equation

1 d d m?
[sin@@ (s1n9d0) —|—C—Bcos9—sin20 ©(0) =0, (4)

where C' is a separation constant to be determined, [ is the dipole moment parameter and m is
the angular momentum conjugate to ¢.
In sections 3 and 4, respectively, equations (3) and (4) are transformed into a confluent Heun
equation (CHE) having the form
2

Z(Z—ZO)W

F(BI+ Bo2) T 4 Byt gz~ %)]U =0, (4#0) o)
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where 29, B; and ¢, are constants (if ¢ = 0 the equation degenerates into a hypergeometric

equation). This equation is obtained by applying the so-called Whittaker-Ince limit [14, 15]
w—0, m—o0, suchthat 2w = —gq, (6)

to the following form of the confluent Heun equation [2]
d*U au
z2(z — ZO)W + (B + Bgz)a + [Bs — 2nw(z — 20) + w?z(z — 2)] U =0, (7)
where zg, B;, n and w are constants. In both cases z = 0 and z = 2y are regular singular points
having indicial exponents (0,1 + By /2) and (0,1 — By — B;/2p), respectively. However, equations

(5) and (7) differ by the behavior of their solutions at the irregular singularity z = oo, namely [15],
U(z) ~ eP2V@E0=(B2/2) for By, (5), U(z) ~ e Fm=(B2/2) for Bq. (7). (8)

We shall refer to equation (5) as Whittaker-Ince limit of the CHE (7). This equation also
appears in the separation of the variables for the Laplace-Beltrami operator in an Eguchi-Hanson
space [16, 17] and for the Schrodinger equation for an ion in the field of a electric quadrupole in
two dimensions [18]. In addition, it includes the Mathieu equation as a particular case and, when
zo — 0, it leads to a double-confluent Heun equation which arises, for example, in the scattering
of ions by polarizable targets [15].

In [15] the limits (6) were used to find solutions for equation (5) from solutions of the CHE (7).
However, those solutions are not sufficient to handle the previous problems. For this reason, from
known solutions in series of Hankel functions for equation (5), in section 2 we construct solutions in
series of Bessel functions of the first and second kind. We find that the expansions in terms of the
functions of the first kind, under certain conditions, are convergent and bounded for any value of
the independent variable. The other expansions in general converge for |z| > |zg| or |z — 29| > |20],
but under special conditions converge also at |z| = |zo| or |z — 20| = |z0].

In section 3, the expansions in series of Bessel functions are used to obtain eigenfunctions for
the equation (3) concerning the inverted potential. In section 4, we discuss the solutions for the
angular equation of the point dipole. Conclusions and open issues are reported in section 5, while
Appendix A contains some formulas used throughout the paper and Appendix B exhibits solutions

which have been omitted in section 2 but are used in sections 3 and 4.
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2. Solutions of the Whittaker-Ince limit of the CHE

All the solutions we will use for the Whittaker-Ince limit of the CHE may be generated by
applying the limits (6) on solutions of the CHE (7), but may also be derived directly from (5). In

this section we deal with a group of solutions given by expansions in series of four Bessel functions

which are denoted by Zéj)(x) ( =1,2,3,4), according as [19]

ZM (@) = Ja(w), Z0)(2) = Ya(z), Z(x)=HP(2), 2{(x) = HP (), 9)

«

where J, and Y, are the Bessel functions of the first and second kind, respectively, whereas Hc(yl)

and Hém are the first and the second Hankel functions (« is called the order of the functions).

Thus, a first set of solutions has the form
U (=) = 21752/ Z WD 25 5 V), (B2 #0,-1,-2, -] (10)

(1)

where the presence of the same coefficients b, is due to the fact that the four Bessel functions
satisfy the same difference and differential equations [20]. These are called one-sided series because
the summation runs from zero to positive infinity.

In a region where the four expansions are valid, only two of them are independent. For instance,

from equations (A.2) and (A.3) we get
1 1
v =3 [P @ +u@)] v e =5 e - e (11)

up to a multiplicative constant. However, each expansion presents different behaviors at z = oo
as inferred from equation (A.4).

In section 2.1 we explain how the above set of solutions has been obtained, write the general
forms of the three-term recurrence relations for the series coefficients and present the transfor-
mations used to generate additional sets of solutions. In section 2.2 we analyse some properties
of the solutions and discuss the case of the Mathieu equation, while in section 2.3 we study the

convergence of the solutions.

2.1. Recurrence relations and transformations of the equation

The expansions in series of Hankel functions which appear in (10) are taken from Ref. [15]

where they have been expressed by series of the modified Bessel functions Koy, p,—1(42i,/qz) as

U (2) = 20PN b0 Koy, 1 (£2i0/G2) . [Ba #0,—1,-2,+].

n=0
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In terms of Hankel functions [21],

. n 1 . n 2
Konspy-1(~20y/G2) o (~1)"HY, 5 (V). Kot byt (2i/GE) o (—1)"HE), 5,1 (2(/T2),

where the proportionality constants do not depend on the summation index n. Thus, the preceding

solution acquires the form of the solutions Ul(g) and U1(4). The new solutions Ul(l) and Ul(Q) result

from the properties of the Bessel functions, as aforementioned, and are used in sections 3 and 4.
The recurrence relations for series coefficients b,, and the respective characteristic equations (in

terms of continued fractions) assume one of the following forms [15]

aob1 + Bobo = 0, MY Y2 QY3

= ﬂo = s (12)
ananrl + ﬂnbn + 'annfl =0 (n > 1) ﬁl_ ﬁ2_ ﬁ?)_
agby + Bobg = 0, \
Qg -1 + 71| @172 23
anby + Bibr + [a—1 + 7] by = 0, = fo = [ B ] B Bae (13)
ananrl + Bnbn + 'annfl =0 (n > 2)
or

aob1 + [Bo + a—1] by = 0,

= 6o t+a1= (;OT (;112 %2’? S (14)
anbn—l—l + ﬁnbn + ’)/nbn—l =0 (n > 1) ! 2 3

where the coefficients «,,, £, and =, depend on the parameters of the equation and on the sum-
mation index n of the series. The second and the third types of recurrence relations occur only
when the parameters of the equation imply that a_1 # 0, as in the case of the Mathieu equation.

If v, = 0 for some n = N + 1, where N is a natural number or zero, the one-sided series
terminate at n = N giving finite-series solutions with 0 < n < N [19]. In particular, for N = 0 the
series presents just the first term except when the recurrence relations are given by (13): in this case
the series presents only the first term if a1+~ = 0. Solutions given by finite series are also called
quasi-polynomial solutions or Heun polynomials. On the other hand, the previous characteristic
equations were established by assuming that the summation begins at n = 0. However, the series
begins at n = N + 1 if i, = 0 for some n = N. In this case we must set n = m+ N + 1 and relabel
the series coefficients in order to get series beginning at m = 0.

The fact that in each series all the Bessel functions must be independent imposes certain
restrictions on the parameters of the differential equation as in the previous set of solutions where
By #0,—1,-2,--- (Z,(g) and Z(_jgl in general are proportional to each other if m is integer). Such

restrictions also assure that the coefficients of the recurrence relations are well defined in the sense
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that there are no vanishing denominators. By transformations of variables which preserve the form
of equation (5) we find new sets of solutions demanding different restrictions on the parameters.
In effect, if U(z) = U(By, B2, Bs; 20, ¢; z) denotes one solution (or set of solutions) for equation

(5), then the transformations 77, 7 and 93, given by
FU(2) = 21T B=) U(Cy, Oy, Cs5 20, 3 2),
FyU (z) = (2 — 2) P27 B1/%0) U(By, Dy, Dy; 20, ; 2),
T3U(z) = U(—B1 — Bazo, B2, By — q20; 20, —q; 20 — 2); (15)

generate a group having eight (sets of) solutions. The constants C; and D; are defined by

2B B B
Ch = —B1 — 2z, 02:2+BQ+—1, CgZBg+<1+—1)<BQ+—1>,
20 20 20
2B B B
Dy=2— By — =1 Dngg+—1<—1+BQ—1). (16)
20 20 20

The application of these rules is straightforward but leads to solutions with different properties.

2.2. Two subgroups of solutions in series of Bessel functions

Given the initial set of solutions, Ul(j ), the rules .77 and % are used as
U (z) o U () 25 U9 (2) Lo U (2) L U (2) (17)

in order to generate a subgroup constituted by four sets of solutions. To get a second subgroup
of solutions, first we take Uéj)(z) = %Ul(j)(z) and, after this, we use the rules .71 and % in the

same order as in (17), that is,
U (z) Lo U (z) L5 U (2) Lo UP (2) <25 U (2). (18)
Then, we can check the following correspondence between the solutions of the two subgroups

U (2) — Uy(2), (i=1,2,3,4) (192)

7

in the sense that formally we have
. . o A -
BY =80, ) i, = et Y (19b)

Besides this, if the summation index n takes the same values in both expansions, the restrictions
on the parameters, the form of the recurrence relations and the order of the Bessel functions

are the same for both sets of solutions related by (19a). In this event both solutions have same
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characteristic equation and their series coefficients are proportional to each other. However, in
some cases one series breaks off on the left while the other terminates on the right and so these
statements are not true, as in the example considered in section 3.

Next we write the first and the fifth set of solutions, specify the restrictions on the parameters
and the conditions to use each of the preceding recurrence relations (the other sets are in Appendix

B). Thus,
Ul(J)( = A1~ BQWZ nb(l 2n+Bg 1 (2v4z),

Uéj)(z) — (2 — z)1~B2)/2 Z 5)Z2i)+32 ) (2 q(z — Zo)) 7 (20a)

[B2 5&07_17_27“' ]
For Ul(j) we have [15]
qzo (n+1) (n— %)
(n+3) (n+ 3 +3)
200 (5 1) (% + )
(n+ 3 =1 (n+3)

o)

B = 4By — 2¢z9 +4n (n+ By — 1) —

qzo (n+ By — 2) (n—f—Bg—i—f—ol— )

(m —
Tn’ = ) 20b
(n+52-3)(n+52-1) (20b)
in the recurrence relations for bg) which are given by
Eq. (12) if By #1,2; Eq. (13)if Bo=1; Eq. (14) if By = 2. (20c)
For Uéj ) we get the following coeflicients (ﬂg)) = @(}))
B B
o) 4% (n+1) <n+BQ + Z—;) 6 _ 4% (n+ By — 2) (n— 1-— Z—;)
L I (R TR
in the recurrence relations (20c) for the bg). We find the formal relation
o (=1)"T'[n — (B1/20)] ) (21)

" T'[n+ By+ (B1/20)]
Actually, this relation holds only if (—B1/29) and (B2 4+ B1/zp) are not zero or negative integers;
on the contrary, one solution truncates on the left («,, = 0 for some n) and the other on the right
(7, = 0). There are similar relations for the other solutions.

JFrom relations (A.4), we get

lim Ul(g)(z) ~ e2VZ 2(1/4)*(32/2), lim U1(4)(z) ~ e 2VE 2(1/4)7(32/2), (22)

zZ—00 zZ—00
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that is, each solution presents one of the possible behaviors given in equation (8). On the other side,
equation (11) gives the solution Ul(l) as a linear combination of Ul(g) and U1(4) and, consequently,
its behavior at z = co must be a linear combination of the previous expressions. This implies that
the solution Ul(l) is bounded for z = oo only if both Ul(g) and U1(4) are bounded too. The same
holds for U,

The previous solutions lead to the usual solutions in series of Bessel for Mathieu equation. This

equation has the form

d2
T2 + 0% [a — 2k* cos(20u)|w = 0, q=kK, (23)
where ¢ = 1 or 0 = ¢ for the Mathieu or modified Mathieu equation, respectively. Then, by
introducing
9 1 kK?  a 9
w(u) =U(z), z=-cos*(ou);z0=1, B;= —3 By=1, B3= 5 T 1= k=, (24)

into equation (5) we obtain the above Mathieu equation. Using these relations we can express the
solutions of the Mathieu equation in terms of trigonometric (hyperbolic) functions. These solutions
are given by infinite series and the solutions arising from the second subgroup have exactly the

same characteristic equations as the ones resulting from the first subgroup. For example,

[e. 9]

wi () = 37 (1)1 Z{) 2k cos(ow)], w Z b)) 29 [2ki sin (o)), (25a)

n=0

with the recurrence relations

gV —ab =0, g +a—apiV+20p() =0, @b} +[4n? —a] BN +qpY | =0, (n > 2), (25b)
which follow from the second relation given in (20c) since By = 1. Both sets have the same

coefficients because equation (21) gives B = (—1)"bg).
()

solutions ng ) converge for | cos(ou)| > 1 whereas wy

According to the next section, the
converge only for |sin(ou)| > 1if j = 2,3, 4.
Despite this, in a common domain of convergence wg ) is a constant multiple of wéj ), except if
k=0 [19, 22.

For the general case, we have found no proof for the equivalence between the sets of solutions
of the first and second subgroups. In fact, equivalence could take place only between two sets of
infinite-series solutions where the summations begin at n = 0. For instance, for the first and fifth
sets, this requires that neither (—Bj/zg) nor By + (B1/29) are zero or negative integer since this
implies infinite series in both sets.

On the other side, some sets of solutions admit the limit zyp — 0, in which case equation (5)
becomes a double-confluent Heun equation with two (irregular) singularities located at z = 0 and

z = o0o. In this case the second subgroup is irrelevant and only the sets Ul(j )( ) and Uéj )(z) admit

such limit, as we can see by examining the recurrence relations for the series coefficients.
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2.3. Convergence of the solutions

Now the ratio test is used to get the convergence of the first set of solutions. For the other sets
the convergence follows from the transformation rules. The following convergence regions refer to
one-sided series; these series hold only if the differential equation has an arbitrary parameter that
allows to satisfy the characteristic equations. If there is no free parameter, it is possible to obtain
convergent two-sided series solutions (summation extending from negative to positive infinity) by
introducing a characteristic parameter v into the solutions but, then, the domains of convergence
are changed.

For n — oo the recurrence relations for bg) become (we write b,, instead of b

1 B, 1 1 bn+1
qz0 [1— - <B2+z_o - 5) +0 (W)] b, + [4n(n+ By — 1)+ O (1) ]

1 B 1 1 by
+q2’0 1—|-— BQ+—1—_ +O ) ”1:0,
n 20 2 n bn
whose minimal solution for n — oo is
bnt1 qz0 1 /B 3 1
~N——— |1+ - — - = o= =
b, 4n? * n\z 2 * n2

b1 4n? 1 /B 1 1 .
e I T R | R T

qzo

i)

where the notation having the form f,, ~ g, means that g, is an asymptotic approximation to f,

as n — oo, that is, f,/gn = 1 when n — oo [23]. Similarly,

bn+1 qB1 1 bn—1 4n? 1 .
™ 3 [ + <n>] = e +O ()], if 20=0, (26b)

Firstly we regard the expansions in series of Bessel functions of the first kind. Using the first

relation given in equation (A.7), we find

JontBa+1 (2V0Z) gz [1 ) (l)} ,

~ —

J2n+3271 (2\/6_[—2,’) 4’)?,2

Then, keeping only the leading terms, we obtain

bni1 JonyBot1 (20/@2)  204%2 if 20 % 0: b1 JoneBot1 (20/72)  Big’z
~ 0 )

by Jonipat (2y77) 1607 bu Jonssoot (2/GZ) 1607

Therefore, the series converges for any finite z, but the ratio test is inconclusive when z — oco. For

if 20 = 0.

this case we proceed as in the case of the Mathieu equation [19]. Thus, by using equation (A.4)

we write (z — 00)

1
1 2 1 1
JontB-1(2/q2) ~ (=1)" (—~> cos [2\/6]27 — 5B =D —oml,  |argy/gz| <.

qz
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By inserting this into Ul(l), we find

zZ—00

lim Ul(l)(z) — Z(1/4)*(32/2) CcOS 2\/q— - %(BQ - 1)7T - iTF:| Zbg) (27)

Since the series Y bV converges, the solution Ul(l)(z) also converges at z = co. However, if the
cosine is expressed in terms of exponential functions, we obtain a linear combination of asymptotic
behaviors of the expansion in Hankel functions, as observed after equation (22). Thus, depending
on the values of By and |arg(,/qz)|, the solution Ul(l) may be bounded or unbounded at z = oo
Now we consider the expansions in series of Hankel functions and Bessel functions of the second

kind. For « = 2n + By — 1 and = = 2,/qz, relations (A.7) give

Z2n+32+1 (2y/4z) N 4n* [1 N 2By — 1 n By(By — 1)
2
Z2n+3271 2vez) ¢ 2n "

Combining this with the results given in equations (26a) and (26b), we find

()
b1 Zy g (2VTE) 20 [1 41 (Bz —24 5) +0 (i)} 20 #0
2 ’ ’

baZsy g, 1 (2/37) © " 0 !

G
bn+1Z23'L+Bz+1 (2\/—) B [1 O <l>} » 20 = 0.
baZ5)), 5,1 (2V/2) " "

Then, the ratio test implies that the series in the solutions Ul(j ) (7 =2,3,4) converge for |z| > 0 if

] . §=2.3,4.

zp = 0. On the other hand, for zy # 0 we have (n — o0)

()
br1 280, gy (V@) _ Jz0 {1 ke (32 oy &> ‘o < 1)} | (28)
b Z2(51+BQ : 2\/q—z ‘ || n 20 n

Thus, if zp # 0 in general the series converge for |z| > |zy| since the right side of this equation is
< 1 but, by the Raabe test [24, 25], they converge absolutely also for |z| = |zp| if the numerator
of nis < —1, that is, if Re(Ba + B1/z0) < 1. This possibility was not noticed before [15] because
the term of order 1/n was not considered.

The convergence for the other sets of solutions are obtained by applying the transformations

rules to Ul(j ). For J = 2,3,4, we find that these solutions converge for |z| > |zg| in the first subgroup,

and for |z — zg| > |2p| in the second subgroup. The special cases are summarized by:

Re (Bg + f—;) <1lin U(]) and UQ(j),
|z| > |20] if (29a)

Re (B2 + B—Ol) > 1in U and U

Re ) > 1in UEE]) and Ué]),
|z — 20| > |20] if (29b)
Re(£) <1in 0! and U,

0

/\
N
=)
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3. The inverted potential

In this section we get solutions for equation (3) of the inverted potential by using the preceding
solutions in series of Bessel functions of the first kind for the Whittaker-Ince limit of the CHE.
We will find one pair of finite-series solutions and two pairs of infinite-series solutions, all of them
convergent and bounded for any value of the variable u. The two pairs of infinite series have
the same characteristic equation, but only the solutions of one pair can be expressed as a linear
combination of two series of Hankel functions converging for all values of the independent variable.

The substitutions
¥(u) = [coshu] _l+%U(z), z = —sinh? u, (—o0 < 2<0) (30)

bring equation (3) to the form

2U 1 /3 dU  |& b2 I 1\? b2
S Dl Y ey 1) Qi Y (e B G | = 1
2z )dz2+[ 2+(2 )Z} i |1 16+(2 4> - DU=0 Gy
which is Whittaker-Ince limit (5) of the CHE with
1 3 & b2 I 1\? b2
=1, Bi=-—-, By=2>—-1, By=—-——4+|-—-= - ——. 2
2o =1, 1 5 B2=3 l, Bs 1 167 <2 4) ,q 16 (32)

Thus, the Schrédinger equation (3) will be solved by replacing U(z) in equation (30) by the the
expansions in series of Bessel functions of the first kind with the parameters (32). Notice that for
b = 0, the potential V' (u) reduces to a hyperbolic Péschl-Teller potential whose solutions are given
by hypergeometric functions [26].

In section 3.1 we write down the pair of finite-series solutions which allow to get the ‘quasi-
solvable’ part of the energy spectrum. We prove that these are degenerate for any finite value of the
parameter [ and adapt a method devised by Bender and Dunne [28] (for a potential which leads to
a biconfluent Heun equation) to find the energy levels and the series coefficients. In section 3.2 we
discuss the infinite-series solutions. In all cases, using the parameters (32) we find that the order
of the Bessel functions is half-integer and so these functions are represented by finite series rather
than by infinite ones [27]. Besides this, the recurrence relations are always given by equation (12)

“=o.

since «

3.1. Finite-series solutions

According to section 2.1, if v,,—n+1 = 0 in the recurrence relations (12), the series terminates

at n = N and we obtain a finite-series solution. In this case the recurrence relations can be written
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in the form

ﬂo (7)) 0 A 0 bo
M A oo b1
0 b « b
‘ 72 2 2 '2 _ 0 (33)
IN-1 ON-1 an—1 bn—1
o - 0 YN BN by

This system has nontrivial solutions only if the determinant of the above tridiagonal matrix van-

ishes. Besides this, if (as in the present problem) the elements of this matrix are real and if
QiYir1 > 0, 0<i<N — 1, (34)

then the NV + 1 roots of the determinant are real and distinct [19].
Only Ul(j ) and U2(j ) give finite-series wavefunctions. In order to prove the degeneracy and apply
the procedure of Bender and Dunne, we redefine the series coefficients as

I [2??, + BQ] Pn @) _ T [2??, + 2+ BQ + (2B1/Zo)] Qn

1 _ _
b T i T = Bzl ™~ (—qm) il Tt 2+ (Br /)

(35)

Then, inserting the solution Ul(l) and U2(1) into equation (30) and using the parameters given in

(32), we get the following pair (¢{, ) of even and odd solutions

. S (AT 201+ 3] R, b
Pi(u) = [tanhu]l 3 7;)(_1) (B) n[' T (12/]2)] J%_H% (5 smhu) ,

. i e (AY T R2r— 1+ (5/2)]Qn
Uiu) = [tanhu] 72 ) (1) <E> W Tn+ (3/2)]

b .
JQn—l+(3/2) (5 smhu) ’ (36)
n=0

where the recurrence relations for the coefficients P, are
Poy1+ BnPr + YaPr-1 =0, (P—l = 0) (373)

with
1

2 —
ﬁn——El—n(n—l_|__)_ b*(2l + 1)(20 — 1)

32(4n — 1 —20)(4n + 3 — 21)’

b2\ > n(2n —1)(2n — 20 — 1)(n — 1) e b2 /1 1)\°
7”‘(?) (4n +1—20)(4n — 3 — 2)(4n — 1 — 20)2’ E“_Z_ﬁJF(E_Z) '

The recurrence relations for (), are

2

Qn+1 + BnQn + :YnQn—l = 07 (Q—l = 0) (383‘)
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with

1 b2(20 4 1)(20 — 1)
2) B

B, = —F;—(n—1+1 -
b L= (n +)<”+ 3204n +1—20)(d4n + 5 21)

i <b2>2 n(2n + 1)(2n — 20 + 1)(n — 1)
(

7T\ ) Wn—1-20)dn 3 2)(dn + 1 20)? (38b)

From the relation Jy (—x) = (—1)*Jy (z), it turns out that these solutions are even and odd, that
is, ¥5(—u) = v (u) and ¥(—u) = —¥5(u).

The series are finite because the coefficients =, and 7, of P,_1 and Q)1 vanish for n = [
and, consequently, the series terminate at n = [ — 1 as stated above. In virtue of equation (34),
each eigenfunction corresponds to [ distinct and real eigenvalues. In addition, from Jy(z) =
(z/2))/T(A +1) when x — 0, we find

1

lin}) U§(u) ~ [coshul 2 finite,

and from the first of equations (A.4) we get

tanhu)"2  [b 1 — (A\"T[2n—1+3/2 P,

li T(u) ~ [7 —sinh (-1 - = 0.

i vi(u) ~ e = cos | gsinhu 4 S (1= 7;) b W T[n+1/2
Thence, 9§ (u) is bounded also at the singular points of the equation (z = 0 and z = —o0). The

same holds for the solutions ¥§(u). In fact, expansions in series of the other Bessel functions are
also bounded for all values of u but do not present definite parity.
The degeneracy of the previous solutions is established by arranging the recurrence relations

in the matrix form (33). For P, we write AP = 0, where
P = (PP, Pa)

(t means ‘transpose’) and

Go 1 0
m G 1
A Yo B2 (39)
Yi—2 Bi—2 1
0 0 -1 Bi—

For @,, we write IB%Q = 0, where
Cj = (Q07 Qlu o 7Ql—1)t
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and
Bo 1 0 B, 1 0
A1 Vo1 Bi—a 1
B_ Yo B . _ V-2 Bi-3 o)
g fa 1 v B 1
0 M B 0 0 v bo

where the last equality results from the identities

Bo=0B—1, Bi=02 Po=Ph3 -, Bi_1= /o

N =Y-1 Y2 =Y—2 B=N-3. s, Y-l =M
Therefore, the two matrices are constituted by the same elements. To prove the degeneracy, it
is sufficient to show that these matrices possess the same roots, that is, det A = detB. This is
obvious for [ = 1 and | = 2. For [ > 3, we use the [-by-I antidiagonal matrix S having 1’s on the

antidiagonal as the only nonzero elements, that is,

1
S=s1!= . . detS=-—1. (41)

Then we find the similarity relation
A = STIB'S = SB'S, (42)

where B! is the transpose of B. Thus, from the properties of the determinants it follows that
det A = det B and, therefore, the finite-series solutions are degenerate for any I.

On the other hand, the eigenvalues may be computed by equating to zero the determinants of
the preceding matrices. However, the procedure of Bender and Dunne gives as well the coefficients
P, and @, as polynomials of degree n in the the parameter Ej;. The procedure is implemented
by taking Py = Qo = 1 as initial conditions and by using the recurrence relations to generate the
other coefficients. For a fixed [, the eigenvalues are obtained by requiring that P, = 0 or Q; = 0,

since the series terminate at n = [ — 1. Thus, equations (37a) and (37b) yield
Pn+1 = [El + knl]Pn — ’)/nPn—la (P_1 = 0, P() = 1) (43&)

with

b%(20 4+ 1)(20 — 1)

bt = . , 43b
! ”<” +2>+32(4n—1—2l)(4n—|—3—2l) (43b)
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wherefrom

Py=1, Pi=FE+ky, P»=E}+ ko+kulE +koky—mn,

Py = E} + [kot + ku + ku| Ef + [kotku + kotko + kuksy — 1 — 2] B

+ kot [korku — 1] — Koy, (44)

and so on. Similarly, we write the relations (38a) and (38b) for @,, as

Qui1 = [Br + k] Qn — mQn-1, (Q-1=0, Qo=1) (45a)

where )

_ 1 b2(20 + 1)(2 — 1)

ot = (n— 1 +1 - . 45b
1= (n-ts )<n+2)+32(4n—|—1—2l)(4n+5—2l) (45D)

Then, the expressions for (), are obtained by replacing k,,; and ~,, by Ky and n in the expressions

for P,. As an example we find the energies and the respective eigenfunctions for [ = 1 and [ = 2.

For [ =1 the energy that follows from the condition P, = @1 = 0 is

b2
Elzl——zo = &=

5 (b* —1), (46a)

|

corresponding to the degenerate pair of eigenfunctions

Yi(u) = Vtanhu J_

1 (g sinh u) ,  Yf(u) = Vtanhu J (g sinh u) . (46b)

1
2

For [ = 2 the condition P, = ()2 = 0 leads to

2
EiQ—l[%—i—lj:\/l—i—bQ} = Ei:i[bQ—E)]i\/l—i—bQ. (47a)

4

Since, Py = Ey + (3b%/32) and Q; = F — (1/2) — (5b%/32) these energies are associated with the

eigenstates

[SI[oY

b 2 (b’ b
Ti(u) = (tanhu) [J_% (5 sinhu) + o2 (— +1+Vb2+ 1> J% (5 sinhu)] ,

2

(SIS

o 3
°F (1) = (tanhu)2 [J 5 ; 5

b 2 (b? b
<— sinhu) +5 (3 +1F Vb4 1> Js (— smhuﬂ : (47D)
2
up to normalization factors.
These energies for [ = 1,2 are the same found by Cho and Ho [4]. However, the eigenfunctions
differ from theirs, as we can see by writing the Bessel functions in terms of elementary functions

via the formulas written in Appendix A. Indeed, their solutions may be obtained from another

group of expansions in series of Bessel functions given in [14].
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Notice that the coefficients of the preceding finite series factorize in the same manner as the

coefficients of the problem considered by Bender and Dunne [28], that is, for a fixed | one has

P i(Ey) = pi(E)R(E), Quui(E) = qi(E)Qi(E), (i>0) (48)

where p; and ¢; are polynomials of degree i in Ej. For example, by taking n =1 (y; = 0) and

n =1+ 1 in equation (43a), we find
Py = (B + k)P =p1 B, Piio = [(E + kip1,0)(Ep + kig) — v P = p2 P,
and, by induction, we obtain the previous expression for P;.

3.2. Infinite-series solutions

The solutions Uél) and Uf) lead respectively to odd and even infinite-series wavefunctions

which are bounded for any value of u, namely,

Ll & b
Y9(u) = [tanhu] =3 Z(_l)nb§13){]2n+l+(3/2) (5 sinhu) ,

n=0
Y5(u) = [tanh u]fl*é Z;)(—l)”bg)t]gnﬂﬂlm (g sinhu> . (49a)

In the recurrence relations (12) for b the coefficients are

2

" 2(An+204+5)(An+204T7)

b2 (20 +1) (21 — 1)
dn + 21+ 1) (4n + 20 +5)’

@) b*(2n 420+ 1) (n+1)

5(3>—8—b—2+ -1 2+4(n+1) nrl i)+
o 8 2 2) 8

. 49b
T 2(An+ 20— 1) (4n+ 20 + 1) (49b)
and for bgf) the coefficients are
NO b%(n 4 1)(2n + 1)
" 2(4n+ 204 3)(4n+ 20+ 5)
b? 1\? 1 b2 (20 +1) (21— 1)
W_e_— 41— An+1 -
Fn 8 +( 2> A\t S ) S o= 1) (n 2+ 3)
2 J—

2(4n+20—3)(4n+20—1)°
According to section 2.3, the corresponding expansions given by series of the Bessel functions Y,

and H{"? converge in the domain |z| = sinh?« > 1 which does not include all the values of w.



CBPF-NF-022/09 17

(1)

On the other side, from the solutions U, and Ug(l) we find another pair of bounded eigenfunc-

tions given by

Lln+(3/2)] n b
Y5 (u) = tanhu Z CF) (—1) b%3)J2n+l+(3/2) (5 cosh u> ;
L+ (1/2)] b
5 = 3 P GO i (G o) (50)

As the series coefficients are proportional to the coefficients of the previous pair, the characteristic
equations are the same as in that pair. In addition, since in this case Re(B1/z9) = —1/2 < 1 in
U7(1) and Uél), equation (29b) implies that now the expansions in terms of Y, and Hém) converge
in the domain |1 — z| = cosh?u > 1, that is, over the entire range of w.

By using the solutions Uéj ) and Uéj ) we would find solutions equivalent the preceding ones.

Actually, we would find a515’6) o« (n—1+1) in the recurrence relations for bq({r)) and bgf)

what means
that the series begin at n = [. Thence, by setting n = m + [ we may conclude that such solutions
are proportional to the above ones.

At last, notice that the previous considerations take into account only the analytical properties
of the wavefunctions. The full solution of the problem requires the computation of the characteristic
equation resulting from the three-term recurrence relations, which is represented by an infinite

continued fraction having the form given in equation (12) or by the determinant of an infinite

tridiagonal matrix.

4. The electron in the field of a point dipole

For an electron with mass M, charge e and energy E in the field of a point electric dipole, the

time-independent Schrédinger equation is [5]

h? D-7
(—mv%ue E) P =0,

where D is the dipole moment. This equation is separable in spherical coordinates (7, 6, ¢). Choos-

ing the z axis along the dipole moment and performing the separation
1 A
U(r,0,0) = —R(r) () ™ [0<0<m, m=0,1,2,--]
r

one gets

1 d d m?
[sm@@ (s1n9d0) +C — Bcost — sinQH] © =0,

[d2 C

W_ﬁ—i_g]R:O’ (51)
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where C is the separation constant, 3 = 2MeD/h? and €& = 2M E/h%. The energies are determined
from the solutions of the radial equation, but firstly it is necessary to determine the parameter C'

from the solutions of the angular equation. The substitutions

0() = (sin®)™ U(z), z=sin?(0/2), (52)
give the equation
z(z—l)% — [m+1—2(m+1)2]%+ [m(m+1)—p—C—-28(z-1)]|U =0, (53)

which is the Whittaker-Ince limit (5) of the CHE, with the following set of parameters
z0=1, Bi=-m—1, By=2m+2, Bs=m(m+1)—-C, q=—-20. (54)

Therefore, the solutions ©(f) can be constructed by introducing solutions of equation (5) into
equation (52). Then, the admissible values for C' are determined from the characteristic equations
which follow from the recurrence relations for the series coefficients.

For = 0 the angular equation (51) has solutions regular in the interval 0 < 0 < 7 if C' =
(¢ + 1), where £ is a non-negative integer such that ¢ > m. These solutions are given by the
associated Legendre polynomials P;"(cos ). For this trivial case, a closed form for energy spectrum
can be obtained from boundary conditions on the radial part of the wavefunction. However, if 3 # 0
there is no analytic formula for € since the constant C' must be determined from a transcendental
equation (characteristic equation).

In section 4.1 we write the expansions in series of Bessel functions for the angular equation.
We find two periodic expansions having period 27 and the same characteristic equation. However,
in section 4.2 we find only one expansion in series of associated Legendre polynomial; this has the

same characteristic equation as the solutions in terms of Bessel functions.

4.1. Expansions in series of Bessel functions

For B # 0 the solutions ©(#) can be obtained by inserting into (52) the solutions in series
of Bessel functions of the first. The other expansions are unsuitable in virtue of their domain of
convergence.

Thus, using the parameters (54) we find out that only Ul(l), UQ(I), 5(1) and Uél) are valid.
Moreover, both Ul(l) and U2(1) afford the same solution, denoted by ©;. Analogously, both Uél)

and Uél) yield another solution, denoted by ©,. These solutions are

1 m 0o
©1(0) = <sing> (cot g) Z(—l)"bg)hnwmﬂ (2 83 Sing) , (55)

n=0
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AN 0\ — 0
62(9) = (COS 5) (tan 5) ;b%l)g]grrkgnkfl ( 83 cos 5) N (56)

)

with the recurrence relations for bl given by (a—1; =0)

1
%bﬁll - [n(n +2m+1) +m(m+1) - C} bl +
B(n +2m
(2n(+ 2m —)1) by =0, (b*q) - 0)' (57)

) because equation (21) implies that o) = (—1)"()9).

These solutions have the same coeflicients bg
Thus, there is only one characteristic equation to determine the values of the parameter C.

The solutions ©1 and ©s are connected by the substitutions § — 0+ and § — — which leave
invariant the angular equation (notice that this is equivalent to the change of b,, by (—1)"b,, in the
recurrence relations). Both are convergent in the interval 0 < § < & and are regular at the singular
points 6 = 0 and 0 = w. We have found no criterion to discard one of these solutions, neither
have found a proof that they are equivalent (the problem mentioned in section 2.2). However,

in the following we will find only one solution in series of Jacobi polynomials; this has the same

characteristic equation as the above solutions.

4.2. Expansions in series of Jacobi polynomials

The expansions in series of Bessel functions given in section 2 appear associated with a group of
expansion in series of Gauss hypergeometric functions F'(a, b; ¢; ), which are obtained by applying

the transformations rules to the solution [15]

20

oo
Ui(z) = > bIF (—n,n + By —1; By + 5; 1-— Zi) , [Ba#£0,—-1,-2,---] (58)

n=0 0
where b is the same as in (20a) and satisfies the recurrence relations (20c). This series converges
for finite values of z. The restrictions on the values of By assure independence of the hypergeometric
functions. However, we must demand as well that ¢ # 0,—1, —2,--- because in general F'(a,b; c; x)
is not defined if ¢ is a negative integer or zero. For this reason, this group is less general than the

group formed by series of Bessel functions. Now, putting Us(z) = Z3U;(z), we find

> B
Us(z) = > b)F (—n,n + By — 1 —Z—Ol; i) , [Ba#0,-1,-2,--] (59)
n=0

20

where the coefficients b are formally connected with btV by equation (21). If By + B;/2p and

(—B1/zp) are not zero or negative integers, both solutions are valid and are given by infinite series.
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Then, setting z = 2o cos?(ou), using the relation (21) and rewriting the hypergeometric functions

in terms of Jacobi’s polynomials PT(La’ﬁ ) through equation (A.8), we find

> n! b(l)
Ui(z) = Wi(u) =D(a+1)Y ——— P@Acos(20u)],
! ! 7;) 'n+a+1) [ ]
Us(2) = Ws(u) = D(5+ 1) fj (1) nt b PG|~ cos(20u)] (60)
5(2) = Ws(u) = n | —cos(Zou)|,
= Fn+a+1)

where & = By — 1+ By /zp and = —1 — By /7 (this  should not be confused with the parameter
of the angular equation). Then, relation (A.9) implies that U; is a multiple of Us. This conclusion
does not hold if only one solution is valid. The same can be said of the other pairs of solutions,
(U;,U;+4). In this manner, the linear dependence of solutions having the same characteristic
equation is almost trivial in the present case.

The solution U; (equivalent to Us) is the only one applicable to the angular equation of the

point dipole. Thus, by inserting this into (52) and using the parameters (54), we find
o
O(f) = (sinh)™ Z bg)F[ —n,n+2m+ L;m + 1;cos*(0/2)],
n=0
where the coefficients bg) again satisfy the recurrence relations (57). In terms of Jacobi polynomials
(A.8) or associated Legendre polynomials (A.10), we find that

— (—1)"n! = (=1)"™n!
@(9) = (sine)mZM[,(l)P(m,m)(cos 0) o Z (=1)"n p(1) pm

. 1
~ (n+m)| n n ~ (n—|—2m)‘ n n+m(COS(9) (6 )

If m = 0, this reduces to the solutions in series of ordinary Legendre polynomials P, = P given
by Lévy-Leblond [5]. If m # 0, these are the Alhaidari solutions in terms of Jacobi polynomials
[6] up to a redefinition of the series coefficients. On the other side, by taking into account the
solutions Us, Us and Uy, written in [15], we find that these are not valid by one of the following
reasons: the last parameter of the hypergeometric functions is a negative integer or ©(#) is not
regular at 6 =0 or 0 = 7.

Finally, the expansions in hypergeometric functions are inapplicable to the Schrédinger equa-
tion with the inverted potential (2). In effect, infinite-series solutions are inappropriate because
they converge only for finite values of the arguments of the hypergeometric functions. On the
other side, only U;j(z) and Usx(z) could afford finite-series solutions but in these cases the hyper-
geometric functions are not defined since the last parameter is zero or negative integer, that is,

C:Bg—f—Bl/Z’O:l—l.
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5. Conclusion

We have dealt with one-sided solutions for the Whittaker-Ince limit (5) of the confluent Heun
equation (CHE) and possible applications of these solutions. Specifically, in section 2 we have
considered expansions in series of Bessel functions of the first and second kind, in addition to
solutions in series of Hankel functions given in a previous paper [15]. In sections 3 and 4 we
have established solutions in series of Bessel functions for an inverted potential and for an angular
equation for a point electric dipole, respectively.

We have noticed the possible coexistence of different sets of expansions in series of Bessel
functions having the same characteristic equation. For the Mathieu equation it is known that
these solutions are linearly dependent in a common region of convergence [19, 22]. The same holds
for expansions in series of Jacobi polynomials, as we have shown in section 4.2. If this dependence
is valid for the general case, we can avoid the duplicity of solutions in infinite series of Bessel
functions. Nevertheless, we have found no proof for such conjecture.

In section 3 we have obtained eigenstates given by finite and by infinite series of Bessel functions
for the Schrodinger equation with the inverted potential. A proof that the generacy of finite series
with opposite parity takes place for any value of the parameter [ was possible because we have found
a general expression for the eingenstates. These quasi-polynomial solutions permit to determine
only a part of the energy spectrum by using, for instance, the procedure of Bender and Dunne
presented in section 3.1.

Also the infinite series are convergent and bounded for any value of the variable u. As in the
case of finite series, odd and even solutions are given by expansions in series of Bessel functions
of the first kind, while other kinds of Bessel functions give solutions without definite parity. In
principle, the solutions of the characteristic equations may afford the remaining part of the energy
spectrum.

In section 4 we have found solutions given either by series of Bessel functions or by series of
Jacobi polynomials for the #-dependence of the scattering of electrons by the field of the point
electric dipole. The expansion in series of Jacobi polynomials is equivalent to the one found by
Alhaidari [6] and includes, as a particular case, the solution in series of Legendre polynomials
proposed by Lévi-Leblond for the case m = 0 [5]. We have found two expansions in series of
Bessel functions corresponding to the same characteristic equation. We have also explained why
expansions in series of Jacobi polynomials are inappropriate for the inverted potential.

We observe that, we can find different solutions with the same characteristic equation also for
expansions in series of confluent hypergeometric functions for the CHE, given in [29] — these are

the ones which lead to the expansions in series of Bessel functions discussed in section 2. Then,
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the issue concerning the linear dependence or independence of solutions arises in this case as well.

Finally, although we have mentioned two other problems governed by Eq. (5), it would be in-
teresting to find new ones since this could motivate further investigation on the CHE. For instance,
there are expansions in two-sided infinite series (—oo < n < o0) of hypergeometric and confluent
hypergeometric functions for the CHE [2, 29] which admit of the Whittaker-Ince limit [15], but
need to be extended in order to incorporate all the Meixner expansions in series of Legendre and
Bessel functions [21, 30] for the ordinary spheroidal wave equation, that is, for the CHE (7) with

n = 0. Such extension would lead to two-sided solutions for Eq. (5) as well.

Appendix A. Some mathematical formulas

Firstly we give some properties of the Bessel functions J,(z), Yu(z), Hg)(m) and H ().
After this we write some formulas concerning the hypergeometric functions. The power-series

representation for J,(z) is

T\ —1)k T
Jal@) = (5) 27 F((a -|1-)k‘+ 1) (§>2k' (A1)

k=0

This function is connected with the Hankel functions by the relation

1

L0 (@) + B (@) (a2)

Jo ()
Similarly, the Bessel functions of the second kind can be expressed as

Ya(z) = = [HO(z) — HO(z)], (A.3)

=5 [H
On the other hand, for a fixed « the behaviors of the Bessel functions when || — oo are given by
[21]

1 1
Jo(z) ~+/2/(7x) cos (x - 5om - ZW) , larg z| < m;

HW () ~ /2/ () ei(x_%m_%”), —7 < arg x < 2;

HP (z) ~ \/2/(rx) emile=gom—3m)  _on < arg o < . (A4)

The behavior for Y, (z) is obtained by changing the cosines by sines in the expression for J,(z).
The Bessel functions are given by finite series of elementary functions if their order « is half an odd
integer; then the restrictions on arg x are unnecessary in (A.4) [20]. For instance, if m = 0,1,2,---,

the Bessel functions of the first kind can be expressed as

2 1/ d \"cosz 2 1 /(d \"sinzx
— Z2  omts5 [ 7 — 2 (_1\ym,m+5
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which give, in particular,

2 . cos T B 2 (sinx
Jf% (z) = %(—smx— . ), J% (x) = %( . —cosx). (A.6)
Since, for x fixed and a — o0,
1 T\ 1 2\
~—— (= ~ —iHD (1) ~ i HP (1) ~ — = z
Jol®) ~ Fo (5)" Yal@) ~ =iHO @) ~ iHP (@) ~ ——T(a) <x) ,
we find "
2 Z;] 4 1
Jot2(2) = o L@ daladD) oy gy (A7)

Ja@) T Ala+D(a+2) 0y~ a2
These relations have been used in section 2.3.
In section 4, the relation between hypergeometric functions and the Jacobi polynomials PT(La’ﬁ )
was obtained from [27]

|
et D) pas)g gy, (A.8)

F(—n,n—l—l—i—a—i—ﬁ;l—l—a;y):F(n+a+1) Al

where n is a non-negative integer. The Jacobi polynomials can be expressed as

—(2_"1737(1 —x)*a(1+:c)*ﬁd% [(1 —2)*T (1 4 z)

PeO(w) =
whereby we find the relation
PP (=) = (1) P ), (A.9)

used in section 4.2.
On the other side, the relation between hypergeometric functions and the associated Legendre
functions P¥, when k is a positive integer or zero, is given by

(—DFEIT (v + 1 — k)
Fv+k+1)

_k
Fk—viv+k+1LEk+ 1Ly = (y — ) 2 PR - 2y). (A.10)

Thence, by setting o = =k in (A.8) and ¥ =n + k in (A.10) we obtain

(—2)%(n + k)!

Pék’k)(g) B (n+ 2k)! (1 - 52)_k/2 ij+k(f)- (A.11)

where we have put £ =1 — 2y.
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Appendix B. The other solutions for equation (5)

(From the solutions (20a), the others are obtained by using the transformations .77 and .7 as

indicated in the sequences (17) and (18). In this manner, we get

(4) 1 B3)/2 n 2)
Uy (2) = 2/ Z bz 2n+1+Bg+(231/z0) (2vaz),

: 1481 _1_B1_ By X .
Uf(i])(z) =z =0 (z - zo) 272 2 (—1) b(6) X Zéfl)+1+Bg+(2Bl/ZO) (2 q(z — zo)) ,  (B.1)
n=0
By, B 3
A B, S
|: 2 + ZO # 9y 27 ) :|

where
B
qzo(n +1) (n +2+ z_01>

(nr1+Z+2) (ntd+ BB

(2)

2z (B2 —1) (B2 + &
By B g0 (5 ) ( 2
ﬂ(Q)—4Bg—2qzo+4[n+l+—} [n+BQ+—1}— —— BZO ,
20 ol (n+B+2)(ne14242)
(2)_qzo<n+Bg+f—;— )(n+Bg+%) B2)
n ) .
(n-3+Z+2)(n+Z+2)
in the recurrence relations for b7(12), which are given by the equations
B B 1 B 1 B
(12)if 22+ 2L 2£0,——; (13 )lf—+—1:——; (14) lf—+—1:o. (B.3)
2 20 2 20 2 20
These relations also hold for the coefficients b516) with ﬁr(f) = 7(12) and
(6) 7(]20(714’1)(714’324’%) 6) 9% (nJrBQJr%) (n+1+%> (B 4)
ap’ = , =— , .
T (2 B (2 B2 43 n (n—3+2t+82) (nt 2L 4 22)

6)

in the recurrence relations (B.3) for the coefficients B!

For the third and seventh sets we find

. 7327 > n
UD (2) = (2 — 20) 7P %0 220 22( V"2, b (20/a7),

n=0

UP(z) = 2% (2= 2) _5_%__ 0025 o, (2 Va(z = 20) ) (B2 #4,5,6,--- [B.5)
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with the coefficients

@) qzo (n+1) (n+2+§—01>
T B R

2
200 (% 1) (5 +2)
() — 4B3 — 2¢z0 + 4(n +1)(n+ 2 — By) — ,
By 3 qzo (n )(n 2) (n+ _%)(nJFQ_%)
VORI (”+2_BZ)<”+1_B2__>. (B.6)
n (n_|___—)(n—|—1——)

which are given by

. . 3
in the recurrence relations for b%)

Eq. (12) if By #2,3; Eq. (13) if By = 3; Eq. (14) if By = 2. (B.7)
We obtain the coefficients ( ") = 7(13))
— B, B
a(7) qzo (n + 1) (n +2 BQ 20 )

n

7 qzo (n+2—Bg)(n+1+&>
mt+2-B)(nt3-L) ™~

. B.8
B (n+3—22)(n+1-22) (B8)
in the recurrence relations (B.7) for bg). Finally we obtain
1-B,_ 21 Bl_i_ﬁ_l >
U(J) (2 — 2) 272 0 T2 2 Z( " b(4)Z2(i)+1 B (2B /o0) (2\/(.?)
n=0
U(j)(z) e i(_l)"b(S)Z(j) (2 1z — = )) @ s 7& 1,2 § | (B.9)
8 = n 2n+1732*% o) 2 2 ’
with
B
o) — gzo (n+1) (n - Z—01>

(n+1—%—§—3) (n—|—§—&—&)7

: (B.10)
(n___&_&) (n_BQ_&)
2 2 20

. B 1 By, By 1 B;
12)if =24+ 2L 2o =0 a3y 242 -2 (14 f— — =0. B.11
()12+zo7é’2’ ()12+zo 5 (14)1 L (B.11)
The coefficients b%) also satisfy the recurrence relations (B.11) with 3, = 7(14) and

®) —qzo (n+1) (n+2_32__)
(6% —

n 9
<”+1 72—293) (”+§—32 Bl)

Z0 2z
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. B.12
n (n_l_&_31>< B2_&) ( )
2 2 20 2 20
References
[1] E. Fisher, “Some differential equations involving three-term recursion formulas”, Phil.Mag. 24, 245

2]

(1937).

E. W. Leaver, “Solutions to a generalized spheroidal wave equation: Teukolsky equations in general
relativity, and the two-center problem in molecular quantum mechanics,” J. Math. Phys. 27, 1238

(1986).
A. H. Wilson, “A generalised spheroidal wave equation, ” Proc. Roy. Soc. London A118, 617 (1928).

H. T. Cho and C. L. Ho, “Self-adjoint extensions of the Hamiltonian operator with symmetric potentials

which are unbounded from below,” J. Phys. A: Math. Theor. 41, 255308 (2008).
J. M. Lévy-Leblond, “Electron capture by polar molecules,” Phys. Rev. 153, 1 (1967).

A. D. Alhaidari, “Analytic solution of the wave equation of an electron in the field of a molecule with

an electric dipole moment,” Annals of Physics 323, 1709 (2008).

S. Kar and R. R Parwani, “Can degenerate bound states occur in one-dimensional quantum mechanics?,

” Europhys. Lett., 80, 30004 (2007).
R. Koley and S. Kar, “Exact bound states in volcano potentials,” Phys. Lett. A, 363, 369 (2007).

A. V. Turbiner, “Quantum mechanics: problems intermediate between exactly solvable and completely

unsolvable,” Sov. Phys. JETP 67, 230 (1988).

A. V. Turbiner, “Quasi-exactly-solvable problems and si(2) algebra,” Commun. Math. Phys. 118, 467
(1988).

A. G. Ushveridze, “Quasi-exactly solvable models in quantum mechanics,” Sov. J. Part. Nucl. 20, 504
(1989).

E. G. Kalnins, W. Miller and G. S. Pogosyan, “Exact and quasiexact solvability of second-order
superintegrable quantum systems: I. Euclidian space preliminaries,” J. Math. Phys. 47, 033502 (2006).

A. Ronveaux (editor), Heun’s Differential Equations (Oxford University Press, 1995).

L. J. El-Jaick and B. D. B. Figueiredo, “Solutions for confluent and double-confluent Heun equations,”

J. Math. Phys. 49, 083508 (2008); e-print arXiv: 0800.2219v2.

B. D. B. Figueiredo, “Ince’s limits for confluent and double-confluent Heun equations,” J. Math. Phys.
46, 113503 (2005).



CBPF-NF-022/09 27
[16] S. Mignemi, “Classical and quantum motion on an Eguchi-Hanson space,” J. Math. Phys. 32, 3047
(1991).

[17] A. Malmendier, “The eigenvalue equation on the Eguchi-Hanson space,” J. Math. Phys. 44, 4308
(2003).

[18] A. D. Alhaidari, “Charged particle in the field of an electric quadrupole in two dimensions,” J. Phys.
A: Math. Theor. 40, 14843 (2007).

[19] F. M. Arscott, Periodic Differential Equations (Pergamon Press, 1964).
[20] Y. L. Luke, Integrals of Bessel functions (McGraw-Hill, 1962).

[21] A. Erdélyi, W. Magnus, F. Oberhettingerm and F. G. Tricomi, Higher Transcendental Functions, Vol.
2 (McGraw-Hill, 1963).

[22] N. W. McLachlan, Theory and Application of Mathieu Functions (Dover, 1964).

[23] F. W. J. Olver, Asymptotics and Special Functions (Academic Press, 1974).

[24] E. T. Whittaker and G. N. Watson, A Course of Modern Analysis (Cambridge University Press, 1954).
[25] K. Knopp, Infinite Sequences and Series (Dover, 1956).

[26] S. Fligge, Practical Quantum Mechanics (Springer, 1994).

[27] M. Abramowitz M and I. A. Stegun I A (eds.) Handbook of Mathematical Functions (Dover, 1965).

[28] C. M. Bender and G. W. Dunne, “Quasi-exactly solvable systems and orthogonal polynomials,” J.
Math. Phys. 37,6 (1996).

[29] B. D. B. Figueiredo, “On some solutions to generalized spheroidal wave equations and applications,”

J. Phys. A: Math. Gen. 35, 2877 (2002).

[30] J. Meixner, “Reihenentwicklungen von Produkten zweier Spharoidfunktionen nach Produkten von

Zylinder- und Kugelfunktionen,” Math. Nachr. 3, 193 (1950).



