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ABSTRACT

We investigate a class of conformal Non-Abelian-Toda models representing a noncompact
SL(2,R)/U(1) parafermionions (PF) interacting with a specific abelian Toda theories and
having a global U(1) symmetry. A systematic derivation of the conserved currents, their
algebras and the exact solution of these models is presented. An important property of this
class of models is the affine SL(2, R), algebra spanned by charges of the chiral and antichiral
nonlocal currents and the U(1) charge. The classical (Poisson Brackets) algebras of symme-
tries VG, of these models appears to be of mixed PF-W ', type. They contain together
with the local quadratic terms specific for the W, -algebras the nonlocal terms similar to the
ones of the classical PF-algebra. The renormalization of the spins of the nonlocal currents
is the main new feature of the quantum V A, -algebras. The quantum V Aj-algebra and its
degenerate representations are studied in detail.

Key-words:  Non-Abelian-Toda models; Integrable models; Parafermionic algebras; ¢-
deformed algebras .
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1 INTRODUCTION

The identification of 2-dimensional critical phenomena as conformal minimal models of the
(extended) Virasoro algebra [1] provide powerful algebraic tools for calculation of the critical
exponents. Within this framework the long standing problem of classification of the univer-
sality classes in two dimensions is reduced to the problem of exhausting all the extensions of
the Virasoro algebra. The first part of the list of extensions of the Virasoro algebra contains
the well known Lie algebraic lower spin extensions (s < 2) including the conformal current
algebra (s = 1), the N = 1,2,3,4 super Virasoro algebras (s < 3/2 ), etc. An important
step in completing this list was proposed by Zamolodchikov and Fateev [2], [3] and [4]. They
observe that for describing the critical behavior of a large class of statistical mechanical
systems one has to consider two new types of non-Lie algebraic extensions. The first one
include together with the stress tensor (s = 2) a new set of local higher spin (s = 3,4,---, N)
currents which close an associative algebra of quadratic relations known as Wy-algebra [14].
The second one represents a nonlocal extension of the Virasoro algebra with a set of fractional
spins (s = w, k=1,2,---,N — 1) nonlocal currents—the Zy-parafermionic algebra
(PF) (see ref. [6] for a generalized PF algebras).

An universal method for deriving all these algebras as well as the (classical ) Lagrangean of
models with such symmetries consists in considering the gauged G/ H- WZW models and their
algebras of symmetries [7],[8], [9]. For example the W, -algebra appears from the SL(n, R)
current algebra by gauging the nilpotent subalgebras N*(n) [7],[9]. The parafermionic alge-
bras arises when the Cartan subalgebra of SU(n) is gauged away [3], [6]. The natural question
to ask is whether gauging another subalgebras, say, of mixed type U(1)® Nt (n—1)®N " (n—1)
(i.e. a part of the nilpotent subalgebras N*(n) with only one Cartan generator) one pro-
duces a new type of extensions of Virasoro algebra different from W and PF algebras. This
question was raised in a slightly different form by Gervais and Saveliev [10], studying the
symmetries of the (classical )B, nonabelian Toda theories (NA). An explicit form of such
(classical) nonlocal and non—Lie algebra (called V' algebra), unifying together the nonlocal
PF-currents and the local W B,,_jcurrents was constructed in ref [11] for the case of By-NA-
Toda model.

In our recent paper [12] we have found the classical and quantum algebras of symmetries
of the first few models of the family of A, -NA-Toda theories. The present paper is devoted
to the systematic construction of the (classical) VG%]’I)—algebras (G, = A, B,,C, orD,)
of mixed PFA; — W({,_1 type and their quantization. They arise as algebras of the con-
served currents of the simplest family of GYY _NA-Toda theories representing a noncompact
SL(2,R)/U(1) PF’s interacting with G,,_; @ G;_; abelian Toda model (Go =1 j =1,---n).
This family of NA-Toda theories can be obtained as a specific (parafermionic) reduction of
the G,-WZW model imposing a set of constraints similar to these ones leading to standard
G, abelian Toda model, but with one of the constraints J_, = p; (and jaj = [i;) removed
(j = 1,---,n fixed),i.e. we leave unconstrained one of the simple negative (positive) root
current. This changes the group of the residual gauge transformations and contrary to the
abelian Toda case the transformation responsible for the vanishing of the Cartan subalge-
bra current Jy g (j-fixed) does not exist. We therefore require the additional constraint
Jy,n = Jy,z = 0. The main consequence of this parafermionic constraint is that two of the
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chiral (antichiral) conserved current Vj‘" = J,, and Vj_ = J_4,—a, of the reduced model

(G#” -NA-Toda) appears to be nonlocal (PF-type) currents. The simplest representative of
this family of NA-Toda models GY s given by the lagrangean
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where A = 1 + Q}éTek12¢1¢X7 (k12 = —1 for A, B,,Cy, D, except for By where ks = —2;

K = T for A, and Kq; = 1 for B,). The corresponding equations of motion of (1.1)

can be also derived by a slight modification of the Leznov-Saveliev method starting with an
appropriate grading operator ) = Y""_ 224 (see Sect. 2 and app. A).

a?
k2

Apart from the two nonlocal chiral currents VE ( of spin s* = @ for A,, st =nfor B,
and C,, s =n—1 for D,) each of these models exhibit other n — 1 local chiral (antichiral)
currents W42, [=2,--- nofspins s; = n—[+2 for A,; of spins (s, = 2,4,---2(n—i+1)

for B, and C,, and of spins s; = 2,4,---2(n — 2),n for D,.The nonchiral U(1) current

_ﬁ (¢6MX - Xaﬂ¢ - k12¢XaM¢1) ek12¢1

Ju= 4 A

(1.2)

generating global U(1) gauge transformations ¢! = ¢;, ' = e® and ¥’ = ye™ ( « constant)
completes the list of conserved currents for the GS’” model.

One of the basic results presented in this paper is the explicit form of the Poisson brackets
(PB’s) algebra VAS’I) of the conserved currents of AS’” -NA Toda theory. This new algebra
appears to be a natural unification of the main features of W- and PF-algebras. As it is shown
in Sect. 3, the PB’s of the local currents are quite similar to the classical W A,,_; algebra
but including new terms in the quadratic part - the product VTV~ and its derivatives.
The local and nonlocal currents obey PB’s with quadratic terms in the form VEW; ( and
its derivatives). Finally the PB-algebra of the nonlocal currents contains specific nonlocal
quadratic terms (see sect 3):

n4+1

nk?

{VE(e). VE(e")} = (o — o )WWH(o)VE(o")

(H0). V(o)) = (o~ WV (o) + (it - o)
- Gl - o) (13

s=0

where ¢(o) = sign (o) . Our main observation is that the nonlocal terms in (1.3) ( those

with €(o)) are of PF-type. One obstacle of such identification is the discrepancy between the

fractal spins of the PF currents and the (half) integer spins of the nonlocal currents V*. The

precise statement is that the semi-classical limit N — oo of the operator prodluct2 expansion
_ ntl o

(OPE) algebra of certain W-reduced GG, parafermions ¥, of spins s, = Ry coincides
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with the PB’s -algebra (1.3) of V*, (s* = “t1). The Zy-parafermions provide the simplest
example (G' = A;, n = 1) of quantization of V* and their classical algebra (1.3). We identify
the quantized V* with the PF currents ¥, and \I/I of spins s* =1— % namely, VT = LN\Ill,

Vo = \/LN\III This way we impose the OPE’s of V£ to be of the form ( see sect. 3 of ref.
3]):
N -1 £ oAt
VELVEQR) = (N)3/2(212)A2 AT (V5E(2) + O(z12))
1 2A
VOV = e T (1 2200, + o)) (L)

—

where AT =2 — % AT =1- %, c= ZN—_T_, N =2,3,---. Next we define the classical PB’s
as certain limit of the OPE’s (1.4):

[}

{Ve.v'(@2) = limNﬁm(—g)(V“(l)Vb(Q) ~VI(2)V*(1) (1.5)
where a,b = +1. The last step is to verify that the limy_., of (1.4) indeed reproduces the
PB’s algebra (1.3) with n = 1. One can also derive the OPE’s (1.4) and the renormalization
of the spins of VE, Awuant — Aclass _ % following the procedure of the quantum hamiltonian
reduction [5, 3]. Starting with the bosonized form of the SL(2) current algebra (see for
instance [24]) and imposing the constraints .J3 = 0, one obtain the free field representation of
the PF-currents. The OPE’s (1.4) as well as the new (anomalous) dimensions of V*appears
as a simple consequence of this construction.

The purpose of this discussion of the parafermionic properties of the nonlocal currents
V* is to point out that their quantization requires deep changes in the classical algebraic
structure (1.3) namely, i) renormalization of the bare spins s% = " to 83: = rH(1- 2k—|—17n—|—1)’
it)Breaking the global U(1) symmetry to some discrete group; ¢¢¢) The quantum counterpart

of the PB’s of the charges Qi+£1+l][n+1] (m € Z,l = 1,---,2k + n) of V¥ are the so
M o2k +nt1
called PF' commutators (an inﬁniée +SJII)1 of bilinears of the charges) (see sect.4 of ref [3]).
The quantization of the local currents W, is similar to the one of the classical WG, _¢-
algebras. It consists in the familiar substitution t2{ }ps = [ ]ecomm followed by certain
changes in the structure constants and of the central charge. No spin renormalization and
PF type commutators are required in this case. All these new features of the quantum
V A,-algebras we shall demonstrate in Sect. 9 on the example of the quantization of the
VA(QM) = ‘/3(1’1). The quantum counterparts of the PB’s algebra (1.3) appears to be the
“parafermionic commutation relations 7 (9.16) and (9.17). The method we are using allows
us to find also the anomalous dimensions of the “completely degenerate 7 representations of
the quantum V:,)(l’l)—algebra.

The two chiral algebras VGS’I) and VGS’I) together with the nonchiral U(1) current
(1.2) of charge Qo = [ Jodo

{Qo, VF(o),
{Qo, V(o)

} iYi(U)7 {Qovvl/p(o-)v
} = :I:Vi(a), {Qova(a)v (1'6)
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p = 2,3,---.n do not erhaust all the symmetries of the G NA Toda model (L.1). It
turns out that certain charges of the chiral nonlocal currents , QT = [V*do and Q" =

[ ¢""*V~do have nonvanishing equal time PB’s with the antichiral nonlocal charges Q= =

[V=do and QT = [o""'V*do. They are linked by the topological charge

ko[ k -
Hy = —/ dpdo = —Qo + —Ianlz/ dprdo (1.7)
27 J_ o 2 oo

in the following algebra

Q507 = =7 [ dodmre (0407 =0 (1.9

— 00

Simple redefinitions of the nonlocal charges (see Sect. 4) allows to rewrite the algebra (1.6)

and (1.8) in the standard form of the affine ¢-deformed SL(2, R) PB’S algebra of level zero

[27, 41]. Note that the deformation parameter ¢ = ¢~ * F11 is a function of the classical (bare)
coupling constant. It is important to mention that the SL(2, R), PB’s algebra appears in
the NA-Toda theories (1.1) as algebra of the (Noether ) symmetries of their equations of
motion and leaves invariant the NA-Toda hamiltonian. One has to distinguish this classical
g-deformed SL(Z, R), PB algebra (generated by the nonlocal conserved currents) from the
Poisson-Lie group G, (r) of the monodromy matrices M € (4, satisfying together with the
standard group multiplication laws the Sklyanin PB’s algebra [28],

—27

(M5 M} =

[r, M ® M] (1.9)

where r is the classical r-matrix. The latter appears in G, WZW models [8], [13], [15] and
the abelian (7,,-Toda theories (as well as in a large class of integrable models [16]) as the
right hand transformation that leaves invariant the Poisson structure of the corresponding
models. Some preliminary results concerning the G, (r)-algebra generated by the classical
monodromy matrices of GS’” -NA-Toda models are given in Sect. 4.

The Poisson-Lie groups are known to be the classical analog of the quantum group U,(G,)
encoded in the quantum exchange algebra [17],[8],[18],[19]. One might wonder which is the
quantum counterpart of the classical SL(Z, R), PB’s algebra. Partial answer to this question
is given by the simplest example of n = 1, N = 2 (the Z PF, i.e. critical Ising model ).
The quantum nonlocal charges Qt and Q= coincide with the Ramond sector of zero modes
o and g of the (chiral) Ising fermions. It turns out that their commutator is proportional
to the fermion parity operator I

[0, 0] = ial’,  Tipol' ™ = =g,  T'hol™" =~y (1.10)

and T'? = 1. This algebra appears to be the quantum analog of (1.8) for this particular case.
It is important to note that the nonvanishing commutator of the left and right fermionic zero
modes is not in contradiction with the holomorphic factorization of the critical Ising model.
What is crucial for this factorization is that the anticommutator [, ¢¥,]y = 0, n,m € Z
indeed vanishes.
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To make the discussion of the SL(2, R), symmetries of the G NA-Toda models com-
plete, we have to demonstrate that classical solutions with nontrivial topological charge
Hy # 0 (ie. ¢(00,0) # @(—00,0)) do exist. We derive in Section 5 the general solution of
(1.1) in a simple and explicit form, appropriate for the analysis of these asymptotics. Our
construction is the NA-Toda analog of the Gervais-Bilal’s [20] solution of the abelian Toda
models. It is based on the important observation that the fields ¢, yand ¢;,2=1,---,n—1
of the NA-Toda theory (1.1) can be realized in terms of the corresponding abelian Toda
fields ¢4, A = 1,---n and the chiral nonlocal currents V+ and V- con81dered as indepen-
dent variables. The origin of this transformation of the solutions of the G NA-Toda into
those of the (7, abelian Toda (and vice-versa) is in the fact that both can be realized as
gauged G, /H-WZW models with HE = U(1) ® N*(n — 1), Hf = N*(n). Therefore the
transformation we have found can be identified as (field dependent) gauge transformations
R(VHY@h(V™) € G, @G, that maps G/ H;-WZW into G/ Hy-WZW, g1 = hgah, g; € G,/ H;.
This provides us with a powerful method for explicit construction of these transformations.
Consider a set of constraints, gauge fixing conditions and remaining currents which define

the reduction of G;, WZW model to G NA-Toda. For G, = A,

JNA=VIE oy + ) Eoy + V By soptton + 3 Wi 0 Boo i ton (1.11)

(similar for J¥4) and those leading to the abelian Toda are

ZE—% + Z n—i+2 a Foip1t+tan (1'12)

The transformations h(V*+), h(V ™) that maps (1.11) into (1.12) satisfy the following system
of first order differential equations

(J* + ga)h—l S A VAR

IS

Nh™t =h71JA (1.13)

We present in Sect. 6 the explicit form of the solutions of eqns. (1.13) in the A, case i.e.
h, he SL(n+1,R).

The fact that one can connect all the coset models obtained from a given GG,,-W7ZW model
(i.e. all the hamiltonian reductions of G/,,-WZW) by specific (current dependent) G, gauge
transformations leads to important consequences concerning the symmetry structure of the
G%l’l)—NA—Toda models. As one can see from eqns. (1.11-1.13) the transformation A(V*)
gives as a byproduct the explicit constructions of the currents W;‘, p=2,---n+1in terms
of the conserved currents V* and W4, 4 = 2,--. n of the G NA-Toda model. We
further verify (using the vAM PR algebra only) that these W;‘ indeed does close the
W41 algebra. Thus A(VT) maps the VALY = Vn(}_’ll) algebra into the W, 1-one. This
shows that W, .1, which leaves in the universal enveloping of Vn(}_’ll) appears as an algebra of
symmetries of the Aq(ll’l)—NA—Toda theories as well.

The gauge transformation between different set of constraints imposed on G,-WZW
currents play an important role in the description of the symmetries of a larger class of
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GUY NA-Toda models (Joo, = VJ), Jyg =0, j =1,---,n arbitrary fixed). Again
as in the j = 1 case we find a transformation h(V]‘") ( as solution of eqn. (1.13))which
maps them into G,-abelian Toda theory. The new phenomena occurs When we consider
the transformation H(ji,j2) = h(V;)h(VJj)_l between GV and GY2-NA Toda models
(j1 # j2). Both contain equal number of independent fields, both are W, ;-invariant and
the transformation H(j,j2) realizes the map

V(jlvl)

21
it SR (1.14)

— n_|_1—>V(

that mixes their algebras of symmetries. However their lagrangeans, their symmetry algebras
V;_Jl_ll’z) and VJfl’l) as well as the spins of their conserved currents are quite different. Never-
theless, as we claim in Sect. 7, they are classically equivalent models related by complicated
nonlocal change of field variables: ¢(j1) = H(jl,jz)g(jz)H(jl,jz) This is the reason why
we are mainly considering the 7 = 1 model, all the rest j #£ 1 GYY _NA-Toda models being
equlvalent to it.

The GUY-NA-Toda models we are studying in this paper are the nearest neighbours
of the abelian G, Toda theories. They are defined by the set of constraints and gauge
fixings conditions (1.11) and (1.12). The only difference with the abelian G,-Toda is that
the constraint Jﬁ’i)J is removed (J(NA) = V"'( )) and one new PF-type constraint has to
be imposed Jy,y = 0. These modlﬁcatlons of the abelian Toda constraints reflects on
the properties of the remaining currents: W,y; splits in two nonlocal currents V' and
V=, the new nonlocal algebra Ve replaces the W, algebra and finally the chiral and
antichiral nonlocal charges Q* and Q¥ together with the topological charge H, generate the
SL(2,R),. One could wonder how general is this way of describing the NA-Toda models.
Say, abandoning more abelian Toda constraints J_,, =1 i=1,---,1 [ <n, ie J_,, = VT
and requiring Jy g =0 ¢ =1,---,[ are we getting new NA-Toda models? The answer to
this question is indeed positive: This set of constraints and gauge fixing conditions

I n I n
INAO =N VIE 0 4+ Y Eoai 4 Y Vi Eapeor + > WaitaFargopa,  (115)
=1

i=l+1 =1 i=l+1

(for G, = A,) defines a family of conformal invariant Gq(l[j]l’l)—NA—Toda models ([j]; =
(715725 Ji)s labels the positions of the PF-constraints). Their properties are quite similar to
the simplest G NA-Toda model. They have 2 chiral nonlocal currents V£, (i = 1,---,1)
and (n-1) chiral local ones W, _;12, ¢=141,---,n). The complete discussion of the sym-
([]]lvl)

metries of A;”""’-NA-Toda models, their general solutions, their relation with the abelian

A,-Toda, etc will be presented in our forthcoming paper [21].

Although the Vel algebras do not exhaust all the parafermionic extensions of the
W, -algebras, they make the picture of the extended Virasoro algebras more complete.
The application of the quantum VG, -algebras and their minimal conformal models is not
restricted to the problem of classification of the universality classes in two dimensions only.
As it is well known [40] certain 2-d NA-Toda theories naturally appears in the construc-
tion of cylindrically symmetric instantons solutions of selt dual Yang-Mills theories in four
dimensions. This is a strong indication that the quantum A,-NA-Toda models (and their
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integrable off-critical pertubations ) provide powerful tools for the nonperturbative quanti-
zation of instantons and merons.

2 NA-Toda’s as gauged WZW models

The G{""-NA-Toda theories we are going to study are originally defined as an integrable
system of field equations given by the zero curvature condition:

[0—A,0— A =0, (2.1)
for the specific Lax connections :
¢8X L n—1 Qigq - H aX b1 9 n—1 ip
A = A 12(151)\ CH+ o ]7‘|‘ Ao 122¢1Ea1 (= e 2 U%Ew g
2knA 1 ; & O‘?H A (k) i—1 N
A n—1 A n—1
1 Xy A H o O 2 _1i.
A = — 277 ¢ e\ L — O, —1— = "¢ 122¢1E—a1 _ (= e 3 U%E_w o
2knA 1 ; & O‘?H A (k) i—1 N
(2.2)

where H;, F., denote the generators of the (,-algebra; +¢«; are its simple roots, a-an

arbitrary root; k;; and K;;-the Cartan matrix and its inverse, respectively, ];ij,léij and ¢&; are

the corresponding matrices and roots for G,,_1, \; = K;;¢; is the ¢ fundamental weight.
The problem we address here is to find an action which reproduces the equations of motion

for the fields (z,2), x(2,2), ¢i(2,2) (1t =1,2,...,n — 1) encoded on eqns. (2.1),

d_lz 8X8¢ ek12 b1
>

2
2)A2

006 = (7)'e et — Kl

.y, oo 0 oo

a(Kxekn(lﬁ) _ _ZIqulgzerkn(m? a(%elﬁz%) _ _ZICﬁl)le#}ean(bl (23)
where we have used I@MICH = Ki1i11. As is well known, the G,,-abelian Toda [9] and the
A1-NA-Toda theories [23] are equivalent to specific gauged WZW models: G, /N, @ N and
SL(2,R)/U(1) respectively. This fact suggests to look for a subgroup H C G,, such that
the corresponding G,,/H-WZW model provides an action for the G NA-Toda theories.
According to the Hamiltonian reduction recipe [8, 9, 5] the first step consists in imposing a
specific set of constraints on the WZW-currents:

Jooi = Joy=1, 1=2,---.n
J o = {[a] =0, « non— simple root
J/\1~H = J/\1~H =0 (2.4)

lall algebraic notations and definitions used here are collected in App. A
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on the WZW currents

J = ‘189 = Z Jiay By + Z - H,
all roots
J = — Z J{Q}E{a} + Z - H,
all roots

An important characteristic of the constraints (2.4) is the group of residual gauge transfor-
mations H_Ifj @ HE € Gﬁ ® Gf that leaves them unchanged:

HY = {g%(2) € GE: gk (2) = eap] A Hwo(z)]exp| Zw

QICH

HE = {g"(2) € GIF: gB(2) = eap Y | o, (2) E_pa, Jeap]

—[elh

ZICH)\IH%( )]}

where [a]; denotes all positive roots except «q. This symmetry allows us to remove the
remaining irrelevant (fields) degrees of freedom by choosing an appropriate gauge. Note that

eqs. (2.4) can be also considered as specific gauge fixing conditions for the “ constraints”
subgroup H® @ H € GE @ GE

HS = {¢5(2) € GE:g5(2) = e:z;p[ /Cn M Howo(2)]exp Zw

HeE = {g2(2) € Gy gi(2) = el’pz w_ ol capls=— Huo(2)]}

We can the further combine H_Ijj, H® and HS in two noncommuting and nonchiral subgroups

Hy e G,:

Hy ={gy = 9Y(2)95(2) € G 2 g4(2,2) = expls—A H Rlexp]Y oy, Fiop ]}

[

_={9- =¢°(2)g"(2) € G 1 g-(2,2) = exp] > Npopy F—po, Jexp]
[l

QICH

5 K11A1HR]} (2.5)

where X[a,](%, Z), ¥[a)(2,2) and R(z, Z) are arbitrary functions of z =740 and 2 =7 — 0.
In this way, all the information concerning the “nonphysical” (gauge) degrees of freedom
(that should be removed by Hamiltonian reduction procedure) is encoded in the subgroups

Hy € G, and in the following two constant matrices et = >"7 2( )Eicy (which indicate the
currents that are constrained to one). The remaining “physical” degrees of freedom belong

to the factor group H = Hy/H?, (H? = {¢ € G, : g0 = exp[zléT)\lHR], (99, ¢F] = 0}):

n—1
_ 20&2' H
HY = {g) € Gu: g{(2,7) = exp[xE_o,Jexp]y  —7

=1 ai_l_l

ilexp[t B, ] (2.6)
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This decomposition of ,, into Hi and Hg provides us with a specific parametrization for
each g(z,2) € G, 1 g(z,2) = g_ggg_|_. The latter is the crucial ingredient in the derivation of
the NA-Toda eqns. (2.3) from the original G,,-WZW equations d.J = d.J = 0 by imposing the
constraints (2.4) and the corresponding gauge fixing conditions. The proof is quite similar
to the one of the abelian Toda case [9](see also [22]). We leave the details to appendix A.
The natural splitting of the original (7, valued WZW fields ¢(z, z)into irrelevant g» € Hy
and physical ones gg € Hg induced by the constraints (2.4) is an indication that the G
NA Toda models (2.3) can be described as gauged H_ \ G\,/Hy (= G,,/H)-WZW models.
Given the subgroups Hy € (7, and the constant matrices ¢* € Hy. The standard procedure
[9], [37] to construct the corresponding action consists in the introduction of auxiliary gauge

fields A(z,2) € H- and A(z,7) € Hy:
A=hT'0h.,  A=0h hi', hye s (2.7)

interacting in an Hy invariant way with the WZW field ¢ € G;:

_ k _ _ _ _
S(g, A, A) = S(g) — . / dzdz Tr {A(agg_l — ey )+ A(g71 g — ) + AgAg! + AOAO}

T
(2.8)
where S(g) is the G,-WZW action:

S(g) = —i/dzdz Tr(g~'0gg™'0g) — i/ Paeijr Tr(97 ' igg™" 0,99 Ohyg)
ir 127 Jg
and Ag = hy'0ho (Ao = Ohohg') (ho € HY) is the diagonal part of A and A. Since Hy
(2.5) are by construction semidirect products of nilpotent Nil) and diagonal HJ subgroups,
the gauge fields A € H_ and A € H, covariantly split into nilpotent A_(A,) and diagonal
Ao(Ap) parts A= A_+ Ay, A= Ag+ A,

The structure of the A(A) dependent terms in (2.8) represents a mixture of the familiar
(vector) U(1) = HY gauged WZW model(of PF-type) and the nilpotent Nil) gauged WZW,
similar to the one that gives the abelian Toda model [9]. The specific combination of terms
that appears in (2.8)is fixed by the requirement of Hi-invariance of the action S(g, A, A),
i.e. under the following transformations

Jd = a_gay, Al=As+a;'day, A} = Ag+ dagay’
A = oZtAa_ 4+ o 0a, Al = oqfio@l + 5040@1 (2.9)

where a4(z,2) € Hy and o € HJ.

What remains to be shown is that the action (2.8) indeed describes the G%l’l)—NA—Toda
theories. The way we are going to prove it consists in deriving an effective action (1.1) of the
NA-Toda model by integrating out the auxiliary fields A, A in (2.8). In order to perform the
(matrix) functional integral of Gauss type in A and A, we first simplify (2.8) by gauge fixing
the Hi-symmetries. We choose ay = g1', therefore ¢’ = a_ga, = oz_g_ggg+oz+ = gg, ie.,
S(g, A, A) = S(gg, A’ A"). Equally well, one can consider this as a change of the variables
A, A — A, A’ in the functional integral. Taking into account the specific form of gg € Hg
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(see eqn. (2.6)) and that A’ € H_, A’ € H, we verify that the following trace identities
hold:

_ -1 — -1 — -1 — -1

TrA'dgd(gd) = TrAbdgl(gd) .  TeA'(gd) g5 = TrAy(gl) 9g}
_ -1 . -1

TeA'gl A'(g]) ™" = TrAlgl A'(gl) ™ + TrA g Al (gd)

As a consequence, the functional integral over A, A splits in a product of two integrals: the
first one lying in the diagonal subalgebra Hy of Hg :

o - / DALD A exp {—Go(Ab, ALY,

k P -1 T -1 1/ -1 Y
Go = —o- Tr/dde[AogoA (93) +AY(gd) 09d) + An(Dgl(gd) ) + ApAy],  (2.10)

and the second one, lying in the nilpotent subalgebras ./\/il):

Z-I—— = /DA/DA/_I_ eXp{—G+_(A/_7A/+)}7

27

k _ _ _
Gy = __Tr/dzdz[A’_ggA;(gg) oAl — Ay (2.11)

According to the definition of Hy, an arbitrary A} € HY can be parametrized by only one
function ag(z, 2):
1 = 1

A= ——X - Hd), A=
0T 9K, e "7 9K,

A - Hal). (2.12)

We first simplify Go(ag, ag) taking into account the explicit form (2.6), (2.12) of gg, and
A, A and the basic trace formulas for the (7,,-generators

2
TI’(HZH]) == 52']‘; TI’(HZ'Ea) == 0; TI’(EaEg) == —250[4_570
(a4

The result is

k dzdz -
Golag, ag) = 5 / TN abapA — 129 (al O + &6;/}8)()} ,

where A = 1 + ﬁeklmlﬁ)x. Thus the matrix integral (2.10) reduces to simple functional
Gauss integral for the scalars ag, ag:

. QICH _Seff eff = 2kiad ¢X8¢8X
Zo=" e 5 _—/dd A (2.13)

The calculation of S(gg) can be easely performed applying the Polyakov-Wiegman decom-
position formula for each of the multipliers in ¢/ (see (2.6)):

k _ _
Slgg) = e / dzdz {7i,06:001 + 2 exp {ki2¢1} IO | (2.14)
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QO y

where 7;;, = 4= ot is the Killing-Cartan form for ¢,,_; (obtained by deleting the first point

of the Dynkin dlagram of Gi,). In order to take the integral (2.11) we have to rewrite G/;_
separating the exact square term

-1 -1

k _ , -1 -, -1
Goe = =50 [ dedztr {14 = sl (o) (A, — (6 ral o) — cnsfetal)
(2.15)

Its contribution to the effective action yields

e k _ -1 k B 2 ol 2 ~
S_|_f_f = Q—/dzdztr[6+gge_gg | = —/dzdz(z)zz 5 exp{—kzjqﬁj} (2.16)

T 27T =1 ai_l_l

Combining together S¢/7. S(gl) and Sj_f_f we find that the effective classical action (all the
determinant factors from the Gauss integration and changes of variables neglected) for the

Hy gaugeed G,,-WZW model has the form

k N B JPIY 2 e~ 2 _p
eff _ e . k12¢1 _ (22 kijo;
SG/H 5 /dzdz {2nzka¢za¢k +e N (k) ZEZI 04224_1 e ) (2.17)

Finally, comparing the equations of motion derived from (2.17) with the NA- Toda ones

(2.3), we realize that they do coincide. Therefore, the Se G/H is the action for the G{""-NA-
Toda theories we were looking for. This completes our proof that the class of NA-Toda
models we are considering are equivalent to the gauged H_ \ G, /H -WZW models.

Note that the second term in (2.17) contains both symmetric and antisymmetric parts:

ekrzdn _ ek12¢1

(gwau@bauX + euvau¢auX)a

where g, is the 2-D metric of signature g,, = diag(1,—1). For n =1 (G,, = Ay, ¢1 is zero)
the antisymmetric term is a total derivative:

Qupdyx 1 X
€ Loy 26W8M (ln{l + ¥y} ayln¢> ,

and it can be neglected. This A;-NA-Toda model is known to describe the 2-D black hole
solution for (2-D) string theory [23]. The GV -NA-Toda model (G, = B, or D,) can be
used in the description of specific (n+1)-dimensional black string theories [10], with
n-1-flat and 2-non flat directions (¢**G.,(X)d, X0, X", X% = (¥, x, ¢:)), containing axions
(€, Bap(X)3,X%0,X") and tachions (exp {—k;;¢;}), as well. For this geometric interpreta-
tion of the NA-Toda models, it is convenient to rewrite the antisymmetric term in (2.17)
as:

k21 1 k
A —x Cuv ;ﬂvbaux = _§6uuk128u¢1(¢aux - Xau@b)w + ICnﬁm,aM (hl {A} 6y In i) .
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Discarding the total derivative term, the action (2.17) takes its final form:

k21

¢ k o ,
Sl = St =5 [ Peling o000+ 0,00
n—1
2 2 e 1 k21
_ (E)QZ e _§ewk126m1(¢6y><—x6y¢) A 1. (2.18)

=1 ai_l_l

Our definition of the G!""NA Toda models (2.17) is based on an appropriate set of
constraints (2.4) on the G,,-WZW currents and their residual gauge symmetries. As we
have shown this data can be transformed into a (complete) set of subgroups Hy , the factor
group Hg of GG, and the matrices ex. This allows us to represent these NA-Toda models
as H_\ G,/H;-gauged WZW models. One might wonder whether they can be derived
following the original Leznov-Saveliev (LS) approach [40] to the NA-Toda theories and vice-
versa, i.e. given a model from the LS-scheme, could one write it as gauged WZW model?
As it is shown in appendix A starting from our NA-Toda data, Hi,Hg (and Hyp), €4 one
can construct an unique grading operator @ = Y -, ZCYAQ’H such that [Q, Hy] = £nHx,
[Q.Hy) = 0, [HY, ex] = 0, Hf = Hy/H? and finally to derive eqns (2.3) following the LS-
approach. There exists however a difference between the LS-NA-Toda models and our G

models. It consists in the following: given a grading operator ( from the Kac classification
table) Q@ = > 7, 25;# To construct a model of the L.S-type one has to find an appropriate

7

(linear) combinations ey of the (¢, step operators of ()-grade +1, such that @) and ey closes
an SL(2, R) algebra. The ey of the G- models closes an SL(2, R) algebra not with ¢ but
with Q' = Q + Hy, (HY = B\ H, [ex, HS] = 0), i.e. [ex,e-] == Q + HY. The equivalence
of the GI™Y-NA Toda models with certain H_ \ G, /Hi(ex)-WZW coset models raises the
question: What is the gauged WZW model describing the NA-Toda theories of the LS-type?
One has to repeat literally the construction presented in this section using the corresponding
(LS) ex’s and as Hy — the positive (negative ) Q-grade subgroups of G,,.

The main advantage of the description of the NA-Toda models as GG/ H-WZW models is
that it provides a powerful tool for the construction of conserved currents, for the derivation
of their V,-algebras (see Sect 3) as well as for their quantization (see Sect 9).

3 Conserved Currents and Vn(}rll )-algebras

We start our analysis of the symmetries of the G NA-Toda theories (2.18) with the con-
struction of the improved (classical ) stress-tensor T, and the global U(1) current .J,. Since
the action (2.18) is manifestly translation, Lorentz and dilation invariant, the corresponding
T, is conserved, symmetric and traceless and its two nonvanishing (chiral ) components
T(z) and T(z) are given by

1 2 dxo 9,
T(z) = §nika¢ia¢k + Z 502@ + >(T¢e’“12(‘61 + 76(%6’“2(‘51) (3.1)

where v = E:;l]él,i (i.e. ya, = %5498, = n —1,79¢, = n— 2). T have the same form
with 0,4, x — 0, x,%. Thus our NA-Toda models (2.18) are indeed conformally invariant.
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Another evident symmetry of the action (2.18) is under global U(1) gauge transformations:
&= ¢, ¥ = e~ and ' = xe” (a is a constant). The corresponding (nonchiral ) U(1)
current derived from (2.18) is of the form

ko eFzér
JM = _(_r) A (@/)auX - Xam/) - k12¢X6u¢1) (3-2)

and its conservation reads 9J + dJ = 0, where J = %(]0 —Jp) and J = %(Jo + .J1).
Similarly to the abelian Toda case [20] one might expect that the NA-Toda theories
obey a larger set of symmetries generated by certain higher spin conserved currents. This
is indeed the case, however it is rather difficult to derive them from the effective action
(2.18). A powerful and systematic method of exhausting all the symmetries of the models
(2.18) is based on their equivalence with specific H-reduced G,,-WZW models as we have
shown in Sect.2. Since the equations of motion of WZW theory (9., = 9.J, = 0) reduced
by the constraints (2.4) do coincide with the NA-Toda field equations (2.3), the remaining

unconstrained WZW currents appears as the conserved currents for the G NA-Toda
theories as well. The recipe for deriving the explicit form of these currents in terms of fields
X, ¥ and ¢; consist in the following; i) choose an independent set of remaining currents
by gauge fixing the residual gauge symmetries of (2.4); ii) realize all WZW currents in the
g-parametrization, g = g_ggg_|_ (see Sect. 2) and next solve the constraints (and gauge
fixings conditions) against the physical fields v, ¢ and ¢;; iii) substitute these solutions in
the remaining currents.

Let us first find an independent set of remaining currents and calculate their (improved)
spins. As we have shown in Sect.2 the constraints (2.4) remains invariant under the group
H_{j@Hi%. This allows us to choose a specific DS-type gauge [9] such that the only independent
nonvanishing remaining current are:

‘]—Oq = V+7 Ja1+a2+~~~an =V Jan+an—1+"'ak = WA—k-|—2 (33)

n

for A,, and

J—oq - V+, Joz1-|—2a2-|—~~~2an = V_
Jopt2opgidm2on = Wil jupy, k=23 n—1, J,, =W, (3.4)

n

for B,, and C,.
For each chiral sector, the gauge fixing condition for the simple root constraints J_,, =1,
(¢ # 1) requires Jax,mz = 0. In order to make these constraints consistent with the conformal
2

@

invariance (includinlg Lorentz), we have to improve the WZW-stress tensor Twzw by
T ="Twzw + Z; 6J22_léH (3.5)

such that the spin of J_,. with respect to T'is zero. Since J_,, is unconstrained we can add
a term proportional to 0.Jy,y i.e.

T=T+X0J\u (3.6)
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The condition that fixes X comes from the consistency of the conformal transformation of
Jr, i generated by T,

{T(c), Jau(c)} = Jm(c)' (e — ')+ 0pdyu(c)o(oc — o) + (XK1 + Z K1:)é"(c — ')

=2

with the constraint Jy, g =0, i.e.

1
X o= = § K1 (3.7)

Then the improved spins of the remaining currents .J, ( « being one of the roots appearing

in (3.3), (3.4), ) is given by,

" \a
=14+ XA 2" 3.8
s(a) + 1o+ Zz:; o? (3.8)
For the Aq(ll’l)—NA—Toda models we have X = —@ and eqns. (3.6) gives
1 1
3_:5(—oz)zn—2|_ 3+:5(oz1—|—oz2—|—---ozn):n—2|_ (3.9)

In the B, case we find X =1 — n and rescaling that \y = ay + a3 + - - - + «,, we obtain

s = s(—a)=n st =s(ag + 209+ 23+ +2a,) =n
=2, s = s(ag + 2ap41 + -+ 2a,) =2(n —k + 1)

s9 = s(ay)

The same is true for C,-NA-Toda theories. B
We have to note that the PF-type constraint Jy, g = Jy, g = 0 results in a system of
differential equations for the field R,

k21 77/)8X _ k21 Xé¢

(3.10)
Therefore the elimination of R by solving (3.10) introduce certain nonlocal terms (of the
type e“%) in the part of the remaining currents. To construct the conserved currents for
G%l’l)—NA—Toda for generic n is rather cumbersome task. There exist however few exceptions
when we can easely perform all the calculations for arbitrary (,,. These are the two (simple

root) nonlocal currents V* = J_,, and V™ = J,,,
L ek12¢1+ﬁRaX o 2 ek12¢1+ﬁRé¢
Vi) =35 X L V) =5 X (3.11)

and the chiral components of the stress tensor 7'(2) = J,,, and T(2) = J_,, which indeed
coincides with the improved stress tensor (3.1), derived directly from (2.18). As in the case
of the abelian Toda theories [20], [9] the higher spin currents (s > 3) have quite complicated
form and the knowledge of their explicit form is not necessary in the derivation of the
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(11).

complete algebra of symmetries. Nevertheless we present here few examples for the Aj,
NA-Toda (n = 1,2) mainly concerning the rest of the nonlocal currents V=(z), V*(2).
Their explicit form happens to be important for the derivation of the SL(2, R), algebra of
symmetries in Sect.5. For n = 1 the remaining nonlocal currents of spin 1 have a form even

simpler than (3.11),
k _ k _
= (g)e_Ral/% Vi = (g)e_Rax (3.12)

The full set of conserved currents in the A case contains together with (3.1), (3.2) and (3.11)
two extra nonlocal currents of spin 3/2,

Vo, = (%)26—%1% (aw n %;/;(8]%)2 —p(061)? — %6, — %MQR - %8;&81%) (3.13)

V-

n=1

and Vi, =V _,(v — x,d — 09).

We now come to the main problem addressed in this paper: to derive the complete
algebra of the symmetries of the GV _NA-Toda theories given by the action (2.18). As
we have shown above this algebra is generated by the n + 1 chiral V*, T, W;G) and n + 1
antichiral V£, T, W;G) conserved currents (3.3), (3.4), etc together with the nonchiral U(1)
current (J(z,%),J(z,%)). Given the explicit form of the conserved currents, the standard
method for deriving their algebra consists in realizing them in terms of the fields y, ¥
and ¢;, their conjugate momenta (obtained from (2.18)) and their space derivatives. From
the canonical PB’s one can, in principle, calculate the algebra we seek. This method of
calculating is known to be difficult and cumbersome, even for the simple cases n = 1,2,3
where all necessary ingredients are at hand. Fortunately a short cut exists and is given by a
simple procedure proposed by Polyakov [7] for deriving the W3 algebra from the constraint
SL(3, R) current algebra transformations. This method does not require any knowledge of
the explicit form of the currents. We are going to demonstrate now how it works in our case
of parafermionic H-reduction of the GG,,-WZW model described in Sect.2. The starting point
are the (v, current algebra infinitesimal transformations

§.J = [e,J] — gae (3.14)

with J =3 1 voots J{a1 ey + 2 JiH; and the same decomposition for the chiral parameters
€(2) = 2 i roots lor gy + D ;. We next substitute the constraints (2.4) and the gauge
fixing condition ( in the DS gauge ) in (3.14) and further require that the remaining gauge
transformation (generated by V* T and W;G) )to leave (2.4) invariant. As a result, (3.14)
gives rise to a system of n + 1 linear algebraic equations and n? — 2 first order differential
equations for the redundant ¢’s we have to solve in terms of the independent parameters
¢*, ¢, 1, and the currents V£ T, WZSG). The remaining n + 1 equations of (3.14) represent
the effective transformation laws of V*, T W;G) we are looking for. It becomes evident
from the explicit form of eqs (3.14) that our system of differential equations, is diagonal on
the derivatives and that the first equation (the coefficient of Hy) splits from the others. Its
integration is straightforward for generic Gy,

1

=3 e(o — )"V —e V) (o")do' (3.15)

€1
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It gives rise to the only nonlocal quadratic terms in the vaiy algebra. The integration
of the rest is reasonably simple but the explicit form of the recursive relations to be solved
depends heavely on the (&, algebra in consideration. This is why we choose the simplest case
of PF reduction of the A,— current algebra in order to demonstrate our method in solving
the system of algebraic and differential equations (eqn. (3.14) reduced by the constraints
(2.4) in the DS gauge ). It is convenient to write eqn. (3.14) in the Cartan- Weyl basis and
realize the A, generators F, , H; in terms of (n + 1) x (n + 1) matrices (E;j)u = 6ixdj:
Hi=FE;, E,=FEyj, (i<j),E_o=FE; (i>j),i,j=1,n+1and """ H; = 0. The
constraints (2.4) takes the form

Jiici=1, 1=3,---n+1 Jij=0, 1>j5#1—1, Jii =10 (3.16)
the remaining currents are then given as
J271 == V+, J17n_|_1 = V_, Jp7n_|_1 = Wn_p_|_2, P = 2, e, (317)

and all other elements J;; i =2,---,n+ 1, Ji, (k<[ #n+1) are zero in the DS—gauge.
Apart from the equations for the transformations of currents (3.17) the rest of the system
(3.14) can be written in the following matrix form

k
— 586* = Jijéjk — Qijk (318)

(the equation for (ik) = {(21),(p,n 4+ 1),(1,n + 1)} excluded ). We next choose the inde-
pendent parameters to be €7 = €12, €7 = ¢,411 for the transformations generated by the
nonlocal currents V*, ¢ = €nt1,n for conformal transformation (7' = Ws) and n,—p12 = €nt1,
the transformation generated by the highest spin currents W,_,42, p = 2,---n — 1. The
problem is to solve eqs. (3.18) for all others ¢;; in terms of ¢*, ¢ and 5, and VE, T and W,
We first derive the conformal transformations 55Vi|77p25j::0, etc , setting 7, = ¢f = 0 in eqn.
(3.18). In this case all ;s for ¢ > k satisfy simple algebraic equations and their solution is

62'72'_1:6 i:37"'7n+17 621:6V+7 ezk:01>k%l—1 (319)

The diagonal elements ¢;, 1 =1,---n + 1 with E?:-I'll €;; = 0 satisfy the following system of
differential recursive relations

k

€ir — €i—1,4-1 — 5967 1=3,--,n
n

k
—€npn — Z €y = 586, erp =0
=1
The solution is 5 ~
€os = %(—)86, s=2,---n €;=0 (3.20)

We next consider the equations for the upper triangular part of €;; and find that all elements
of the first row, ¢, vanish except the last one,

€l,s = 07 S = 27 LNy Gt = V™ (321)
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The recursive relations for ¢ 41, [ = 1,---,n are of the form

k
€i+1 — €11 = 586” + I,

and can be easely solved by taking

ko (1—1) k
€Lt = 3 Sz:; Oess + €161, = 5 (I—1- n)(§6)26 + €16, (3.22)
Similarly for €12 we get for [ =2,--- ,n—1

l l 51
k k
€Li+2 = 5 Z 86s,s—l—l + 61/1/351,7%—1 — (5)2 Z Z 82652752 + 61/1/351,7%—1

s=2 $1=2 50=2
and for generic ¢4y, ([ =2,---n—m+1; m=1,.-- n—1,
kZa + W16 (3.23)
€ m — €s,5+m— EWm n—m .
Li+ 22 stm—1 +100n—m+1

Taking into account (3.20) and the well known multiple sum formula,

S E (l+m=2)  (I+m—2
ZZ szfmzm';n—m ‘( m ) (3:24)

we derive the explicit form for ¢4,

””n”;”){”m_l—”“}(ga)m“e (3.25)

€litm = Wit10in—my1 + ( ] 5

I=2--n—m+1, m=1,---n—1. The egs. (3.19), (3.20), (3.22) and (3.25) give the
general solution for eqn. (3.18) for the case ¢ =15, =0, p = 3,---n. The remaining part of
eqns. (3.14) represent the effective infinitesimal transformation for VE, T' = W, and W, we
are looking for, i.e.

k
5EV+ = 622V+ — 58621, T = V Z Css — 861 i+l
5—2
55W5 — 6W5—|—1 - (3 - 1) ( 66 —I' Z €n— s+2,n— s—I—p—|—2W5 p €n— s+1,n4+1
p=1
k
— §aen—s—l—2,n—|—1 (326)
Substituting the explicit form of the redundant €, in (3.26) and rescaling the conformal
parameter ¢ = —%6 we obtain the desired conformal transformations
n —|— 1

VE = VEGe + oV
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5Ws — 8W58€—|—€8W5— (_E)s ( n—1 ) n(n‘l‘ 1)(5 — 1)as+1€

2 s—1 25(s+1)
5—2
n—s4+p n—s+p+1 n+1 k 1.
— — W,_,(=)rort 3.27
> (e e e
p=1
s=2,3,---n, Wy =T. Note that the nonhomogeneous conformal transformations of Wi,

s =3,---n, (the last two terms in W) reflect the fact that we are working in the DS gauge,
where the Wy are not primary fields with respect to T' = W,. One can find an appropriate
“gauge transformation” that maps the DS gauge in a gauge where all W, are primary fields
(see sect. 4 of ref. ([25]) for the As-case ). For example Wy =W — 2297 is primary field.
The construction of primary W, for s > 4 requires further investigation.

In order to find the transformations generated by the nonlocal currents V* we have to
solve eqns. (3.18) for the particular case where ¢ = 75, = 0, leaving this time, ¢* uncon-
strained. Following the same strategy we first consider the equations for the lower triangular

part of ¢, ¢ > k. Starting with the n'* row we find

€nps=0, s=2,---n—k—-1;, k=0,1,---n—3 (3.28)
and the following recurrence relations for ¢,_
€n—s1 + "Wt + gaen_s_HJ =0, €,1= —gae"' (3.29)
s=1,2,---n — 2. The solution of (3.29) is given by
n—i-1 I I
€1 = Z (_1)5(56)5(6+Wn—l—5+1) + (_ga)n_lHﬁJrv [=2,---n (3.30)

For the diagonal elements ¢;; we get

n

E € + €nn = 07 €22 = " = €33 = Cpn

=1
k
586171 + 6+V_ — 6_V+ =0

and therefore (0 = 20,, 66171 =0)

1
en(o) = o e(o —a')e (e VT(o') — e (a") V™ (a')]do’
1
€5 = ——€11, S=2,m (3.31)
n
From the upper triangular part of eqn. (3.18) we derive
k
€10 = (58)1_26_, [=2,---n+1
—14+1 [—1
€141 = nottl VT 4+ eV, 1=2,---.n
n n

W-1k_ .
5 56(6 Vi—eVT) (3.32)

k k
€lLi+2 = 5(86_)V+ + 5([ — 1)8(6_V+) +
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[=2,---,n—1, and for the generic ¢ 4, the recursive relation is
-1y
6[7[+m = 617m+1v+ —|— 2(58)65+175+m, m = 2, S £ —|— 11— l (333)

s=1

The solution of eqn. (3.33) can be written in the following compact form

1 — k [ -2 [ -2
i = g(”m D) oy - By g 2y

m 2 m m
+ ( Z—I_i 2 ) (56)5(V+(§a)m—5_16_)7 m = 177n—|—1—l (334)
s=0

The e*-transformation laws for V£, T and W, derived from (3.15) are

k
sVt = 62,2V+ — 61,1V+ —etW, — 5862,1

n n L
VT = (a1 + Z; )V + Sz:; €1, sWh—sy2 — 58617714_1
- - k
5Wp — 6n—p—|—2,lv —I' Z 6n—]v—I—Q,sVI/n—s—I—Z - 6n—p—l—l,n—l—l - §aen—p—l—2,n—|—1 (335)
s=n—p+3

p=2,---,n. Taking into account the explicit form (3.30), (3.31), (3.32) and (3.34 ) of the
€’s that contribute to (3.35) we find the transformations generated by the nonlocal currents
V# to be in the form (¢ = —gei):

dVT = _(nn—lk_zl) /6(0_0/)[€+(0/)V_(0/)—6 (YW Ho")VF (o)do’
s Y GO E W) — () oy
bV = ( n—ll;zl) /6(0 — o)et (V™ (o) — e (YVH (") V ™ (0)do’
_ Z(];)S_IWH—S(a)SN_ ‘|‘( )n—l(a)n~—
o1 = n —2|— 1V_a€+ + nT_1€+aV_ 4 nT—I_lV-I_aN_ n oyt
Sally = VI () Wy 4 (g0
+ nr;91 ( Z:? ) (g)p—zap—l(éﬂ/‘) + 718?7_—11) ( Z:; ) (g)p—zap_l(g_l_v_)

- s—3 §—2 k
_ Wn—s - S—I—p—n—4as+p—n_3 ~_|_V_
3 +2< )n(S-I-p—Q—n)(Q) (Vo)
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W, = 2("‘pj5‘1)%
D)=t (023 Nigerte vy

> ( n—p+s ) (;a)S-I-l[V-I-(ga)p—s—z(g_v_l_)]

s+p—n—4
B Z Wi - s+2{ Z (n—p—l—l ) (ga)l[vﬁ-(éa)sﬁ—p—n—l—%_]

2
snp—|—3

+ <S—I—;:§L—3>(1_n(3—|—8p_—2n—2))(];

We next consider the transformations generated by W5 taking ¢t = ¢ =0, n, = 0 for
p=4,---,nleaving n3 = 1 as a free parameter in eqns. (3.18). Solving eqn. (3.18) for ¢ > k
we find

Q)P eV} (3.36)

ops = 0, k=0, m—di s,
Ci-2 = T, 124,,71, 63,1:77V+

k k
i1 = (l—n—=1)z0n, 1=3,-n; e1=—(n— 1)V+§877 - 5778‘/"'

2
B 2 n—1)n-2) (=2)2n—-1-1), k_, B
cqp = 0, 61,1——577T‘|‘{ 5 - 5 }(56) n, =2+ n—1
o on—2 (n—Z)(n—l)E 5

ga(nV‘)

ga)(UWm+1))5n+1,l+m - % ( I 7:1_ ’ > (ga)m(nT)

[+m (n*=1) [ 14+m—2 [+m—1 E s
b (s )+ e Y R L
, [=2,--- n—m+1 (3.38)

a;, = 0 [=2,--- oG =0V, €41 =

6l,l—l—m = nWm—|—25n,l—|—m —I' (nWm—I—Q ‘I’ (

m=1,---.n—1

where we denote VTV~ = W, in order to include the case €; ,41 in the general formula for

¢1i4m- The corresponding Ws-transformation of the currents V£, T = W, W, calculated by
substituting (3.37) and (3.38) in (3.14) has the form

2 _
5,V = —%nTW I Gt PR n(ka) V(s an)(gavﬂ

3 2
v = Zyrv= g DO =D By Eapv- o ban Eave)
n 6 2 2 2 2
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oWp = —(p+ 1)(§an)wp+1 - 2n(§8)wp+1 — (ga)z(nwp) n W k

2 () arom - (00 ) () (0] Digar

p—2

2 +n— koo +n—p+2 n*—1 +n—
+ W2 (T ) Goramy +i( TR ) (o)
s=1

S

+n—p+1 \, k. k
S QAR CURS BT (3.39)

Following the same procedure we find the transformations generated by W,

1 ko o~ ko ko
sVt = —gVJ’[(—g@)” lnn—Z(—ga) l(ﬁan—s]+(—§a) Y V)
s=1
n—1 -1
koo k koys-
+ (—ga)n ! 1{V+[(_§a)l77n - Z(_ga) l(nnM/Z—5+1)]}
=1 s=1
— 1 — k n— k n— -
A (e A B
n
n—2 A n—2
—|— Wn—s —8 s=1 nV_ - _V_ - a sl an—s
> WG V) = VT 350
p—2
577an = 6n—p—l—?,l‘/_ + 6n—]r)—I—Q,QVI/n + Z Cn—p+2,s+n—p+2 Wp—s — Cn—pt1,n+1
s=1
k
_ §aen_p+27n+1 (3.40)

where

koo
€n—p4+21 = (_ga)p 2(nnv+) +

< k k ok
+ Z(—ga)p_m[‘ﬁ ((—59)1% - Z(_58)5—1(nnm_5+1)>]
=1 s=1
k — k
Cn—pt2,2 = (—ga)p_l%_Z(_ga)s_l(ﬁnwp—sm)
s=1

s+n—p—1 k o
S G TSRS

s—1

n Z(ga)s—l—l[V*(ga)"l(nnv_ﬂ ( T Z _ 1;__11 - )

=1

N (_1)5[< SJH;:f_l ) s ( 8+Z—p >][§(_§a)l+s—l(nnwn_l)

n



~-22 - CBPF-NF-019/98

k ko n—1 ko _
oyt 50 = GOV ) (071 )  VHGOP )
k
2

el (020 ) (0 e iwﬁlm—gi—aV”W%W )
. S(%av—s—l[v+<§a>s—1<nnv—>] ()

The derivation of the remaining W,-transformations for 3 < p < n — 1 is more complicated
and is presented in the appendix B.

In order to find the explicit form of the classical PB’s algebra Vn(i’ll) generated by the V¥,
T, W, we have to remember the standard relation between the infinitesimal transformations
and the currents PB’s :

bt J(w) = /dzei(z){VjF(z),J(w)} (3.41)

where J is any of the currents V*, T, W, p = 3, -+, n. Starting from (3.36) we easely derive
the algebra of the nonlocal currents

VE0),VH(0)) = =" E (o — WA (o)VA (o)

(VH(0),V (o)} = ”T;f (7 — o)V (0)V=(0') + (5) " 3jis(0 — o

—Z TUW_y (005 8(0 — o) (3.42)

In the simplest case, n = 1 (A;-model ) the full VQ(M) algebra is spanned by V* ( of spin
”zll =1 ) only. It turns out that this nonlocal V; algebra coincides with the semiclassical
limit of the Fattev-Zamolodchikov PF- algebra [3] studied in ref. [38] (see also our eqns.
(1.4), (1.5)). The algebra VS(M) of the symmetries of A; NA Toda model is related to the

semi-classical limit of the Polyakov-Bershadsky W:)EQ) algebra [26], but with the local U(1)

current gauged away, i.e. one additional constraint Jy, 7 = 0 is imposed in the corresponding
reduction of the Ay WZW model. The VS(M) algebra is a PF-type extension of the Virasoro
algebra

{T(0),T(c")} =2[0,6(c — ]T(c") + 6(c — 0")0.T(c") — %283,5(0 — o) (3.43)
with two spins s = 3/2 (nonlocal ) currents
{T(0), VE(e")} = 5[0,6(0 — )VE(S") + 6(0 — 0")D. VE(d) (3.44)

The PB’s of the V* in this case are given by (3.42) with n = 2. This algebra is quite similar
to the semi—classical limit of the NV = 2 superconformal algebra.
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The ‘/4(1’1) algebra of symmetries of A3-NA-Toda theory provides an interesting example
of new type of mixed parafermionic-Ws-algebra. It represents a nonlocal and nonlinear (non—
Lie ) extension of the Virasoro algebra (3.43) with two spins s = 2 nonlocal currents V*
and one local spin s = 3, wy = W3 — 9,T. Together with (3.43) (with central charge —2k?)
and (3.42), it contains two new PB’s,

(@lo) VAN = F Vb0 — ') F e 008(o — ) V(o)
+ 8(0— o) <3%Tvi — kaf,,vi(a’)> (3.45)

and
sl enlor)) =4 (VW_ ! éW) (/)08 — ") 28(0 — 0")0ps (VFV™ 4 17)
k? 3k2 5 k2

—5 00 =0T = = [0nb(o = 9T = == (078 — )]0, T —
5k2 7 3 7 k4 5 7
—?T(O' )02,6(0 — o) + €80/5(0' — o) (3.46)

The eqns. (3.44), (3.45 ) and (3.46) are derived from the infinitesimal transformations (3.39)
taking into account that we have introduced the primary field w5 instead of W5 (from the D-S
gauge ). It is straightforward to write the PB’s {W,, W,,} and {W,,, VE} for the arbitrary

Vn(}_’ll) algebra. As we have mentioned they are encoded on the corresponding infinitesimal
transformations (B.17),(B.18) and and (3.36). In the nonprimary basis (DS-gauge ) for W,’s
the algebra looks rather complicated.

The method we have used in the derivation of the Vn(i’ll) works equally well for arbitrary
(. The explicit construction of the solutions of eqns.(3.14) far say, B, C,, or D, however
requires a bit more work.

In order to demonstrate that the V(" algebra is in fact the algebra of symmetries of the
G NA-Toda model (2.18) we need to know the transformations for the fields +, x and
¢; generated by the currents VE T and W,. We apply once more the Polyakov method [7],
this time imposing all constraints (3.16) in the chiral A,-gauge transformations of the WZW
field g: 6gi = —gu(z, Z)e. We have already calculated the redundant gauge parameters.
What is still missing is the reduced form of ¢;z. Using the explicit solutions of the constraint
equations (3.18) we find

k-

1 _ koo _
g1 = GR; G2 = e(bl_"R(l + xe (bl); 921 = (58)1 2g22: g = (56)1 g2, -
_ Eal—z e AN _ ﬁgl—z 2olp / 3.47
gu = (GO e ) gn = (5) 7 (e ), ete (3.47)
We are now able to write the field transformations generated by V*
n+1 1
bt g1 = —gri€nn — ;911611; bt giz = zgnﬁ_ — g12€22;
1 n+1
Ot (a2 = zgmﬁ_ — §22€22; Ot = —g21€11 — 29216117 (3.48)

(=2
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etc. All €’s in (3.48) are given by eqns. (3.30), (3.31) and (3.34) and are indeed linear
functions of ef. The corresponding conformal transformations take the following simple
form

Sap = 1—n

_ l—n . _
b = €y bex = Tnxaé—l— edy, 6:R=¢cIR

55X = ﬁaX, 55R = c0R

by = iC ; n)ae +edoy;  bepr = 1 ; n)gé + el (3.49)

[ =1,---n— 1.The eqns. (3.49) show that ¢» and x are primary conformal fields of spin
s = A — A and dimension d = A + A: (sy,dy) = (152, 552) and (sy,dy) = (152, 152).
For the vertices e?* we have (s;,d;) = (0,1(I — n)). The non-local field e is spinless and
dimensionless.

One can further calculate the corresponding W, transformations of 1, y and ¢; taking
into account the explicit form of eqns. (3.37), (3.38),(B.15 ) and (B.17) of the €;’s in terms

of g, and VE, T | W,. Consider, for example, W3 transformations ( 73 = 7)
1

5,67 = (n— 1)amde® — 2|7 — @823 4 @(63)2 — S0
S = — <”2;1>¢anaﬁ> F (0= 20000 + i+ T — (0 — )T - (”22_ Yoep
- (”24; Y (0R)? — (n — 1)0R0 — e — = 1)3(” =2 5%,
by = —%X[(n — 1)OndR — 29(T — gaZR — %(61%)2] +
+ (= 1) + px)e T E e BBt B 4 e iRy ) (3.50)

., where T =T — Yo [6(/5 ¢ — 200,001 — 300;0¢i41 + 0*¢;] and T is given by (3.1).
Although the field equations of the AU NA-Toda model (2.18),

- 2 . Yy n—1) _, Ox0
R

5 dye " L (n+ 1) xOxpe 2n 5 dpe=" L (n 4 1) YIxdpe=24
A B 2n A? ’ A B 2n A?

(3.51)
are by construction invariant under all the Vn(l’l)—transformations, the proof of the invari-
ance of the action (2.18) is rather complicated. There are however, few exceptions. The
reparametrization (conformal) invariance of (2.18) is straightforward, due to the simple form
of the conformal transformations (3.49). We next Verify the invariance of (2.18) under non-
local transformations (3.48), generated by V+ (and V)

bt = 11€ B "ok n;;l ¢/ (V7 (o)’
sox = —gp [ o = e

b=y = 0 (3.52)
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Using the definition (3.10) of the nonlocal field R and the fact that €1 = €11]c+-0 :
k.. o A
58611 =c¢V 5 8611 =0

(see eqn. (3.31) ) we find

L (n+1)
2T 2n

- SA(1 1y = /dQZa(VJ’e_R) =0

Similarly for V~-transformation we obtain

l(n—l—l) ) S
T /dz@(V " R) = 0

The remaining nonlocal transformations ( generated by V'~ and V) are not as simple

s (3.52) and the check of the invariance of (2.18): §&.45N Gon = = §_SN4A e 0 is more

complicated. The explicit proof of the W, invariance of SA(M) is still lackmg, except in the
simplest case n = 3, i.e. the A3-NA-Toda model. !

5E+ SA(l 1) —

4 SL(2,R), Symmetries

The appearence of nonlocal currents in the theory is always an indication of the existence
of some underlying quantum group structure (see ref. [27], [29] ). We shall demonstrate
that the charges of the chiral nonlocal currents @t = [V*tdo and Qt = [o" 'V~ do have
nonvanishing PB’s with the antichiralnonlocal charges Q= = [V=do and QT = [ 0" 'VTdo
and together with the nonchiral U(1) charge Qo = [ Jodo (see eqn. (3.2)) they generate a
q-deformed affine SL(2, R) PB’s algebra. The PB’s of the charges of chiral local currents
(T, W,) with the charges of the antichiral (T, W, ) do indeed vanish. The presence of

the SL(Z, R), Poisson bracket algebra as Noether symmetry of the classical G NA-Toda
theory is one of the basic features of these models.

We begin with the PB’s algebra of VF(z) and V=(2). Using the explicit form of the
conjugate momenta Il, and II, (derived from ((2.18), II, = 58 P =1, X), we eliminate the
time derivatives from (3.11) and (3.10)

1 2T
1 9 k12¢1—m(7)R0

k e
Ve =) (o gl - Do n ) S

k T e
VT=(5) (—v — Sk, - <%>er’mM> AR (41)

For further convenience we have splited the nonlocal field R (defined by eqn. (3.10) in two
parts

9 1
R— _%RO + KA, Ry = S (T, — xI1,)
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By simple manipulations involving the canonical equal time PB’s,

{lly(2), (o)} = =b(0 = '), {ll(a), x(o')} = =é(0 — o), {4 (), ¢i(0")} = —bij6(0 — o)

(all other PB vanish) and their space derivatives we find

{V-l-(o.)7 V—(O_/)} _ _k_ﬂ—ekm% (U)+k12¢1(0/)——2,é11 (%)(RO(U)‘FRO(O’/))[e—k12¢1(0/)(A(O-/) )5805(0 . 0'/)

2 A(o)

_ Ao) . 1 8U(e_k12¢1A)
k12¢1(7) 2., _ A I _ 4
+ ¢ (A(U’)) Oy6(0 — o) A 6(c —o')] (4.2)
Integrating (4.2) we get the PB’s for the charges Q% and Q~
- k &0 1 _In
{Q*,Q7} = %/ dod, T tHhro=ina (4.3)

One can simplify the r.h.s. of (4.3) taking into account the relation of the field in the
exponent

© = R+ Kq1(k12¢01 — InA) (4.4)
with the U(1) current (3.2), namely

k
Ju= gﬁway(tp + k12K11¢1)

Note that I, = —%Kllewa”kmqﬁl is automatically conserved topologically current and its
charge [ Iodo have vanishing PB’s with either V' and V. This fact suggests the following
redefinition of the U(1) charge

Hy = Qo — /]odU = —% (¢(00) = p(—))
(H.QY) = Q% (H.Q7) =@ (15)

and the nonlocal charges QF and Q= as well

Bi=\l———=0Q% h=\———70Q (4.6)

%r and & = — 2 (p(00) + p(—o0)). As a consequence of the PB’s of

where ¢(,) = e () o

with V* and V-,
{p(0), VH (o)} = TVH( )l = o) {pl0), V(o)) = =2V (o")e(o = o)

we realize that & has vanishing PB’s with Q% and Q™.
The result of all this rearangements of the variables is that the algebra (4.3), (4.5) takes
the standard form of the ¢(g,)-deformed SL(2, R) algebra (for an arbitrary (,):

Hy

{EL Py} = qq_—i {Hy, By} = Fy, {Hy, Iy = =1 (4.7)



- 27 - CBPF-NF-019/98

We should mention that the U(1) charge Qo (or Hy) appears as a topological charge for
the lagrangean derived from (2.18) by the familiar change of variables:

P = \/ZICHe_%kl?(bl_esh(r), X = \/ZICHe_%kl?(bl"'esh(r)

The computation of the PB’s algebra of the remaining nonlocal charges Q= and Q% ( as
well as the mixed PB’s {Q*, QF}) is rather difficult problem even in the few cases (n <3 )
we know their explicit form. The complications arise from the fact that the currents V(;) and

V(:) contain n'* order time derivatives and their elimination by using the field equations (2.3)
is a cumbersome task even for n = 3. The simplest case n =1 is an exception. The currents
V(I) and V(—1I—) given by (3.12) and V(—1I—) and V(; have a very similar form. The calculation of

the PB’s of the corresponding charges Qt, Q™ is straightforward and yields

gt — g7 2
{Eo, Fo} = Y= q=qa,) =¢€* (4.8)

2 25 2 ZE
EoZ\/k—qilQ‘, FoZ\/—qilQﬂ H, = —H,
ﬂ'(l_qZ)z 7T(1_q2)2

The two remaining PB’s vanish, i.e. {QF, QF} = 0. One can write the PB’s (4.7 and 4.8) in
the following compact form

where

{H;, B} = kB, {H, F}} = —rijFy, 1,5 =0,1

H: _H.
4, — 4, " 1 —1
{£i, b} = 52']‘7% mpe ( 1 > (4.9)
which is known to be the centerless affine SL(2, R), algebra in the principal gradation [27]
(the Serre relations are omited). The question in order is whether the algebra (4.8) ( and
therefore the larger gL(Z,R)q (4.9)) takes place for all GOV NA- Toda models. Starting
from the explicit form of the currents V(;) and V(;') (see eqn. (3.13)) and eliminating the 2™

time derivative we verify that this is indeed the case for A(Ql’l)—NA—Toda theory. This leads
us to the following conjecture: the affine SL(2, R), PB algebra (4.9) appears to be an algebra
of (Noether ) symmetries of the classical G _NA-Toda models.

At this stage one might wonder about the relation of the SL(Z, R)q(en) PB’s algebra with
the Poisson-Lie group G, (r) (familiar from the G,,-WZW and abelian Toda models [8, 15]).

One expect it to take place as a symmetry of the Poisson structure of G NA-Toda theories
as well. Tt is well known that the symplectic form of the GG,,-WZW model is invariant with
respect to (a) Loop group G generated by G, current algebra and (b) The Poisson— Lie
group G, (r) of the monodromy matrices M € (7, satisfying apart from the GG,,-multiplication
laws, the Sklyanin PB’s algebra [28]

(M(0) ¢ M(o")) = 21, M(o) & M(o") (1.10)
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as well. The G,,- albelian Toda theory realized as H = N7 @ Ng-reduced G,-WZW model
manifests similar properties. Its symplectic structure is invariant under the action of G, (r)
and WG,,- algebras [13], [15], [18]. As we have shown in Sect 3. the Poisson structure of

the G"Y-NA-Toda (generated by the Hamiltonian derived from (2.18)) is invariant under
the nonlocal algebra VG, (1) and With respect to SL(2, R)

the Poisson-Lie group of the G NA-Toda models we have to construct the monodromy

aay @ well. In order to find

matrix, to calculate the corresponding classical r-matrix and to verify that eqn. (4.10) holds.
As usual the monodromy matrix is defined as a solution of the linear problem

(0 AM(.1) = (0 AM(o,1) =0, A= (A~ A (4.11)

with A and A given by eqn. (2.2). The solution of (4.11) normalized by the condition
M(—o00,tg) = 1 can be written as the P-ordered exponential:

M(0) = Pel e et (4.12)

We next realize A, in terms of the fields v, x, ¢; and their momenta I, Il I, (derived
from eq(2.18)),

n—1
™ 1 1 ~ 1
A, = = 11 LA - H 4 = KimIly oppy - H + 1L e 2 290 F_
k[2K11(¢ ¢+X X) 1 —I_QW;I l ¢la +1 —I_ Xe 1
-1
+ IT e__km(blEOq—l__Z _5 z+1+E—ai+1)]

By straightforward calculation (similar to the abelian Toda case ), we derive the so called
Fundamental Poisson Brackets [16]:

—2%[7“, A(0) @ T+ 1@ Ay(0")]8(o — o) (4.13)

where r € G,, ® (,, denote one of the solutions

ZH%@@H +2) Ea®E.,), r = ZH%@@H +2) E_ @ E,)

a>0 a>0

of the classical Yang-Baxter equation
[r12,713] + [r12, 723] + [r13,723] = 0

Finally the Sklyanin relation (4.10) is a simple consequence of (4.12) and (4.13). The con-
clusion is that the Poisson-Lie group G/(r), generated by the monodromy matrices (4.12) of
the GI"Y-NA-Toda model coincides with the one that appears in the G,,-WZW and the .-
abelian Toda models. With the monodromy matrix at hand one can further define the group
of (nonlocal ) dressing transformations preserving the form of the Lax connection (2.2) and
mapping one solution of the (¢,,-NA-Toda (with charge Qo) into another (of charge Qf # Qo)
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(see [29] for the abelian Toda case ). The nonlocal transformations (?7) generated by cur-
rents V.V~ (and V*+,V7) share many of the properties of the dressing transformations.
They leave invariant G,-NA-Toda equations (2.3), preserve the form (2.2) of A and A and
transform solutions with ()¢ into solutions of charge (Jo4+1. This is a hint that the SL(Z, R),
PB’s algebra of the nonlocal (Noether ) charges QF, Q% Qo might appear as a subalgebra of
the dressing Poisson algebra. However we have no proof of such statement. It requires the
explicit construction of the dressing PB’S algebra for the G Y-NA-Toda theory.

In our derivation of the SL(Z,R)q algebra we left unanswered the important question
whether the equations (2.3) admit solutions such that ¢(c0,t9) # @(—00,1p), i.e. Hy # 0.
In the next section we construct the general (exact ) solutions of eqns. (2.3) and study their
asymptotics.

5 General Solutions

The solutions of eqn. (2.3) can be found by direct application of the Leznov-Saveliev method
[31]. As it is well known their explicit form contains multiple integrals and is not appropriate
for the analysis of the asymptotics of a specific combination of these solutions such as ¢
defined by eqn. (4.4). For this purpose we need the NA-Toda analog of the Gervais-Bilal’s
solution [20] for the abelian Toda equations. It turns out that the NA-Toda fields ¢, y, ¢;,¢ =
1,--+,n—1 can be realized in terms of the corresponding abelian Toda fields, 4, A =1,---,n
together with the chiral currents V*(2) and V= (%) considered as independent variables. The
exact statement is as follows: Let ¢, v, ¢;,1 = 1,---,n — 1 satisfy eqn (2.3), R is defined by
eqn (3.10) and V*(2) and V~(2) are given by (3.11). Then the fields

al

, 2
i = dimt + Kiim =SB — ICLZ»O;—ZanW—, do=0, i=1,--n (5.1)

with a2 = 2 and 16170 = 1, satisfy the (&, abelian Toda equations

- 2
Ddp; = (E)Qe_k”% (5.2)
The proof is based on the following suggestive form of the first eqn. (2.3)
- 2 i 2 oo O kb A RAIVET—
aagbz _ (E)ze_k”(bl . (E)2K17l(71)6 k121 — g R4 V+v :
of the eqn (3.11) for the nonlocal field R :
_ 2 _ 1 o
J0OR = (E)Qe k21— BtV TV

and on the following algebraic identities for the algebras A,,, B,,C, and D,

(a4

D

1 . ,
IC—H = k11 + Ki1k2, (7)]%‘/@]‘ = 61,
%k

kij(]T_l)l@Lj_l —0, i=2--n
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Finally we observe that as a consequence of (3.10) and (3.11) the fields ¢» and x can be
realized in terms of R, V¥ (z) and V~(Z) only:

2.0 1 _ 2. 1 p-
PVE = (D)TOR, VT = (D) OR (53)

The conclusion is that eqns. (5.1) and (5.2) allows us to write the solutions of (2.3) in terms
of the solutions of eqns. (5.2).

We next take the general solutions of the (i,-abelian Toda eqns. (5.2) in the form
proposed by Gervais and Bilal [20]

k 1 _

(g)l(l_n_l) Z'Fll 2, (Z)Flhn(g) (54)
[=2,---nyis=1,---,n+1, where F;, ;, ..;, are rank [ antisymmetric tensors ( for example,
Fii = F“FZ’2 F/ F;,). The (n + 1)-chiral functions F; (F;) are not independent. The
condition they have to satisfy comes from the last equation (¢ = n) of the system (5.2). For

k _
e¥l = (5)_”1{72»1{72»7 . e—kl—u@z —

the A, case it has the following form:
= (£} i F ~~~in)(Fj17"']nFJ1 ) — (F/

Flly"'ln—l 1, tn " 11,

1

i1, —1

vin P i (it i B )

which turns out to be equivalent to the Wronskian condition

F FO . FM = (5.5)

“ingl 72 Tn41

Fy R =

Zn-l-l 117 1 tn+1

The correspondent requirement for B, is

2Fy iy By i ) (Fy g B ) = (F{l,...inf?{l,...in)(Fjl,mjnFjl,mjn)
— (F i Py i ) (g ) (5.6)

This way one can write the solutions of the G NA Toda theory ¢;, %,y in terms of the
n + l-dependent functions Fj, (F;) and the chiral currents Y"’,V‘. It is convenient to
introduce a new set of n + 1 independent functions f;(z) and f;(2)

fi=(WVHE, fi= (VMR fy= (VPR fi= (V)M E,, ete. (5.7

This change of variables is based on the following observation: let us shift the Toda fields ¢,
as follows

= @i + llCnan"'V_

where [ = 1,2,---,n for the A, case and [ = 1,---n — 1 for B,. The last field ¢/ in B, is
given by
o' = o + g/cnznwv—

(K11 = 1 for B,,). Then the first n — 1 of the new fields ¢, (j = 1,---n —1) satisfy the same
abelian Toda eqns. (5.2), while the last one becomes

DO, = (VIVT)e 2nten for A,

dog' = (VIVT)e ¥ for B,
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The general solutions are given again by eqn (5.4) ( but now with f;, fi, etc ). The fact that
the last equation of the system (5.2)has been modified leads to the evident changes in eqns.
(5.5) and (5.6)

(VH" = €iy oy Jir 'fi(:jl, (V) = €iy oy Jir 'fi(:jl (5.8)
for A,, and

2VEV) Firin Firoin) = (€rmiman fir = L W o Fir - T (5.9)

for B,,.
Substituting (5.4) in (5.1) and (5.3) we obtain the general solutions of eqns. (2.3) in the
following form?

k - k S, )
et = (_)_nfifiv et = (2)1 " fl]fu(ff)’cn (V+V_)_ ,

k 1—n k

¢=(§)T(ff)““ DA X—() STV ete. (5.10)

We are now able to write the explicit solution for the field ¢ given in eqn. (4.4)

(f f/)(fjfj) (2/C11 - 1)(ff)(f]f/)
(fifi)2V+V-
whose asymptotics are under investigation. The scaling properties of the function GG suggest

to look for a class of solutions such that V"’(Z)V‘(E) = A(t) i.e. its fixed time limit for
0 — +oo are constants, Ay = A_ = A(t = 0). This leads to the following ansatz:

= —Kuh{(; £y } = —KulnG (5.11)

fi = Oéieai(t-l_g), ﬁ = @ieai(t_g) (512)

Taking into account the explicit form (5.8),(5.12) of V*V~ we conclude that the requirement
VT (z)V=(2) = A(t) is satisfied only if

n+1
Y (ai—a)=0  for A, (5.13)
=1
and
a;=a; ,i=12---,n+1 for B, (5.14)

For the A, case it is convenient to parametrize the solutions of (5.13) as follows
ay —ay =0by +by+ -+ by, a—a;=—b_y, 1=23,---n+1

and for simplicity we specify b, > b,_y > --- > by > 0. Then taking the limits ¢ — +o00 at
7 =01in eqn. (5.11) we find

1 k 1 _ k
p(00,0) = —/Cnln(QICHalalA(Q)), p(—00,0) = —/Cnln(%anﬂanﬂfl(g))
?We are sistematicaly omiting the explicit solutions for ¢1, ¢ = 2,---n — 1 which contains rank i — 1

antisymmetric tensors since we do not need them in the calculations of the asymptotics of .
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Since a1dy # apq1dn41, therefore p(oo0,0) # p(—00,0), (i.e. Hy # 0) for the class of solu-
tions (5.12),(5.13) of A8 model we have chosen. This makes complete our statement that
SL(Z, R), PB algebra appears as a symmetry of the ATYNA Toda models.

The condition (5.14) for B,-case gives ¢(00,0) = ¢(—00,0) and therefore H; = 0 for the
class of solutions (5.12). Whether there exist qul’l)—solutions such that Hy; # 0 is still an
open question.

6 W, -structures in NA-Toda models

The way we have constructed the solutions of the G NA-Toda models, address the
question about the origin of the relation between the abelian and NA-Toda theories. As we
have mentioned in the introduction, the explanation of this phenomena can be found by
realizing both as gauged G,,/H;-WZW models, (Nt*\ G,,/N~) and H*\ G,,/H~ and looking
for G,-gauge transformation h = A(VY)Q r(V™) € G, ® G, mapping HV* in HA. This
transformation can be considered as a map between the constraints, gauge fixing conditions
and the remaining currents of NA-Toda (1.11) into the corresponding ones of the abelian

Toda (1.12). Therefore, it should satisfy the eqns. (1.13):

k - _ o k- _
— J(A)H]k + HZ']‘J(NA) - 58]{2]“ J(NA)H]k — HZ]J(A) = 58H2k, (61)

w7 J w7 J

where Hi, = (h™)i, Hy, = (h™1), and, for simplicity, we are considering the A, -case only
(in the convenient Weyl basis —see eqns. (3.16), (3.17)).

In order to derive the solutions of eqn. (6.1), we apply once more the method we have
used in Sect. 3. Due to the specific forms of Ji’? and JZ»]]VA, the eqn.(6.1) for ¢ > k (i, k =
1,2,...,n+ 1) imply that

H; = 0, >k (62)
i.e., H = h'is an upper triangular matrix. For the diagonal elements H;; we find
Hy = Hny(VH™ s=23,..,n+1 (6.3)

Imposing the condition det H = 1:

n+1
] #i=1 (6.4)
=1
(we have used (6.2) in deriving (6.4)), we find that
Hy=em®  Hy=er® &=Vt (6.5)

s =2,3,...,n+ 1, is the solution of eqns. (6.3) and (6.4). We next analize the equations for
the elements of the first row Hyx:

k k
Hlk = 58H17k_17 k= 3,4, e+ 1 H12V+ = 58[{11
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The solutions of these recursive relations is given by
T
Hy,=—n <§a> e ? s=23,...,n+1 (6.6)
The elements H; 44 satisfy more complicated recursive relations:
k k k
H[7[_|_1 == H[_L[ + 58[{”, [= 2,3, ceey 1, H12 == 58[{11 = —nNn 58 HQQ,
which can be solved by taking
i ZH _1—1—n)ka<e—n%@> [=2.3,---.n (6.7)
Li+1 — 58 2 ) sy PRLE .
Similarly, for generic Hjy,,, we find
b
Hyppm = Z OHyormo1, 1=1,2.,n—m+1, m=12..n—1 (6.8)
Taking into account (6.7) and (3.24), we obtain the solution of (6.8), in the form:

Hippn = K ”Z‘l ) (1) ( 12”1_12 )} <§a>me—nl?@. (6.9)

The remaining part of the eqns. (6.1):
& k
Wéé;+2Hn+1,n+1 + Hl—l,n—l—l - ZHISWS_VQQ = _gaHl,n—I—l (610)

(4)
—14+2°

in terms of the ones of the NA-Toda VVT(L_S_I_)2 and V*. By means of (6.5) and (6.9), we can

write (6.10) in the following compact form:

o\ e (RN
W+1_V+V +nen+1q> <§a> m _nZWgs-l—?en-l-l (28> e—m@7

provides the explicit realization of the conserved currents of the abelian Toda theory W

Lo (RN
A NA g -1 9
W = Wl — (Tivmire + Ty )em s (—8) e nft

2
. Lo (RN
R O o)
s=[+1
for | = 2,3, ...,n, where the coefficients I'; ,, are given by

I +m—1 I +m—2
F,7m:< m >_(n+1)< e )
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Let us give two explicit examples of the relations (6.11):

2
T = T<NA>_<§> g<32q>— ! (aq>)2>,
n4+1

2 k e (BT
Wi = N — 1T<NA> <§a> O+ (3n — 4)enri® (—8) e~

(for n = 2, W4 = V+V~). Comparing the form of the eqns. (6.1) for the chiral H;;(z)
with the one for the antichiral H;;(Z), we conclude that

Hik == sz(a — é,q) == 1HV+ — (I) == an‘)

The corresponding relations between the antichiral currents W;‘ and W]fVA, V* have the
same form as (6.11), with 9 — 9 and ¢ — .

Our initial motivation of studying the solutions of eqns. (6.1) was to find an explanation
of the change of variables (5.1), (5.2), that transforms part of the NA-Toda into the abelian
Toda equations. Denoting by g}4 the A,-WZW field g;; € A,,, constrained by eqns. (3.16),
and by g, the reduced form of g;; by the abelian Toda constraints (1.12), we realize that

gV = Hg'H. (6.12)

The explicit form of g4 is given by eqns. (3.47), while g/} are known to be (see Sect. 2 of
ref. [9])

I I
gl = el g = evimel ewf(gaﬁ)(g@@f),

ENTY s ENTY s
g = <§8> ¥, gh = <§8> e, ... etc (6.13)

More generally ¢ = In D;, where D; are certain subdeterminants fo the matrix g 19].
With the explicit form of H and H at hand, we verify that (6.12) indeed reproduces eqns.
(5.1). )

The most important consequence of the H and H-transformations (6.1) is the explicit
realization (6.11) of the abelian Toda conserved currents W;‘ (p=2,3,...,n+1) in terms of

the NA-Toda currents VE, W;VA (p=2,3,...,n). Asit is well known, the W;A)’s generate the
W,11-algebra [20]. On the other hand, we have shown in Sect. 3 that V* and W;VA are the

generators of the non-local (non-Lie) algebra Vn(_ll_’ll), which is the algebra of the symmetries

of the A,-NA Toda theory. The eqns. (6.11) suggest that the W, 1-algebra [20] lies in the
universal enveloping of the Vﬁ_’ll)-algebm, i.e., the W, 1-generators are specific combinations

of certain products of the Vs_ll_’ll)—generators. Using the Vn(i’ll)—PB’s only, we verify that for
n = 1,2,3 the W, ;1-generators, constructed by the V) -generators, according to the rule
(6.11), indeed satisfy the standard W, ;1-PB’s relations. The shortest way to prove this for

arbitrary n is to derive the W, i-infinitesimal transformations 577PW7£’2+2 from the V,14-

transformations 6.+ W;NA), 6.+ VE, 577PW7£]_V;3_)2, 6.+ H;j ete, solving explicitly the eqn. (6.10),
written this time for the infinitesimal transformations. It is not difficult to verify that

A . A
5E—W7£_3+2 =0, e {V+,W7E_3+2} =0,
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and that 6.+ Wéi‘;_l_z = 6,4 Wéi‘;_l_z. However, the complete proof is still missing.

One might wonder whether these W, i-transformations that appear in the NA-Toda
theories are in fact symmetries, i. e., whether the action (2.18) is invariant under the W, 11-
transformations of the NA-Toda fields ¥, x, ®;. It is indeed the case, but again our proof is

restricted to the particular cases n = 1,2, 3.

7 ng’l)-NA-Toda Models

The ng’l)—NA—Toda models are straightforward generalization of the Gg’l)—NA—Toda ones
(2.3), (2.18). They are defined as the Hamiltonian reduction of the GG,,-WZW model by the

constraints

Joo, = Jo,=1, 2=1,--n 1#)
J o = j[a] =0, « non simple root
Dyuw = Jym=0 (7.1)

i.e. the current J_,, (jaj), (7 is arbitrary fixed ) is now left unconstrained. Similarly to

the j = 1 case the G models can be realized as gauged G, /HYD-WZW models. The

subgroups Hj(:j) with H_(I_j) = N_(I_j) ® Héj)o and HY = N9 ¢ Héj)o are introduced by means
of the grading operator (); = EZ# Ar - H. The nilpotent subgroup Ni]) are generated by
Q;-positive (negative) step operators (i.e. all except Ei,; since [Q);, Fio,] = 0). The U(1)-
2\, -H

J
a2

0

subgroup Hé]) is generated by . This @j-gradation of G, reflects the algebraic structure

of the constraints (7.1) and suggests the following “nonabelian Gauss decomposition” for each
g € G, ( valid for the connected part of GG,,):

‘ ()

9=9-09r, g+ HY, of € H]

1 X - Ho;
g— = exp Z X[Q]E_[a] eXP{F J - ]}
[o]#a; “ ]
1 A -H
g9+ = GXP{K—jj ]oﬁ ¢j}eXp Z Vio] o
J [o]#on
- 20&2' - H
gg = exp {XE_% } exp {Z & = } exp {;/)Eaj} (7.2)
1#] !

The action of the Gn/H(j)—WZW model that describes the ng’l)—NA—Toda theory is given
again by eqn(2.10) where now,
Al = hT'Oh_, AT =0hyhT', hi(z,2) € Hi
Al = Ag+ A, A =Ay+A_, A_eN, A, eN]
, 9 . 9
Ay = a0k H, A= —ach; - H, ex=) (

2 2
IC]]oz] IC]]oz] oy

Oéiz

Eyo,
Q)iz
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Following the recipe developed in Sect 2, we integrate out the auxiliary gauge fields A’
and A’ in order to obtain the corresponding action for the GYY-NA Toda models

’ k
57(11) = 3 dzdz( nab apa apb + 2na,b,8pa, apb,
i1 n—j
2 0%~ 2 om0 2 2 2 o 2 () 2 xR
— — e Rap Py — 232 _ k//p/ _k] 1P 1+k]+1/) 73
(k) ;age (k) alz::lozi,e o'7p —I_oz?e 53— A] X )
where pi" = ¢, (a=1,-+-,j = 1), p& = ¢y, (a' =1,-+-,n—j) and
A]‘ =14 @/)X@km—lpgl_z"'kmﬂp(f)

QIC]‘]‘

We have assumed for simplicity that deleting the j** vertex of the (G, Dynkin diagram the
resulting G’ _, algebra is a direct product of two subalgebras GGy and (/5 of rank j — 1 and
n — j respectively, i.e. G! |, = G @ G3. The exception arises when a specific vertex of
Dy, Es, Er or Eg is deleted. In such cases,¢/, | = G ® Gy @ G5 and the generalization of
(7.3) is evident.

As in the j = 1 case (see Sect. 3), the symmetries of the action (7.3) are generated by
the n + 1-chiral “remaining currents” W), V# (and Ws(a), V#) and the global (nonchiral)
U(1) current

ko ekiidi

Ji = T un A (YO — XOub — X Oukjid:) (7.4)

Their conformal spin (dimension ) are given by the following j-analog of eqn. (3.8):

2)\ e
Xj=— Z/cﬂ (7.5)
i N iz

s(a) =

Choosing a specific Drinfeld-Sokolov (DS) type gauge we find the remaining currents for the
Aﬁ{’” case to be

W2 = Jan W3 = Jan+an—17 Ty Wn—j‘l‘l = Jan+"'+a]+1
WQ = ‘]Oq W?) = JO&1+O¢27 Ty Wj = Ja1+"'+a]_1
‘/j-l— - J—ozjv ‘/j_ = Jay+-Fan (76)

where the index s(«) in W and in W, denote their spin (X; = —”2;1 for A,). The nonlocal

currents Vji are both of spin st = ”zll For By’l)—models we have X; = (12;]) and

Wo = Ja, Wa=doautans Wo = Joant20n1t0msr = Wanmit1) = Drant20m 1 +-d20ip1 404
Wy = ‘]Oq W3 JO&1+O¢27 Ty Wj = Jay+Faja

+o_ - _
VE = Jea V= darson (7.7)

The spin of Vji is now S;t =n—1(j—1).
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The structure of the constraints (7.1) allows to choose one of the nonlocal currents to be
Vf" = J_u;, (V]'" = J,,,) which have the explicit form (c.f. eqn. (3.11) for j = 1)

BOX kioitadhs ooy _ KO bivitodon,
‘/]—l—(Z) — §A_]e Kyj , ‘/] (Z) e §K]e Kys (78)

Applying the method we have used in Sect 3. in the derivation of the Vn(l’l)—algebra
one can find the algebra of the symmetries Vn(j’l)( Vn(j’l)) of the Aq(ll’l)—NA—Toda model. The
corresponding recursive (differential ) relations and their solutions are quite similar to those
of 5 = 1 obtained in Sect 3. We present here the explicit form of the simplest nontrivial
example of such 57 # 1 type of algebra namely, ‘Q(Q’l)—algebra. According to eqn. (7.6) it
consist of four spin two currents VE, T = Wy + Wy and VO = W, — W, satisfying,

{T(0), T(c")} =2T(")D,6(0 — &') + 8(0 — 0")D,u T (o) — 40%,6(0 — &)
{T(0),V¥(a")} =2V(c")0mé(c — ') + 6(0c — 6")0.V (o)), a=0,%

{VE(0), VH(e')} = %6(0 — WE)VE(o'), V(). VE(e")} = celo — )V (a)VE(o)

1

1 8

{(V%(0), V(o)) = —qelo— A )NVHa)V (o) + V7 (a)V ()]
+2T(6")0pi6(0 — 0') + 6(0 — ¢")0,. T (c") — 463,5(0 — o)

1
(V7 (o), V¥ (d)} = —gelo = )V a)WV°(o') + VT (a)VF ()]
1
+T(0")0,6(0c — ') + 55(0 — 00, T(0") — 202,6(0 — o) (7.9)
(k is fixed to 2 in eqn. (3.14)). It turns out that ‘/4(2’1) has the same structure as the V3 5-

algebra of ref. [36] (see eqn. (2.37) of ref. [36]). In our case the ‘/4(2’1) algebra (7.9) appears
as the algebra of symmetries of the AgZ’l)—NA—Toda model

_ i} OpOx + Ox0
L‘Em) = aAaA—I-aBaB—eQA—ezB—I-leA"'B( PO+ Ox ¢>

3) 9 1+ %GA—"B@/’X
1 (DA + B) (x99 — dx) — O(A + B)(xd¢ — 1pdx))
+ 1 1—|—%6A+B;/)X (7.10)

The ,Cg’)l) differs from the one derived from (7.3) by an appropriate total derivative term
similar to the one introduced in the j = 1 action (2.18).

As one might expect the charges QE’;), Q(_l), of the nontrivial nonlocal currents VJ), V(]_)

J

have nonvanishing PB’s and together with the U(1) charge, Q¢ = fJéj) close SL(2, R)

9(5)

2o 1
( )). The calculation is identical to the case j = 1 case considered

PB’s algebra (q;y = e * 0

in Sect 4. The final result is
TR o7 0 = pU)

{Q(]‘)v Q(])} = 7 dO'age 73 , = RY) + IC]](kﬂgbz — ZTLA]) (711)

o0
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The derivation of the PB’s of the remaining nonlocal charges {Q(_j), QE';)} is an open problem.

It is important to note that as in the j = 1 case we have used the £ modified by a specific
total derivative term in the calculation of the conjugate momenta Il , ,..

We next consider the problem of mapping the Y models into the G, abelian Toda
models. Our starting point is again the observation that there exists a transformation of
variables

o, i(k (1)_1)3, —KpnVIVS, i=1,-,7—1
Yi = pz Oé2 ]anza J 17 7 70 - )

J

pi = Ry =KV,
2 -1 _ ]
ot = o = Sk VR — Ky in VAV, D=1, n — (7.12)

2
&
which transforms part of the equations of motion of (7.3) into the abelian (7, Toda equations

(5.2) for the new fields ¢, (I = 1,---n), where the identity

1 ook, ok 1
K. okl Y T ke, — ki
39 =1 Oé] =1 Oé]

was verified for A,,, B,,,C,, and D,,. The nonlocal field R; satisfy now

563]‘ = —aigxekﬂb%
j

For example in the Agf’l) case (7.10) we have

1 1 _ _ 1 1 _
0] = 53(2) +A- §an+V_, w2 = R(g) — InVIV™ s = 53(2) + B — §an+V_

Following the same line of argument presented in Sect.6, we seek a (7, gauge transfor-
mation mapping the constraints (7.1) and the remaining currents (7.6) into the constraints
and remaining currents (1.12) leading to the abelian Toda theory:

g7 fNA g kap
Hﬂ)_%)H—§M{ (7.13)

For the A, case, J*) and j((j;fA) have the following matrix form:

(S = i+ Wasipabigr, Wi=0

J
(j(NA))u = (V_)é”él’”l@,lq + 011 Z Wibis + 851612V

s=2

+ Z Wn—p—l—25p,l5i,n—|—1 (714)

p=j+1
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Substituting (7.14) in (7.13) and requiring det i =1 and H;; = 0, i < [ we obtain:

H'. — (V_)";_ﬂ'l, izlv"'j
" (Vo)ym1, i=j+1,--n+1

We next consider the equations for [:]2'71:
_ _ J ~ L
(V_)éi]Hi-I-l,l = - Z Wp 115ip + 58H21

p=2

Their solutions are given by

(V)" Hipn = — > (

_ k _ .
Hiprn = (ga)T_lHj-l—l,la r=2--n-j+1 (7.15)

~ _ k o . .
a)l(Wj—lHll) ‘I’ (58)2H117 7 = 17 Sy

N
o

The general solution of (7.13) can be written in terms of H;; as follows

s—k+1

s - p+k—2) k _ .
(V) Hopr e = Z Wga)ph’s—p%m,h s=k—1,--j
p=0 E
k
_ - (T—l)’ k r—k—1+p 17 _ : —
H]-H’k_Z(k—p)’(r+p—k—1)'(§a) pH]+17pvr_27"'7n_]+17 k_lvvn—l_l
p=1

Note that H; = HH(V_, fop) contrary to the j = 1 case are now functionals of the currents

W, as well. This reflects a specific (mixed type ) of gauge (7.6) we have chosen. In the DS
gauge where all W,_o12 = Joqauirtans VT = Jai4otay, lie on the last column ( all W,, V+t
on the last row) the corresponding H; (H;) indeed depend on V* (V7) only. The spins of
W, _s12 in the DS gauge isn — s+ 2 for s > 5+ 1 and %—Sforsgj.

The main advantage of this current dependent H-transformation is that it provides an

explicit realization of the A,- NA-Toda currents (Wéi‘l“) in terms of the AY"Y- NA-Toda

currents W, Wp, V' (see eqn. (6.11) for j = 1 case ) and vice-versa. For our Agf’l) example

(7.10) we have hy = (H YY)y , Hy = Hu(0 — 0,V~, Wy — V"’,Wg) (k is taken to be 2 in
(7.13)):

hll — h22 — h531 — h;ll — e—%an"’

1 .
hiy = §h23 = 0hy1, hsg = —0hss, hiz = 0*hyy + Wahyy
hiy = Ohy + hnawz + 3W50hyy,  has = 30%hy1 + thn

The corresponding abelian Toda currents T4, W, W are expressed in terms of VE, W,

W, as follows:

1 .
T4 =TN4 —20°In V' 4 §(aln V2 TNA = W, + W,
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Wy = (Wy — W) In VT 420, —20° InV*F + (8*In VT)a(In V)
- 1 ~ 1 ~ ~ 1
W= VIV = WaolWs 4 S(Wa = Wo)@*(InVE) 4 - (Wa + Wa)(In V)2 4 9215 — S0 In VF —

(@)@ V)~ @IV — (@ IV 4+ (0 V(@I VY (7.16)

1

8
One can verify by direct calculation that if VE, Wy, W, satisfy the ‘/4(2’1) algebra (7.9),
then T4, W and W given by eqns. (7.16) indeed close the (classical ) W algebra [14] .
Therefore the AgZ’l)—NA—Toda model has together with the ‘/4(2’1) algebra, also the W as its
algebra of symmetries.

We now address the question about the relation between Aq(ljl’l) and the Agr‘)’l)—NA—Toda
models ( j1 # j2). In terms of transformations H(j;) and H(j;) mapping them into the
A, abelian Toda theory we compose the new transformation H(ji,j2) = H(ji1)H '(j2). By
construction H(j1,J2) transforms the constraints and remaining currents of the AV Vinto

the corresponding ones of the Agj2,1) model:

SN =H (1, 72) ) H(j1,J2) + 51 Y51, 72)0H (51, 52) (7.17)
As a byproduct H(j1,Js) realizes a map of V;ill’l)—algebra into V;fl’l) and vice-versa. The

simplest example is given by n = 3, 73 = 2, 73 = 1 i.e. the transformation of the Agf’l) into

the Agl’l)—NA—Toda model (H(2,1) = H)
1

1 1
Hiy = Hsy=Hu= (V) Hy =™ Hy = _§8H22 = _§H23

Hys = 0Hy2+ H22W27 Hyy = —0H, + H22W2

5 . .
H14 = 83H12 — —(WQHQQ)aan+ + (aWQ)HQQ

4

(we have chosen V('l") = V(;')) The current transformations take the form:

1

5
. 1 .

wi = 20, + 5 (@I V) (W, = 31W7)

1 ~
TH — @ _ 5a?znv+ + =(0InV*T)?, TE =W, + W,

1 1
— 1(azzmﬁ)aznw + E(aznv+)3 (7.18)
and V(I) has a rather complicated form in terms of V(;), V*+, W, and W,.

The models Aq(ljl’l) and Agj2,1) have identical ﬁzel)d Cont(?n)ts but their lagrangeans represent
1 2

different interactions between the neutral fields p, ' and p;,’, (compare for example Agl’l) and

Agf’l) models). The transformation H(j1,j2) changes the (j1)-constraints into the (j2) ones
and according to the hamiltonian reduction procedure it maps the field equations of AP o
those of APV Tf we denote by ¢i(j1) and g;1(j2) the constrained WZW matrix field ¢;; € A,
(i.e. gu(jo) depending on the fields v, , v;., and p((f)(ja) only ) then H(j1,j2) induces the

following field transformations:

2 2 2 _ 1 1 1 _
o1 = —gA + gR(z) — glnv-l_v_, ¢y =B — gA + gR(z) - gan-I_V_
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1 1 .
Ray = A+ 53(2) + ZanJ’V_
(7.19)

(R1y and Ry are nonlocal in terms of 1,y and A, B respectively). The remaining v, x

transformations are quite implicit. Although the AV and APV NA-Toda models rep-
resent different interactions and have different algebras of symmetry (but equal number of
generators ) the arguments presented above indicate that they are classically equivalent
models. The proof of such statement requires however further investigations.

8 Weyl Group Families of Agl’l)-l\/[odels

This section is devoted to the problem of the relation between the NA-Toda models that have
identical algebras of symmetries. Our starting point is the following fact: The ‘/3(1’1)— algebra

(7?),(3.43) and (3.44), (n = 2, s = 2) appears as the symmetry algebra of the A(Ql’l)—NA—Toda

model (2.18), (n = 2) as well as of the reduced Bershadsky-Polyakov (BP) A(Qz)—model [7],
[26]. The latter is defined by the set of constraints imposed on the A;-WZW currents,

‘]—02 = j0é2 = 07 J—oq—on = 7oz1-|—oz2 — 17 (81)

J(/\l—/\2)~H = J(/\l—/\2)~H =0 (82)
It differs from the standard BP model [26] by the additional constraint (8.2). This new
constraints is responsible for the reduction of the W:,)(Z)—algebra (symmetry of the BP model
defined by (8.1)) to the nonlocal algebra V3(2) = ‘/3(1’1). Following the methods of Sect. 2 we
first derive the lagrangean of the reduced A(22)—BP—model:

5¢06X0

k _
£ = - {9pdp + ef — A0
3 27r{ pdp + € 1+%€w¢oXo

— e (1 +oxoe?)} (8.3)
The algebra of symmetries V3(2) of (8.3) obtained by direct application of the recipe described

in Sect. 3 turns out to be identical to V:,)(l’l). The lagrangean of the A(Ql’l)—NA—Toda model
possess however quite a different form,

k - _ OpOX _
£ = — {960 A S\ S 8.4

3 27T{ ¢ ¢—|‘€ 1+%€_¢77Z)X € } ( )
We shall prove that the models (8.3) and (8.4) are (classically ) equivalent since their La-
grangeans are related by the following change of field variables,

¥ = xoe? (1 + €“Yox0) T, X = toe?(1 + €“oxo) T
¢ =p— %hﬂ(l + e“1hoxo) (8.5)

le. L‘gf) = ,Cgl’l)—l— total derivative. This can be verified by direct calculation. Our derivation
of transformation (8.5) is based on the following observation: The constraints (8.1) and (8.2)
are the image of

Jo=d =1, =

—Q2 —op—ap o1tag
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together with the gauge fixing condition J! = J’, = 0 (defining the model (8.4)) under
the action of a particular Ay- Weyl reflection
Woy (@) =g — (- o), wil =1

In fact w,, maps all the algebraic (Hamiltonian reduction ) data of the model (8.3), con-
straints, gauge fixing condition and remaining currents into those of model (8.4): J' =
Way (J). The change of variables (8.5) is a consequence of the relation between the reduced
Ay-W7ZW matrix fields g((g)) and g((;;l):

905y = we (913 (8.7)
The explicit form of g((;;l) in terms of fields ¢, x, and ¢ is given by eqn. (3.47). Solving the
(2)

constraints (8.1) and (8.2) we find the matrix elements of 9

1

(69, = 30 (g), = 0era (g), = Dt
(99),, = ™+ ona) (99, —e“’”*%, (99),, = cFoexa.
(9(2)>23 = a(57(2)>217 ( ) a( )127'

We next write eqns. (8.7) in a matrix form

(99) ., = (@ar)y ("), (wWay) s Bk =1,2,3 (8.8)
010
where (ws,) =1 1 0 0
0 0 1

As a solution of (8.8), (i.e. ¥, x, ¢ in terms of g, Yo, ) we find the change of variables

(8.5) as well as the relation between the nonlocal fields R and Ry:
R = Ro+ In(1 4+ ¢“¢oxo0).

The generalization of such results for a generic A8 model (2.18) is straightforward.
Reflecting the ALY constraints (2.4) by w,, we find the set of constraints that define the
new model w,, (AS’”):

Jow,=Jo, =0, =34, ,n; J_ta] = Jjay =0, [a] all other roots
‘]—Oé1—0é2 = ja1_|_a2 = 17 ‘](/\1—/\2)'H = j(/\1—/\2)'H =0 (89)
It is important to note the reflection w,, keeps unchanged the gradation operator,
Q) = >_i_y Ai - H and the nilpotent subgroups N(il) C H(il), wa, (Q1)) = Q1) wal(N(il)) =

N(il) but it does change Hél)o and e(il)

0 1 i
Wy (H§) = exp (Q,CH (A2 — ) - Hm) ; war(€h) = Brfartan) + Y Fia,

1=3
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With all this data we derive the Lagrangean for the w,, (AS’”) model:

5¢06X0
1+ EL g yoerr

Bl = e
) = —5 - A5kiudpidp; + e =Y Mt — (L4 e“ihoxo)e M4} (8.10)
=2

The change of variables that follows from the A,-analog of eqn. (8.8) is now given by

n—1

¢ = i — KuiIn(1 + e Poxo), Kis =
Y = xoe? (1 + ewlﬁboXO)_%}%na X = e (1 + G%%XO)_%K“ (8.11)

Substituting eqn. (8.11) in (2.18) we find (8.10) modulo total derivative. The following
identity

T o <6xa¢ = 0N+ (000 = ) — Sx00 - wm@) )
5 y

1 ® 3 12 ®
= 58 <ln(1 + e?y)d1n ;) — 58 <ln(1 + e%tpy)dIn ;)

is crucial in the proof of the above statement. The conclusion is that the pair of NA-Toda
models A"Y and wal(Aq(ﬁ}’l)) sharing the same algebra of symmetries Vn(i’ll) are classically

equivalent. The same is true for the pair of generic Aq(ljl’l) and waJ(Aq(ﬁle’l))—models. The

simplest example of such doublet is given by the Agf’l) and the w,, (Agf’l))—NA—Toda models.
Their lagrangeans are given by:

OTIIR%

k _ _
@ 94 2B | A+B__ 9¥Ix
and
k ~ _
,Cgii)l = —g{aAaA + 0BoB — €2A — 623 _ (1 + e_A_Bl/)oXo)(GZA + 623)
—A- 5¢06X0
A-B
T I+ e_A_B@/)oXo} (8.13)

The change of variables that makes their equivalence evident has the form:

1 1
A = A+ 5 In(1 + e *Peoxe), B=DB+ 5 In(1 + e *"4oxo)
Po= xoe A TE(L 4 A hox0) T2, x = voe A (L 4 e A hoxo)

Our observation that each pair of ALY models, whose constraints are related by w,, are

equivalent, adresses the question about the family of models obtained from AGY by trans-

forming its constraints (7.1) (or (2.4), for j = 1) under the whole Weyl group S,1 of A,.
We first consider a subset of models Hi(Aq(ll’l)) from the A,, family, whose constraints are

the images of (2.4) under the action of the following (composite ) reflections,

Hi:waiwai—1”'wa17 Zzlv"'vn
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In order to derive their lagrangeans we need the explicit form of II;(Hy) = II;(Ny) @
Hi(Hél)O), Hi(gg) and Hi(e(il)) ( see Sect. 2). It is convenient to first calculate the cor-

responding grading operator 1L;(Q)) = Qu) — E;:Q(] — D)oy where Quy = >, A - H.
Then the nilpotent subgroups II;(Ny) are spanned by elements of grade +1 with respect to

I1:(Q)) and I;(go) is the subgroup of zero I1;(Q(1))-grade. The diagonal subgroup Hi(Hél)O)

has the form

0 1 :
(") = exp{%n (M=) o) H}

=1

Following the recipe of Sect. 2 we find that the lagrangeans of Hi(Aq(ll’l)) models coincide

with (8.10) for ¢ < n and with ALY (see eqn (7.3) for j = n). Note that due to the Z;
symmetry of the A, Dynkin diagram

I (aj) = anti-j, Kjj = Kogimjnti— (8.14)

the AYY and the A"H'Y models are identical. In particular £y = L‘?(ln’l), (¢) = dpi)
and therefore all the Hi(Aq(ll’l))—models are equivalent to the A7(%1,1)‘

Another subfamily of the AN models is defined by transforming the constraints (2.4)
under the composite Weyl reflections

Hz_ = Hn-l—l—iH_v H_(Oé]‘) = T Qg1 (815)

(II7 is an element of the Weyl group, contrary to the II* from (8.14)). Repeating once

more the procedure, we have used in the construction of Hi(Aq(ll’l)) models, we realize that

all the H;(Aq(ll’l)) models are equivalent to the A%n’l) model (modulo PC-transformations:
C =y, C? =1; Po = —0). Taking into account (8.14) the conclusion is that the family
of ALY models obtained by II; and II;- Weyl reflections (¢ = 1,---n) of ALY constraints
(2.4) have as lagrangeans (8.10) or (2.18). They are related by the change of variables (8.11).
Hence all this family of models can be represented by the original ALY hodel only.

Note that this ( 11, , II7 ) family of equivalent models coincides with the complete Weyl
group ALY family only for n = 2. Whether the other models generated by Weyl reflections

different from 1I; and II; are also equivalent to ALY s still an open problem for generic

n # 2.

9 What does the Quantum V-algebras look like

The main obstacle for quantizing the NA-Toda models (2.18) ( and their algebra of symme-
tries V(}_’ll) ) is the additional PF-type constraint Jy,y = 0. As we have shown in Sect. 3 the

latter is responsible for the nonlocal terms in the V;_ll_’ll)—algebra. This suggests the following
strategqy: First consider an intermediate “local” NA-Toda model defined by the set of con-

straints (2.4) but with the current Jy, g left unconstrained. Its Lagrangean as well as the PB

symmetry algebra WT(LH) can be easely derived by the methods of Sect.2 and 3. The W(E)

n
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is generated by n + 2 local currents: n + 1 of them G®) | W,_j40,k = 2,3,---,n have the
same spins as the Vn(}_’ll)—currents and the last one is the chiral U(1)-current Jy, gy = J of spin
one. An important difference with respect to the original NA-Toda model and its nonlocal

Vn(i’ll)—algebra is that W(E) is a local quadratic (non-Lie) algebra. It has a structure similar

to the W41 and W(JL algebras [26] and its quantization can be realized by the standard
methods of ref. [14], [26], [5].

The problem we address in this section is the following: Given the quantum VV(_I_1

) algebra

and its irreducible representations, to derive the quantum Vn(}_’ll) = WT(LH)/U( 1)- algebra and
its representations by implementing the constraint Jy, g = 0. The method we are going to
use is an appropriate generalization of the derivation of the PF-algebra from the affine SU(2)
by imposing the constraint J; = 0 [3]. The crucial ingredient of this approach is the free
field representation of the Wéii)—currents. In the framework of the quantum Hamiltonian
reduction [5], [26] this is rather difficult problem even for n = 3. To start with it requires
the explicit bosonization of the SL(4, R) currents. One expects the nonabelian analog of the
quantum Miura transformation [14] to be the effective tool for the solution of this problem.

(1,1)

The n = 2 case is an exception. According to the arguments of Sect. 8, the W3/ algebra

coincides with the W(Q)—one. The free field representation of the W:)EQ) currents G*, 7T and .J
is well known [26]:

/2k—|—3 /2k—|—3~ .
e q):a—l— Oé2 1)99—|—¢0, Oé_|_:\/2k‘|‘6

J(2)
G7(z) = [(k+ 3 )00 + oz_|_oz28<p (k + Q)QX] bo—x
G+(Z) = [_aX((k + 3)a¢0 — Oé.|_0618g0) (k + 2)(8 Y + (ax)z]e—%-l-x
Tw(z) = %[(071893)2 + (@20@)* + (@10@)(a207)]
+ koj;l (a4 + a3)0%F + %[(QX)Z + 9’y — (060)?], (9.1)

where ¢;,2 = 1,2, ¢¢ and Y are free bosonic fields,

1
< pilz1)pi(z2) >= §5¢jln212, < do(z1)po(2z2) >= —Inzia, < x(21)x(22) >=Inz1a (9.2)

and a7, as are the simple roots of A,. The difference of our eqn. (9.1) from the original
Bershadsky’s ones (see eqns. (3.6) of ref. [26]) is due to the fact that we have bosonized the
pair of bosonic ghosts ( ®, ®T ) of spin (1/2,1/2):

d = e<bo—><7 ot = e—¢o+xax

(1,1)

With eqns. (9.1) at hand one can easely derive the explicit form for the W3 ""-algebra,
2k +3
J(21)J(z2) = 3.2 + O(212), Gi(21)Gi(22) = O(212)
12

J()GE(z) = £-—GE(2) + Oena),

212
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(k+1)(2k+3) _(k+1)

G+(21)G_(22) = 23 + 3 22 J(Zz)
12 12
1 k41
12
(9.3)
etc. The central charge of the WS(M) algebra is
8k
= ———6k—1 A
W=y " (9:4)

According to the definition of the ‘/3(1’1) algebra VS(M) = {WS(I’I) : J = 0} its generators
V#£(z), Ty (z) have to commute with J(z),

J(21)VE(22) = O(z12) = J(21)Tv (22)
(9.5)

i.e. they are related to the ® independent parts (J = 2’“?"'38&)) of the Wél’l)—currents. This

suggests to seek for a specific change of the field variables ¢o, p; — ®, p; that makes explicit
the J (or ®) dependence of G* and Ty :

GE=VEET Ty =Ty + T (9.6)

An important condition required for the new fields p; to satisfy is the orthogonality to ®:

®(z1)pi(22) = O(z12) (9.7)
One solution for such requirement is given by
p1=—(k+3)do + ararp, ps=(k+3)¢o+ ayarp
It we further impose orthonormality among the p;’s,
pi(z1)pi(z2) = —é;lnz12 + O(212), i, =1,2 (9.8)
the unique change of variables satisfying both (9.7) and (9.8) has the form

1 kE+3 3

o = T3 k_g[(l-l-ﬂl)glpl—(1+52)92P2]— k13

L 1 ~ - - NEEEF
e = (Zk_l_g)\/m[(k—l_g kﬂl)glpl (k—l_g k62)92p2] Q(Qk—l-g)q)

L 1 Bk+3
T 3)\/m[(k — (K +3)80)g1p1 = (k = (k +3)52)g2ps] + \/E‘D
(9.9)
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where

k-3
E+1

8= 5k 41— (DT D= 3), g2 = 5[0k = 3)(k+ 1)+ (~DiGE =33/ T,

J = 1,2. Substituting (9.9) in (9. 1) we realize that the reduced WS(M) currents can be written

in the form (9.6) with ¢ = and Tj = (8@)2. This provides us with the free field
(1,1)

representation of the V3

2k—|—3

currents we were looking for,

- k + 3 —a a
V7(z) = [(k+2)977—77\/k (910p1 — g20pa)]e” P ¥eze2,

VH(z) = [(k +2)0%¢ +95F (Br910p1 — Bag20p2)]e P =22,

1
Ty = [(9P1) (apz + Z%@ pi + T&m 577 = 7785 — 5( )2 4 5@2){

=1

(9.10)

where

(—)* (k+ 1) [k +3(1+8)gi
i = k_l Z+1 k 1 k— I ;=

and we have denoted £ = eX, 15 = e™X. One can easely recognize (£, n) as a pair of fermionic
ghosts of spins (0, 1).
We are now prepared to derive the explicit form of the VS(M) OPE algebra (k # —3, —%, —1):

VF)VF(22) = (212) 77V (29) + O(212)
s (2k+3)(k+1) k43 k+3

Vi)V () = (212)79| 3 - Ty(z2) + ——(2Ws = 9Tv)] + O(z12)
212 212 2
¥ Al = 1 ¥
TV(Zl)V (22) = TV (22) —|— —822‘/ (22) —|— 0(212) (911)
“12 <12
where AT = 2(1 — m) are the renormalized spins (dimensions ) of the quantum currents
VE (= V) and VE(2) are new currents of spins AT = 2(1— m) For example V7 (z) has

the form

Vi) = Al 200x + /3 (01— 0200 — 010k + 2)0x

k+3
+ P 3(916/)1 - 928/)2)]}

—2x—2a1p1+2az2p2

The stress tensor Ty (z) of spin 2 satisfies the standard Virasoro algebra OPE’s with specific
central charge

(k+1)°
kE+3

CV:CW—1:—6
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The OPE’s of V;7, V,™ and V= (= VF) introduce more new currents V;* of spins (L = 2k +3)

3 l
Ar=GI1=F) 1=12-

and with U(1) charges Qo = [ ( see Sect. 4 for the definition of Qy):

au’

VE() Vi (22) = Clozgy ¥ Vi (22) 4+ O(z12) (9.12)

The OPE’s V;*V,~ give rise to new Qg-neutral currents Wiy, (I = 2,---,L —4) of spins
Ar=1+1

a2 ] 2A d
V)V (22) = 245 (S + ——5Tv(z2) -+ — Wi + O(1)) (9.13)
Ziy  CvZisg %12

For example the W3 current that appears in the finite part of eqn. (9.11) and in the singular
part of (9.13) (for [ > 2) has the form

Ws = Bod?po + Bapd?padps + Cop(0pa)*ps, a,f=1,2,3 (9.14)

where we have denoted p; = y and

2k+5
2

1 Jk+1 1 k+1
By = —By=\7— Bi=(-1)=(vi+——=u
11 22 2 k_g? ( )6(7+\/mg)

. gli=dl . k41
Cij = (=) ——ajlk+4 = 20i = jl+ (=1)y/ =]

(
By = %(k_;;igk_l_g)[k(k—l—l)—I—(—l)i(k—l—Q)\/(k—l—l)(k—S)],z’;éj

, Biz=Cs = (=1)'(k+2)a;, i = 1,2

3
Bss = 683 = 5033 = -

For generic k (= %) this Ws-current and Ty (= W3) do not close the standard W5 algebra.
In the OPE of Ws(z1)Ws(z2) the new Wjy-current contributes together with the A =: 72 :
—20°T, etc. It is not difficult to verify that all the Wiy (I=1,---) form the standard We-
algebra which appears as a subalgebra of the parafermionic extension of the W, -algebra
wed) of central charge ¢y spanned by Vli and Wipq, 1 =1,2,---. As we shall show latter
this is the case when L is positive, rational and noninteger. The natural question to ask is
whether exist values of L for which the algebra of the currents Vli, Wiyq closes for finite [.
The most interesting case would be if this happens for [ = 1, i.e. when V¥ and Ty alone
form a closed algebra. To answer this question one has to analyze the I dependence of the
singularities in the OPE’s (9.11), (9.12) and (9.13) ( the order of the poles and cuts ) and
to calculate the structure constants C;; and d;. The exponents :I:% in (9.11) that gives the
L-dependent singularities of the OPE’s suggest to consider separately the following intervals
of values of L:

Case (1): L < 3. No singularities in the VEV* OPE’s. Only poles of order < 3 and
(—i—l)—cut in the VtV~ OPE. Hence V* (Ai = %(1 + ﬁ)) and Ty alone close an algebra.
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Case (2): =3 < L < 0. Poles of order higher then 3 and (—i—l)—cut in the V*tV~ OPE.

No singular terms in VEV*. For each || in the interval s — 1 < U:f:—| <s(s=2.3,---) the
VTV~ contains poles of order < 2+ s and involve s — 2 new currents W, (p = 3,4,---s+1).
Whether VE, T and W, (p = 3,---s) close an algebra is an open question. In the simplest
case s = 2 the straightforward calculation based on the bosonized form (9.10) and (9.14)
of V&, T and W5 show us that the W3(1)W5(2) OPE introduce new Wy current. This only
proves that V*, T and W5 do not close an algebra in this case. It might happen that
for some specific value of L (and s = 2) the algebra spanned by finite number of currents
VE Ty and Wiy, 1 = 2,---, M) closes. However it is more natural to expect that Ty and
Wig1,l = 2.+, M) form V*-eatension of the W, -algebra.

Case (3): 0 < L < 3. Pole of order [}] and a cut in the V¥V* OPE. Poles of order < 3
and (%)—Cut in VTV ~. Therefore no Wy, currents can appear.

(3a) For L rational noninteger one has to consider all the V*’s (I =1,2,---,) and Ty in
order to close an algebra. The latter is an example of purely parafermionic W, algebra. Note
that A;E < 0Oforl> L,ie. for L <1 all the VLi have negative dimensions; for 1 < L < 2-all,
but V and for 2 < L < 3-all but V;* and V.

(3b) The case L integer < 3 provides two simple examples of quantum V:))(l’l)([/)—algebras

generated by finite number of currents: for L = 2 these are V* of AT = % and Ty (ey = —g)

and for L =3, Ty and V& Vi of AT = AF =1 and ¢y (3) = —2. We shall give the explicit
form of these two algebras later in this section.

Case (4):L > 3. No poles in VEVE, Poles of order < 3 and (2)-cut in V*V~. Therefore
the Laurent modes of V* and Ty have to close an algebra. As in the standard PF case [3]
the first of the OPE’s (9.11) define the modes of V;* as an infinite sum of bilinears of the
V* modes. The OPE’s V["%']V[%] represent poles of order L — 2 (higher than 3 for L > 5) and

thus introduce new currents W, 1,p=2,---, L — 4.

(4a) For L integer (L > 3), AFf = Af_, (i.e. Af = 0) the V¥V subalgebra involve
L — 1 currents only, i.e. [ =1,---, L —1. Whether the algebra of 2(L — 1) + L — 4 currents
VE W, (l=1,--- L —1,p=1,2,--- L —4) closes for L > 5 or one has to consider an
infinite set of Wy, (p = 1,2--+), V¥ 1 =1,2,---, L — 1 is an open question. For L = 4,5
the V¥ and Ty do form closed algebras.

(4b) For L rational noninteger the OPE’s VliVl,lL introduce infinite number of PF-currents
of U(1)-charges [ = 1,2,---. Together with the neutral currents Wy they span a kind of
PF W_,-algebra. We have to note that the difference between the algebras (4a) and (4b)
can be summarized in the fact that for L-integer the corresponding OPE’s represent the
multiplication tules of the discrete group Z; @ Z, (with the identification V;* = V),
I=1,---,L—1 being the Zj-charges. In the noninteger L case (4b) the symmetry encoded
in the OPE’s is U(1) @ Zs.

Our analysis of the singularities of the OPE’s (9.12) and (9.13) shows that the quantum
V:))(l’l)([/)—algebra shares many of the properties of the (both unitary and nonunitary) PF-
algebras [3]. This fact allows us to apply the methods developed in ref. [3] in the derivation
of the explicit (Laurent modes) form of the V:))(l’l)([/). We restrict ourselves to consider cases
(1), (3b) and (4a) only. The allowed boundary conditions ® (for L-integer) of the currents

3We are not considering here the twisted (or C-disorder) boundary conditions: Vi(zezm)qbs(O) =
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VE:
VE(ze2)01(0) = S HIVE(2)91(0)
where b = %, n =20, %, s=1,---L —1 lead to the following mode expansion
VE(2)¢"(0) = Z Zﬂ:QL-I-m—l:F”V_imin 420z L, ¢7(0) (9.15)

The ¢7(0) denote certain Ramond (n =

fields. Following the arguments of ref.
|L| > 3) from the OPE’s (9.11):

1, s-odd) and the Neveu-Schwarz (n = 0, s-even)
[3] (Sect. 4) we derive the V:,)(l’l)([/)—algebra (for

o0
Vi +V- Vi
z_; _% w+m —p—n+d L pntpty-§ ~ 202 pnptn— L g%l-l—m-l-p—n-l—;—]

L(L-1)L 3s 3s
= —Lpyn+ -——"(— — — 1)éman 9.16
where C(pM) = %, m,n=0,£1,42,--- and:
Pyt + oy + _
Z C V@—ZH m+n— Vg(w )+p+n+77—— VW—H—M‘U—%V%‘W"‘W"‘”_%] ! (9'17)

In fact eqns. (9.16) and (9.17) together with the Virasoro algebra of the L,’s, (L, =
$ 2T (2)dz)

[an Lm] = (n - m)LTrL-I-n + s

5 n(n2 — 1)émtno

represent the entire ‘/3(1’1)—algebra for L < —3 only. In the case (4a.) (i.e. for L > 3) they

give the subalgebra spanned by Vit and T' of the larger ‘/3(1’1)—algebra which also includes

VE 1=2,3,---,L—1 and certain W,’s. The algebra of the V;*’s charges (I = 1,---, L —1):

VWTEI)L+NZ+MP?_SZ¢ZZ(O) — fdZZ:F“;’l—LS-I—m—I—l-I—m—IVIi(Z)qSZZ(0) (9.18)
2 2L

can be easely derived from the OPE’s (9.12) and (9.13). Note that as a consequence of (9.12)
and (9.15) the V(:Qtl)—currents have only Neveu-Schwarz boundary conditions, i.e. 1y = 0,

N1 = 0,3. All algebraic relations that follows from (9.12) are either in the form (9.17) or

give Vjﬂ” as an infinite sum of bilinears of V_ﬁﬁ’j)viﬂ; ), [ =1+ 5 as for example:
Z Cp Vi(l) + V (1) yE ] (9.19)
m+n+3<2¢ 9 oy lV, 3(3;@ SR po142GE Y s :

6271'“75 V:F(Z)¢s:|:2(0)



-2l - CBPF-NF-019/98

To give an idea how the entire V:))(l’l)([/)—algebra looks like we consider in more detail
the simplest case I = 4. The ‘/3(1’1)(4)—algebra is generated by Vi, V£ and Ty of spins
AE = 2, A = 2 and Ap = 2. We have to complete the algebraic relations (9.16), (9.17) of
the V(flc), T subalgebra with those involving V(:2t) Taking s = 2 sector for simplicity we find

1 1 7
VOV £ VIOV = 50 = Dbueno = gLt (9.20)
E ’ P +(1) +(1) +(1)
m"’” C T m p-l———nivn-l—p——-l—?& —I_Vn—p—%-l-?&vm-l—p-l-%—ni] (9-21)

where n, = 0 and n_ = % The remaining relations involving Vﬂi(Z)VTfQ(Q), VT;L_Ll(l)VTf;Q) and

Vni(?)vﬂf;” have a form similar to (9.17) and (9.19). Note that due to the identification
Vl+ = V,_, we have

Vo (DV(2) =

C
“Vih(=2) +0(n), VDV (2) = =V (22) + O(ena)

7
%12 Ziy

The eqns. (9.20) and (9.21) are an indication to consider the ‘/3(1’1)(4)—algebra as “ a square
root” of the Virasoro superalgebra.

Our last example is the L = 2 V3(1 )—algebra It is spanned by Vi of A* = Z and Ty and
its central charge is ¢y = —%. This is one of the cases (3b) when the OPE V;EVE has a pole
and therefore the “ commutation relations” (9.17) are not valid. Instead we obtain:

p - - - —
Z C - n——)—lvp+n+(n—15) 2tV o —)—ivp+m+(n—%)—§f] = bmintano  (9:22)

4

and similar one for the V*V*’s . The eqn. (9.16) in this case take the form (s = 2):

1 1 3
Z § p - - + —— Z Z Z
Cle ——+m p— nvz+n+p+n+V—%+n—p+nvil+m+p—n] - Lm+n—|-5(n—|-77+2)(n+77—|-2)5m+n,o
(9.23)

The complicated structure of the %(1’1)(L)—“Commutation relations” makes the problem
of the construction of irreducible highest weight representations rather difficult. One could

however further extend the relation between Wéz) and ‘/3(1’1)—algebras on their representa-
(1,1)

tions. The way we have derived the explicit form of the V;
W3(2)—ones (9.1):

-generators (9.10) out of the

2§ L -
GF = VEAVTE Ty =Ty + (6(1)) J = \/;M) (9.24)

suggests the following form of the W:,fz)

of the %(1’1)—0nes, qﬁ&sl)(z) and Ci)(z)

chiral vertex operators ¢71%(z) = qﬁxfl Si)(z) in terms

ol (2) = () ? (9.25)
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Taking into account the basic OPE’s that define the ¢"’s:

AN 1
TV (21)dr(22) = —52600(22) + —06((22) + O(z12)
“12 Z12
Tedlln(za) = 200 4 Ol J(a1)6 () = OCena)

and from eqn (9.24) we conclude that:

3 3
s = st — AY =AY 2 9.26
67 q7 L7 TS TS 2Lqr,s ( )

The dimensions and the charges of the fields q%/,s) that represent the so called “complete

degenerate” highest weight representations of Wéz) are given by [26] (for rational levels

__ 4py.
L+3=12)

1 1
AV = —————[((L+3)r2 —4512)* + 3((L +3 451)((L 4 3)ry — 4s3) = 3(L — 1)*] — =¥
s = (L 1 3) [((L 4 3)r12 — 4s12)" + 3((L 4 3)r1 + 4s1)((L + 3)ry — 4s2) — 3( )’] U
1 1
qrs = E[(L + 3)7“12 - 4812] + 577W, g =" — T2, Si12 =81 — 382, (9-27)
where V' = 0, r;-odd integers for NS-sectors, n"' = %, ri-even integers for R-sectors and

ri,si(t = 1,2) take their values in the interval 1 <r; <2p—1,1 <s; <2¢— 1. According
to eqn. (9.26) the corresponding representations of V:))(l’l)([/)—algebra have the following

dimensions:
v o_ 1 2
A= m[(L = 3)((L +3)r12 — 4s12)" + 4((L + 3)ry — 4s1)((L + 3)ry — 4s2) —
—4L(L —1)%] — Z—VLV[L + 30" £ (L + 3)r1g — 4s12)]. (9.28)

We have to note that n"' = T — 7V, (Y =1n). The analog of the Wél)fchiral fields ¢s,:

6 L—-1

= i

Gf1/2¢50|0> =0 AW

1
gy = q_ = 6(L—|—5—250), ri=3ry =3,8 = Sp,82 = 1

are the order-disorder parameter fields o7 in the V?)(l’l)—models:

all0) =0

+
/24
One can find their dimensions directly from (9.16):

° 8 (L +3) ’
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They are a particular case of the (9.28) when

289 = 3s + 2L + 5, So=1,3,--- L —1

m = 3T2 = 3, S9 = 1, S1 = Sg.

The complete description of the representations of the V:))(l’l)([/)—algebra (even for the case
L-positive integer L > 3) however requires much more work. The construction of represen-
tations for the other Cases (1),(2) and (3) is an interesting open problem.

The purpose of this rather detail discussion of the quantum V:))(l’l)([/)—algebras was to point
out the differences with the quantization of the W5 and Wéz) algebras and the similarities
with the PF-algebra. The origin of all these complications is the renormalization of the spins
of the V*-currents

3

iquantum o iclass
A1 - A1 T 57
2L

which makes the singularities of the OPE-algebra (9.11) L-dependent. For certain values of
L this requires to introduce new currents Vli and VVpi in order to close the OPE-algebra.
An important new phenomena is the breaking of the (classical ) U(1)-symmetry to the
discrete Z7-symmetries for L positive integer. The typical PF feature is the replacing of the
commutators or anticommutators with an infinite sum of bilinears of generators as in eqns.
(9.16), (9.17), (9.18) , (9.22). One might wonder whether the Vn(i’ll)—algebras exhibit similar
features. Our preliminary result shows that the renormalization of the spins of the nonlocal
currents Vn(}_’ll) is a common property of all V(}_’ll)’s: AW = 11 — 5—=). As usual the

n (n) 2k+n+1
spins of the local currents Wj,; remain equal to the classical ones. All this indicates that

the quantum V(i’ll)—algebras obey many of the properties of the quantum ‘/3(1’1)—algebra.

n
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A Appendix A

Here we define a generic Lie algebra G in the Chevalley basis by the commutation relations
[hi, h]] = 0, [h“ Eia]] = :tk]‘iEia], [Eai, E_a]] = 5ijh]‘ (Al)

1,7 =1,---,rank G, where h; = QCZY;QH and H; define G in the Cartan-Weyl basis, i.e.

B

: 2c0- H
[Hiij] =0, [HivE:I:Oé] = j:(a)ZEiOm [EOZME—%] = 2

(A.2)

(a4

and (a)’ denote the i"* component of the root a and k;; = 2“;—2% is the Cartan matrix.
J
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The rank G fundamental weights are defined by

20 - A .
3 L =0, t,j=1,.,rank G (A.3)
j

and may be written in terms of simple roots as

)‘i == ICZ']‘Oé]‘ (A4)
An invariant scalar product on the Lie algebra is defined by rescaling the trace of two
generators in some finite dimensional representation such that

2
TI’(HZH]) == 52']‘, TI’(HZ'Ea) == 0, TT(EO[EQ) == —250[4_570 (A5)
(a4

A general Lie algebra ¢ may be decomposed into a graded structure generated by a
grading operator (), such that

(Q,Gx] = £iG1i, [Gi,G;] € Giyj (A.6)

and G = ©,0;.
Throughout this paper several different gradings are used. We shall restrict ourselves to
integer gradings. The most familiar is defined by

rankG

Ap - H
0= = (AT)

In this case G4, contain positive/negative step operators composed of 7 simple roots. It then
follows that

G« = Bicobi, G> = Bi»li (A.8)

are nilpotent subalgebras generated by positive/negative step operators, while the zero grade
Go is an abelian subalgebra and is spanned by the Cartan subalgebra of G, i.e. Gy = U(1) "9,
A general group element of G can be decomposed according to these nilpotent subalgebras
together with the exponentiation of the abelian subalgebra Gy using the Gauss decomposition
formula,

9 = 9-909+ (A.9)

where g_ and ¢, are obtained by exponentiation of G. and G- respectively. Other gradings
extensively used in this paper are defined by:

rankG
20, - H
Q=) — (A.10)
k#j k

The absence of the i fundamental weight in (A.10) generates a non abelian structure in the
zero grade subalgebra Gy which is now generated by the Cartan subalgebra together with
Fi,,ie. Go= SL(2)@U(1)"*9=1 The nilpotent subgroups g(_]) and gfl_]) are generated by
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exponentiation of the negative and positive grades respectively (according to @;). The non
abelian Gauss decomposition formula now reads

g=gVg{ g (A.11)

where g(()j) is the SL(2) @ U(1)"***9~!subgroup generated by exponentiation of Gy.
Following the same line of thought, more and more complicated non abelian structure
can be introduced in Gy by defining grading operators with the form

rankG

20, - H
Qiriric = Y " (A.12)
Feiy e k
1, l
where G, has now the form
Go=1 @ g2 @+ @ g @ (U(1)) kI~ 2z romhga (A.13)

and the nonabelian Gauss decomposition is formally given by eqn. (A.11).

These are useful concepts in order to derive a simple and compact form for the equations
of motion. Let the WZW currents be decomposed according to a gradation @;. From (A.11)
we find,

J = glag=4gY <g((f) gV 09V g + g gl + 09 gY >g(+])
_ _ . N1 . N1 N g N1 N1 N —1
J = —00g97" = —¢" <g(_” 9¢Y + 096" 96" + 95999 o) )g(_” (A.14)

We now define the reduced model by giving the constant element e responsible for con-
straining the currents in a general manner to

Jconstr = -+ ]
jconstr = ¢4 ‘I’j (A15)
where j (and j) contain only positive and zero (negative and zero ) grades, ey are constant

generators of grade +1 respectively. From the graded structure (A.14) and (A.15) and the
fact that the grades are integers, we find that

N1 =1 . .
3 9V 009 ot = e
g((J])agfl—])gfl—]) g(()]) |constr = €4 (A16)

and the equations of motion 0J = dJ = 0 become

OK +[K,0404{"") = 0
OK — [K,q9 " 9g9] = 0 (A.17)

where
K = g9 g9 0¢Vel + g8 998 + g g
_ N . N1 N g N1 =1
K = gV 999 4 8¢5 4+ 9 9gD gD gl (A.18)
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Imposing (A.16) into (A.17) we find the nontrivial equations to correspond to the zero
grade components of eqns. (A.17), i.e

-1

g 09y + Teogd esad]
_ . N1 . N1
99998 = lep g e gl ] =

We now point out that there is a subalgebra of Go, namely G, commuting with €1 such
that

0
0 (A.19)

aTe(¢ " 99 H) = ITe(9¢ g9~ H) = 0 (A.20)

where H € G3. We therefore impose an additional subsidiary constraint within the subalge-

bra G,

Jn = Tr(géj)_lagéj)ﬂ) =0, Jn = Tr(égéj)géj)_lﬂ) =0 (A.21)

For the simple case of gradation (A.10) H correspond to ZACjQ'H . In terms of fields defined by

27, H
L R]-l-zl# Hy¢y

) = b T h2)
we find
g(()j)_lag(()j) = <6X6RJ+ZZ¢J kjm) —a; T Z H, <a¢l + ]llba otz Jm)
I#5
20 - H 1
+— (aRJ - IC—?Z@X@RJ—I—Z“‘J kjm) + <a¢ + VIR + ko — ¢28X6RJ+21¢J ka¢1> E,,
a; ji
and
59((Jj)9(gj <8¢ Rt i ]m) B, + ZHI <a¢l et 2z, Jl¢l>
I#] J Z
2)\ - H R _|_Z @ a A a 25, R -|—Z ki
+ aR - —X8¢ 1 Pt + <8X + X@R + Xkﬂ@qﬁl - X 877/)6 ’ ETEL l> E—a]
O‘j IC]J
Moreover,
Jox, m = OR;A; — —¢8X621¢J Jl(bl {]2A g = aR A _X8¢621¢J kjidr
3 Kii ? K

where A; =1+ —;bxez#ﬂ Ridt The subsidiary condition (A.21) yields,

= 1
bOY Zl;é] J”bl OR: =

6Rj )Zai)ezl#] ki1

IC]]A

where b = ;/)e%RJ and Y = Xe%RJ. When inserted into (A.19), leads to the equations of motion
(2.3) of the NA-Toda model described by the action (7.3) and (2.3) for the casej = 1.
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Henceforth, given an integer gradation ) and the constant elements e, in the Lie algebra,
we are able to decompose the currents according to (), implement consistently the constraints
(A.15) to obtain (A.16) and therefore the equations of motion (and hence the action, (see
[22])). This construction highlights the fact that the first set of constraints in (2.4) are fully
determined by @ and ex. The subsidiary condition (A.21) has to be implemented by fiat
since it constraints the subalgebra GJ.

Conversely, since the structure of the constraints is such that allows for dynamical degrees
of freedom only those contained in the zero grade subgroup Gy ( or more precisely Go/GJ),
the constraints (2.4) suggest a construction of a gauged WZW action invariant under the
constraint subgroup Hy @ H_ | as in sect. 2. The gauge invariance suggests decomposing
the group element as 4 4 -

9=3"g3y = gVg§¥ (A.23)
where f](_j), (f]fl_]) ) are generated by exponentiation of negative (positive ) grade generators
together with those in G,

where R; are nonlocal, nonphysical fields eliminated by the constraints (A.21).The gg is now
generated by exponentiating gg_o The decomposition (A.23) is important to point out the
9]

symmetry structure of the NA-Toda models as described in sect. 2.

B Appendix B

We shall derive the general solution of eqns. (3.18) for generic W-transformations (3 < s <
n —1, fixed ), ie. ¢ =¢=20,75,=0forall p#s,(n, =n). Let us first consider the
equations for ¢;’s such that ¢ > k. We have,

€igmy = 0, [=1,---s—1, I+m=n—s+3,---,n+1

€iqmyg = 0, I=s+1--n, [+m=s5+2,---,n+1 (B.1)

and all the remaining €;.’s (¢ > k ) satisfy the following recursive relations

k

€n—p,s + an-l—l + §aen—p+1,s =0 P= 07 e, — 85— 17 S 7£ 1 (BQ)

p—s+3 k
Cn—p1 = Z (_ga)l_l(v+6n—p+l,2) (B.3)

=1
p—s+2 k
€n—p,s—r = Z (_§a)p_l_T+26n—l—T+3,s—T—|—17 (B4)
=1

n—p=2--n—s+2; r=0,---,s—2. The solution of (B.2) is given by

p

k k
Cn—p,s = (_ga)p-l-ln - Z(_ga)l_l(nwpﬁ-?—l)? p= 07 =5 — 1 (B5)

=1



- 58 - CBPF-NF-019/98

The eqn. (B.4) can be simplified to:

p—r+2
l+r—2 k.
Cn—p,s—r — Z ( r—1 ) (_58)1 16n—p—|—l—|—r—1,s (B6)
=1

and taking into account (B.5) we find the general solution of (B.4):

vnee= (PTD) hor= S (T ) o aw, )

r r
=1

r=0,---,s—2, n—p=2,---,n— 35+ 2. As a consequence of (B.3) and (B.7) we obtain

p—s+3

k_ —I+1 ko,
€np1 = Z(_ga)l 1{V+[<p8_2 )(_ga)pl +377

5 — 9 ) (_ga)m_lnwp—l—m—s-l—d} (B.8)

The equations for the diagonal elements ¢; read

26n,n + €+ F €n—1,n—1 = 07 €nn = En—1mn—1 = " = €Cs41,541> €11 = 0
= ¢s5 + W, —I-ka = —I-zp:(ka) (B.9)
6s—I—l,s—I—l = €gs 77 n—s+1 2 6s—I—l,sa 6m) = €322 - 2 67“,7“—17 .
p=3,---,s. The solution of (B.9) can be written in the following compact form
B n—1I01+1 1 n Ko st
ar = [<n—3—|—1>_g<n—5—|—2>](_§a) U
n—s—1 4 1 4 l k

prs— [ PTs— Y

20 ( il ) ( , )1( SOV (I Womprt)  (B10)

[=2,--- 5,54+ 1,---,n. We next consider the recursion relations for the upper triangular

part of the e;’s, (1 < k):

k
ey = 0, [=1,---s; 61[:(58)1_5 'v™), l=s+1,---,n+1
€ — (Ea)m—Qe _I_(Ea)m s— 1 nW Zl m s—1—1 V+(ka)l_1(77v_)]
2m 5 2135 4 5 ,
(B.11)
m=2,---,n+ 1. For generic €, (2 < m < n, m <) we have two different formulas for

2<m<sand s <m<n,

(a) 2 <m <s, l=m+1,---n+1
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g p+m—4 k 2 [—m+p—2 k
Em,l = Z ( m— 3 ) (ga)p_1627l_m—p+3 + Z ( »— 1 ) (ga)l_mﬁm_p+17m_p+1

p=1 p=1
= [—m+p—2 k
- - I—s—
+Z( S [ — (B.12)
(b) s<m<mn, l=m+1,---n+1
l—m m—s
p+m—s—2 k. l+p—m—2 k.
Em,l = ( m—s—1 ) (ga)p les,l—m—p-l—s-l—l + Z ( p— 1 (58)1 Cm—p+1,m—p+1
p=1 p=1
(B.13)
The solution of eqn. (B.12) is given by (2 < m < s):
1 n [—3 [—-3
6W_{Al’m(s)—l—g<n—3—|-2)Kn_s—l_l)(m—Q ) _<m—3 >]}><
k TS - 1k k
-1 [—m n—s—m+I{+1 e VM NV ooyl-m—s—p+1 +/ M ayvp-1 _
SRS U T (1Ta ) Gar v o v+
n—s—1
1 [—2 p+s—1 [—3 p+s—2 »
+z%{g<m—2>< p+1 >_<m—2>< p >_Bl,m(5)}><
p:
I T o~ l—s—1 N\ ko
< o)+ 3 (0 ) GO e, (1)
p=1
where
5—3 5—3
[—p—4 n—p—2 B [—qg—141 p+s—qg—3
At (s z;(l—m—1><n—3—|—1>’ o 0<l—m—1>< I
p= 9=

The corresponding solution of eqn. (B.13) (s < m < n) differs from (B.14) only by the last
term which in this case is

[—s—1 k
€ml = {Alm + Z ( S ) (ga)l_m_p(nwn—s-l—p-l—l)

[—m—p
L G ) o -se 0 (0% ) = (0 oy
- mZ S T )

+”§1{%<nz—_22>(p;:l)_(nzl—_:;)(p+;—2>_Bﬁm(S)}x

—m k —m - Z_ —1 k —m—
G e 4+ 3 (20 ) GO ), (819
p=1
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The W transformation (n = n;) derived from eqn. (3.18) (3 < s <n —1) can be written in
a compact form as

k - k
577V+ = 622V+ — (58)621, 577‘/_ = Z 6llVVn—l-I—Z — €V — (58)617714_1,
[=s+1

“ k
0, W, = enV™ — 61,n+1v+ + (€22 — €un) W, + Z eaWn_i42 — 5862@4—1,
(=3

k
577T — 6n,s—l Wn—s—I—S —I' 6n,sVI/n—s—I—Q - 6n—l,n—l—l - §aen,n—l—17 (B16)

and

(a) n—s+2<qg<n
N ke
577Wq — 6n—q—|—2,1‘/ + Z(en—q—I—Q,l - 5l,n—q—|—26nn)Wn—l—|—2 — Cn—g+1,n+1 — §aen—q—|—2,n—|—1
(=2
(b) 2<qg<s or s<g<n—s+2

oWy = Py(s) + (en—gurm—gt2 — €an) Wy + Z g2, Wn—t42

l=n—q+3
k
€n—gtintl — §aﬁn—q+2,n+1 (B.17)
where
D tmsmgqi1 En—gt2iWatga,  for 2<q<s
Pyls) = { e - - o (B.18)
Doimg €n—qt2 Wty + €igi21V7, for s<qg<n-—s+

Taking into account the explicit form (B.10), (B.14) and (B.15) of €.,;’s we realize the
following simplifications:

= (121 koS (M) o) o

p=0

Cm,n(s) = Em,n+1 + §aem—|—1,n—|—1 =

SIUIEEY S GRS [CETRSTY (A B () B

n—m+1 k 2n—s—m+2 & n—s—r+l k n—m—s—r+27{,+ k r—1 -
X(=1)" T (=50) n+ > o (59) VGO V)]
r=1

e () ()

p=0

k —-m
—Blia st ($)H (=50 (1 Warspia) + Dona(s), (B.20)
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where
m n_S‘I’l n—s—
S (2T ) Garr ), mss
Dinn(s) = n— st (B.21)
E;;i ( m—s+p ) (%a)n_m_p—l—l(nwn—s-l-p-l-l)v m >s
Finally, we arrive at the Ws-transformations we seek,
— 1 n — k n—s k n—s -
v =t (L Vst oy v )
1 _n—s—l —|—3 _1 k n k . ~
v 3 (P ) R+ Y Wt (G0 V)
p=0 [=s+1
1 n ko esi1 " [+s—1
[+s—2Y, k &k n—l—1Y\, ko,
(T g e 3 oo ) g
n—I{—s
+s5—3 N
- (msfg )<—§a> LA E—)3
m=1
_k k (n—s+1) n+1
BT = ~(GONWimsss = (0 = 5+ DD = 3T (L )
X(_Ea)n—s-l—iﬁ _nil{n_]‘ p—I_S_]‘ —(n—l) p—I_S_Q
2 ! 2 p+1 p
+s5—=2 +s5s—1 k
s (T ) e (P et e
and 6,W,, is given by (B.16) with
n—s+1
k. n—1—1 ko,
=3 (MG ) o
n—I{—s
m+s—3 N
S (M) St
n—s+1 n _ ks 'k —pe koo _
=T (L ) UG D G Gy
i
1n_5_1 p+s—1 p+s—2 k _ ko
- o 12 p+i—2 e Voayl—s—1 ;
() (T e G e + (O

Substituting €,_4421from (B.8), €,_442, from (B.14) and (B.15) and € — €,,, and C,—g41,(5)
from (B.20) in the transformation laws (B.17) and (B.18) we derive the explicit form of the

ns transformation of the W, currents (2 < ¢ < n).
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