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ABSTRACT

The skin effect should be a neat tool for measuring fractal
dimensionalities of rough conductors. By assuming the well known
expression for the skin depth 6“1//3 (where w is the frequency
of the electromagnetic field), we obtain, for the alect@icaz ne-
sistance and for the electromagnetic powern dissipation, power-law
dependences (on the applied frequency) with anomafous exponents

directly related to relevant fractal dimensionalities.



An increasing number of physical properties 1is : nowadays
shown to be interpretable in terms of fractal coneeptslzl:l .
Indeed many real systems, prc::tcains[:2"?':| and porous caalBE4’5] a
mong several others, present, within appropriate ranges of the
control parameters, a fractal nature and are characterized by
fractal dimensionalities. As a matter of fact, since long,non
integer dimensionalities have been fruitful in Physics (e.q.,
Field Theoryl:sj, Critical Phenomena l:7], Percolation ’I‘t’ua\cu:'yts:l,r
Dynamical Systems |:9:|' etc).

There are physic¢al properties (e.g., spin relaxation Ié"ﬂ,
specific heat |:lo:l) which in principle depend on both geome-
trical and non geometrical quantities. For - example, within
certain range of temperatures (T), the spin~lattice relaxation
time T.l of some proteins is given|:2'3] by }./"r1 o Tn, | where
the non-integer exponent n contains purely geometrical informa
tion (the fractal dimensionality of the protein) as well as
non geometrical one (related to phonon dynamics, and also to
diffusion properties). There are other physical phenomena (e.
g., small-angbe X-ray scattering[:4'5:ll, from which the ex-
clusive extraction of purely geometrical quantities is possible
For example, the just mentioned scattered intensity is pro~
portional 1:5] tco a non-integer power of the (conveniently re
defined) wave-vector, the exponent being simply related to the
relevant fractal dimensionality of the system. This second type
of phenomena can be used as probes to measure geometrical quan
tities, whose direct determination (by structural inspection in
volving, for :Lnstanciie, the mathematical definition of fractal

dimensionalities) might be extremely hard, partially unreliable



or even untractable. We argue in the present paper that the use of the
skin effect should constitpte a fine (and unexpensive)} tool
for simple and quite direct determination of relevant {but
non trivial) dimensionalities of arbitrarily rough and ir-
regular substances provided they present a non neglectable e
lectrical conductivity (¢) at the appropriate range of fre-
quencies. The basic idea is clear and elementary: the skin
depth § being I:]‘l:l proportional to 1//u (v = frequency of the
electromagnetdc field), increasing frequencies will probe
. the "fractality" of the system at finer and finer levels, tlus:
providing relevant geometrical information.

We consider a (rough) conductor which, for simplicity, can
be thought to be roughly c¢ylinder-like (see Fig. l}. ks (frac
tal) longitudinal and transverse (perimeter) lengtﬁs will be
respectively denoted by £L and £T; the (fractal) area  they
support will be denoted by S. We assume an alternate electric¢

“potential (with voltage V and frequency w) to be applied be-
tween the two (equipotential} bases of the <ylinder. The cor

responding skin depth is given byl-llj.
8 e ]_/,/E {1)

where the proportionality factor depends upon electromagnetic properties
of the (homogeneous) substance. We denote by 8. Sy £,I6] the {fractal)
transverse area through which the current mainly flows (see
Fig. 1), and by v (v &~ 8§) the (fractal) volume it supports.
The lengths £L and £T are related to the corresponding frac-

1]

tal -dimensionalities through the following formulae

which we take as definitions of the characteristic parameters

d‘L' dT and dS:



— -1 |

a -1 =4{n I’_L/zn § (2)

hence

-

d, -1 =fn £o/8n & (3)

hence
L, = 1789771 (3")

and

d; -2 ={n §/fn gt (4)

hénce
S = l/ﬁds-2. (4")

In general it will be 1 s__dL,dT < 2 (the equality correspends
to smooth differentiable curves), and 2 < dg < 3 (the equality
corresponds to a swmooth differentiable surface).

Let us also note that BEj. (4') leads to

v oss s ds {5)

which recovers, through appropriate change of the characteris

tic length, Eq. {(4) of Ref. [5].

From Ohm's law it ¢omes the following expression for the

@lectrical resistance R



H4-

£2
R = gt (6)

'Eq. (6} immediately yieldsllz]

£42d, -d
R« 1/8 LS

(7)
where we have used Hgs. (2') and (4'). By taking into account
BEgq. (1), this relation can be rewritten as follows:

(L+2d_-d_.)/2
R = * L 8 - (8%

This relation reproduces the standard one 1] (R /w), cor-
responding to non fractal conductors, when 2d;,=d; (which is a
condition softer than the standard one 2c'1L=d.S =2,

If, instead of assuning a current flow experiment (measure of R),
#e are rather interested in the power dissipation P associated with the

substance located in the interior of a cavity where a constant

electromagnetic field density 45 madintained, we have, that
Peve s ds (9)

where we used Egq. (5); finally, by using Eq. (1},

This relation reproduces the standard ,-onel-ll:l (Px 1//0), cor

responding to non fractal conductors, when dS = 2,



-0

To sumarize, both the oramhs 2R vs. &ng and £nP vs. fre are’ ex
pected to exhibit straight lines, with non-integer slopes respec-
tively given by (1 +ZdL-dS)/2 and (ds-33/2. Consequently
these experiments should constituteg a simple way for un-
ambigously determining dL and ds' A situation which frequen-
tly appears in nature is that of an isotropic fractal, in which

case it is expected d'r= dL= ds-l (see Refs. [1,13]), and con-

sequently
dLIZ
R« w (11)
and
dL—Z
2
Py (12)

in such situation a singfe experiment is already sufficient

to characterize the fractal.

Real substances are obviousiy nét expectza to present a
fractal behavior "all the way iong" (i.e., for all frequencies,
in our case). Consegquently an actual experiment, say a resis—
tance measurement, should in principle provide several re-
gimes, making crossovers from one into the other at appropriate
frequencies. There will always be a Low #requence regdme, corre-
sponding to G_CGmparable to {or larger than) the linear sizes of the sam
ple (hence R almost. independent from w), and also a high §requency
negime, corresponding to the break-down of condition w<< g/¢
(e = dielectric constant), necess‘.an:yD'l:| for the validity of

Eq. (1) (1f w > o/¢, the frequency dependence of the polarizabi



b

lity of the substance starts to play an important and non
trivial role). In between those two regimes, +the  conductor
may exhibit one or more fractal and/or standard regimes, cor-
reponding to scales of § within which the surface of the con-
ductor is seen as "rough" or say "smooth". In Fig. 2 we have

illustrated these concepts by assuming in the intermediate

frequency region, one fractal regime (slope (l%ZdL-ds)/Zdig

ferent from 1/2), followed by a standard one (slope 1/2).

This skin effect technique can for example be applied to frac
ture surfaces of metals. In particular it could be tested in those
whose fractal dimensions were already studied by other means[13].

We acknowledge interesting discussions with A.F. Craievich;
one of us (C.T.) also acknowledges J.A.M. Moreira and L.S. Iucena
for calling his attention to a beautiful brazilian dendrite, which

acted as an inspiring prototype.
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It must be pointed out that not only the xnesofved volume Vv
contributes to the dissipated power, but the whofe skin vol
ume up to a depth §. However, as long as electric field in-
homogeneities at the surface irregularities do not mask the
purely geometric effect considered here (as it has been as-
sumed throughout), the contribution to dissipation of the
difference between the whole and the resolved volumes is
small and has the same freguency dependence than the latter.
As an example we considered the Koch snowflake of fractal di-
mension df=£n4/£n3 with main triangle of side £. For a re-
solution length §, identifigddwith the skin depth, the re
£.°7

solved cross section is 3£ 6§ £ while the whole skin cross

df 2—df
section up to a depth § is 3(1+/3/20)& ¢ .
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CAPTION FOR FIGURES

Fig. 1 ~ Cylinder~like conducting sample with fractal external
sur face; £T refers to the perimeter. The alternate
voltage is applied between the twe (equipctentrfal) bases.
The indicated skin depth § is out if scale (too large) if
assumed to be appropriate for probing the "fractality"
of the illustrated "rough" surface.

Fig. 2 - Fossible result for a resistance measurement of a con
dueting rough sample, exhibiting a fractal regime
(slope >1/2) which crosses over to a standard cne (slope 1/2).-
w, (RO) is a reference frequencf (resistance) adapted

to the particular sample.
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