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Sudgwary: It is shown, that the emission process oi a photon
auring the transition c¢i an a%om betwzen two quantuc states can te
acscrited in closed toim by a superpositicii or stationary states of
the total systzii, consisting ox the atom coupled by the interaction
to the systouw ol tield oscillators. In this treatuent all physical
quantities involved remain rinite and no il.propsr, quadratically non-
integratle functions occur, The theory leads only in rirst approxima-
tion to the expression of the older theory and reveals uore details,
which becowe ol soae i.dportance in the lumediate neighborhood of reso-
nance., ~

1. Introduction; It is.well known that tae classical expres-
sion Tor the euission oi & wive train by an electric oscillation, giv-
en ty Lertz' solution

Z = %oextii(‘éo-éa‘){“ﬁt)} , reek (")

has no propei spectruu, i.,e., it cannot te represented Ly an ordinary
Fourier integral. The ilutegral, which represents (1) in womentum
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space is essentially a comp]ex integzral
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the path or which has to ke appropriately chosen. Any couplex path
of integration implies, however, couplex frequencies and thererore,
cannot be 1ntero;eted in terms or a spectral analysis by means of any
spectral apparatus. I we try to interpret (2) along the real axis
of k, we are led to define 1/(k - k) ty a guadratically non- integra-
ble iwmproper function, the Schwartz' distritution

Hik-k) = 2078 (k=T = xR+ PLK)

(P = principal value)., The difficulty arising in (2) and (3) derives
from the ract that we cannot attribute a iinite probability to any
configuration oir photons oif given wavelength k and irequency X..

We have concluded rwrouw this vact, in'an earlier paper 1 that
only the external parts of (3) can correspond to physical reality,
while the parts close to the singularity have to be modiiied bty a iiore
aetailed treatuwent of the involved physical protlei, '

W/e shall show, in what follows, that it is sufiicient for our
purpose, to coinsider a iilnite systein in which a wmechanical oscillator,
represented ty two stutes only, is coupled to a finite set of discreet
electric dipole vikrations in an appropriately chosen cavity of tfinite
' size with perfectly reilecting walls. We neglect, in this treatment,
waves of very high rrequency, virtual transitions to higher states of
the mechanical system and all coniigurations in which more than one
photon are present simultaneously, We suppose that all these omitted
coniigurations-do not appreciatly inrluence the emission process if
we restrict ourselves to the weak coupllng case only.

2. The coupled system. e shall denote bty k, the unperturted
Srequency ox our mechanical oscillator and by ¢, its probability ampli-
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tude in the excited state (oscillator excited, no photon present) and
by
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the unperturked irequencies and probability amplitudes or the iield
stetes (oscillator in ground state, one photon present).

Tstatlishing an intewvaction between the mechanical oscillator
and each individual electromagnetic viktration, the unperturbed frequency
spectrum of the total system will tecome shifted and the ney frequency
spectrum becomes
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To 2ach value E{ telongs a normal viktration of the total system, a
collective motion in which, in general, toth the mechanicsl oscillator
and all considered electromagnetic vibrations will participate,

The & -th norumal vibration will te determined ty the set of
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The{%ekeﬂxxﬁKkorepresent the coupling»constants (matrix elements)
of our system, I'or the moment they only have to satisfy the require-
ment of forming a hermitian ametrix. ‘
The simple structure or (4) facilitates greatly the discussioa.
We conclude immediately irow (4):
a8e The probability amplitudes<c€ satis{y both the orthogona-
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and the cowplet2ness relations

.@*CP “"8 | | )
ir these quantities ars norwalized in the usual way to unity,
b. for the perturbed irequencies Eethe Tollowing relation holds

k. —_ke F 0 dor k=1, 2 see3 €= 0, 1L «aus (7)

According to (7) no crossing or the eigenvalues is possible, whatever
may be the strength of the coupling coastants, In other words,

@e-’ <QP<@' | <))
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3. The initial conditions. e consider, now, the tiwe depen-
dent probability amplitudes

Ck(t) = CK'QX}TeiQe'Ct) (9)
Instead of considering the single normal vitrations of the system to
which (9) reifers, we can consider "wave packets", 1.e., superpositions
of normal vibrations, to which uwos2 envolved time dependence corree
spondse ,This can be done by weans of an arkitrary unitary transfor-

mation sff , B
s, c b

) =D, 0 o)
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which descrites the tiwe developuent orf the probability amplitude of
the l-th state in the r-th "wave packet'. Choosing the unitary trans-
tormation br appropriately, we can assure, ior t = O, any given ini-
tial coniiguration.
If we cnoose, in particular,
S =¢, (11)
f

we find according to (9), (10) and (6)

| D (t) = Z cg.*cp,exf (-Jié Cé) (12)
Mk b r @ K -

P, (0} = ém | (13)
The unitery transiormation (11)'transforms, therefore, for t = 0, the
uncoupled individual vibrations to principal axis, ‘
In particular, de(o) =éek descrices the state, in which ini-
tially only the excited mechanicel oscillator is present and no pho-
tons exist in the field, Doo(t) descrike’s, thererore, the damping of

the excited oscillator state, while
Dty , kAQ

~describes the emission of the Iield. ‘ ,
Expressions (12) can, zor r = 0, »till be consideratly simpli-
fied, Replacing in (5) for L the values which we find from (4),
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we obtain
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frow (12), with (14) end (15), we rind ror the quantities in which we
are interested '
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bﬁo(b)wf_{ﬂ}_—_ S } exp (- Ct) (16)
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L. An aprroximate solution of (16). The relations (16) and
(17) reduce thc solution of our probklem to the determination of the
shiifted frequencies
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in terws of the unshifted frequencies and the coupling constants, as
‘roots of the determinant oi equations (4). This problem cannot te
solved in all generality, ile can, however, draw a iew general couclu-
sioas from (16) and (17).

Due to the reflecting walls oi our cavity or finite size, D, (%)
will ke a complicated function oi time, Even if the irequency levels
of the eipty cavity are equidistant, as we shall assuine further on,

(16) does not represent a periodic runction, due to the level shift
introduced by the atom, but rather a quasiperiodic phenowenon, Ii we
choose, however, the dimensions oI the cavity large compared to the
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coherence length oi the emitted wave train, we obtain conditions vhich
approximate, dauring a certain time, the aperiodic emission in free
space, The case oi an atom radiating in i ree space is determined bty
(16) a- a limiting process, letting our vinite cavity tecome inrinitely
larger in all directions, This limiting process is, however, though
uniquely determined by our procedure, a rather envolved ope.ation,

The difviculties encountered by pievious theories were due to the fact
that, considering only the limiting case or free space, they tried to
determine the limiting value by gzuessing rather than ty physical con-
siderations,

We shall now assuwe a spherical cavity or radius R, large
compared to the coherence wave length L. Then the unshllted {requen-
cies will be equidistant,

I‘;'r - kr-l = Ak =’;£
and we shall assume the mechanical oscillator placed at the center of
our sphere,

In order to find an approximate solution of the eigenvalue
problem, we ask first whether or not we can restrict the e-th vitra-
tion to two states only, one state or  the xield and the state of the
excited mechanical oscillator, i.e, Cp and Cg. In this case, we

rind immediateTy Irom (4) — ' ]
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However, terlore adopting (19), we have to make sure that in this case
the neighbtoring irequencies kg + 19 ao not contribute appreciably to
the collective motion. This is the case only, ix

ﬁe-ﬂ? « AV( - - (20)

Condition (20) can always Le assured, even in the limit R—% o, at
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sufriciently large distance from resonance

&E- ﬁo o7 I(XOQ 12//_\& 2V (21)

Theirs exists, however, & douain -
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which determines the region of the natural line breadth,

In the resonance domain (22) the stationary vibrations oi the
total system are found to be collective, but this collective motion
does not affect the total dowmain oi the line breadth, but only a small
fraction of it, In this case we have

EP— ?ﬂa ~ 'L\& (23)

Wwe Iind a rirst approximation of (16), ii we forget for a mo-
ment about the resonance region (22) and introduce in (16) the asyapto-
tic value (19). ieglecting small tervms, we find

2 ~ikpct)
. ‘.‘«)%’ | &Ko el exp (-1 Ry
v c( . ? (af" &o)z“‘ O(t“oetZ/Aﬂl)
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0(1xap)2/n k)=
and assuwing that in a sufficiently wide region of the spectrum the
¥p @0 not depend on ¢, Yp = , we find in the limit R—w with
& -——)ke the ususl result of the older theories
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and, according to to (18), t>o.

(24)

Putting
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It would te or coinsidercile interest to find a rigorous solu-
tion of (16), which as we shall see later, will have a morz couplex
structure than (25), but, so rar, I have not succeeded in solving
this protlem.

5. The associasted field. It is well Xnown that quantua theory
does not permit one to attribute to a quantua transition a finite, okb-
servable field. Only the quadratic expressions or the radiated iield,
such as energy and mowentum are observables. ilevertheless we can, at
least in the most iwportant case in which only one photon is present
in the vield, introduce a corresponding classical field, which shall
be called here the associated rield, which is userul because it gives
a direct though not compietely rigorous picture or the space-time de-
velopment ox the quantum field. The associated field is deiined in
such a way that acting on an atow {test tody), it produces the same
matrix eleuments and efiects as the non-aiagonal quantum field*.

In order to comstruct, in our case, the associated field, we
consider, in a sphere of sufriciently large radius R, the proper vi-
brations oi the free field, limdting our attention, ror our purpose,
to electric dipole vibrations only, say in the z-direction, given by
their respective Hevrtz vectors

‘ () -
_ she  Senkyr 5.1 32 ét)

N owp — EAT ‘ (27)
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This is normalized (asyuptotically, i..y, for a sufiiciently large
sphere) in order to represent one photon of energy kk-ll/ZW, and

* Simce the concept o the associsted field does not eppear in the literature snd
seems not to be commonly known, it shall be discussed in more detoil st snother
oppertunity. To +the preseut suthor it beceme known during discussions end ccmmon
work with J. A, Baleeirc, several yeers ago; -
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vanishes .or r = 1. :
The coupling constents ox (4) becowe in this case, vor a har-
monic wmechanical oscillator oi irequency k,

{ O
’XOK:”(KKQ':‘\,%'E'Q(OP(K (23)

where a = eZ / mc:2 is the classical electron redius. They have a
simple physical weaning and represent the .'ourier coefiicients o. the
electric mowent distritution in the emitting mechanical systenm during
the quantua transition.
We define, now, th

(0]

xield associated with our emission process

o — b 1
Caes L T’f( Zok - (29)
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(30)

The physical wecaning oi (30) is iumediately clear: it represents for
the r-th wave packet, the intensity with which the k-th vitration of
the free tield contributes to the E’-th proper vibkration of the sys-
tem, with the coamwon frequency'EB :

The factor kk,/iie in (29) is due to the fuct that we have
to consider not the Herty vectors, but rather the potentials oi the
difzerent free vibretions to be additive. In our case (rlé 0) we can
use with good approximation '

e _ /
ty / Ep = I/ (k= 1Y)
as long as we deal with couditions which do not difier sensitly xrom
the classical value (2). Q*
The coeriicients of (30), Cr%'(ﬁg are the protcbility awmpli-
tudes ror finding the k-th photon with the e -th irequency. It fol-~
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lows immédiately irow our construction,; that these coeisicients are
square integrable, The value oif the square integr«l or the coeiiicients
of (29) is smaller than unity, btecause it does not comtain the con-
iiguration in which the mechanical syotem is excited and no field is
present. The square integrakility o:r the coeriicients assures that
the spectrum oi (29) is a proper spectruim, contrary to the spectrua
or (2). This proves, at the same tiuwe, that the classical eapression
(1) cannot be correct «nd diiiers rroam (29).,

Je shall now examine in wor? detail the associated field (29),
Making use of relations (30), (27), (iL) and (15) we find

Zoss =S ko ‘S" V<0t' v Viro ! 3/2
> ~ 2 P(g(‘ \ke P /\ \ 2.7"/
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The doutle sum (31) corresponds closely to the doutle iutegral

(31)

¥

(2), without containing, howevei, any divergent terum,

We mention here, without giving the proof explicitly, that the
associate field (31) obeys Maxwellis equations for rree space, 0.t~
side the charge and current distributions ot the ewmitting atoms 2.

We shall show now that in the approximation given in Wo L ,(31)
leads beck to the classical e.pression (1). Using (26), the summation
over e'.can imwoaiately be carwvied through and leeads to

2=y Mk | 3he L Sin %K(
T kRN 2T R R

Aoith-crict - expeike )

(32)
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which, trenstormed into an integral, is essentially equivalent to (l},
It is more instructive, however, to carry out, in (31) iirst
the summation over K , observing (23) ‘
r\l%ca& , Posinl,Y
o 41TT122' a ‘&E &: §L;’f§ v
This suwmuation correspond:'to the integration over the distribution
(3) in (2), otavting from the ldentity

: siné(r—R) .5 ;§_§ P! smﬁ o -
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which can easily be verified by Rouries developaent, we obtain, omit-
ting the neyzligible second term on the right hand side oi (33) .

Z L 5m£ }’~ Smlp (r—R}
R ‘ -0 ¥ = - .SH\@
K¥0 Ké’ glx ‘ ¢
This difsers esseantially from the result which we would ottain by

using the distribution (3) or any part oi it. The main difference
consists in the appearance or the phase |

8@ *EQR"—: i’(ie"aq)-&

which does not appear in the distribution (3) and which tends to a
tinite value, even in the limit R— w0, '
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(34)

6. The riporous treatment of the problem of field propagation.

We shall now turn back to the rigorous formulation of our
theory. The inconsistencies, which we have found in N9 5 are essen-
tially due to aﬁ inconsistency in the underlying assumptions, In or-
der to cowpare our theory with pravious ones, we had necessarily to
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refer to classical field concepts, outside or their proper domain of
applicability. e have seen how the emission process depends on the
coupling between the source and the rield, What we have omitted in
constructing our associated field is the fact, that the same mechanism
which determines the cucitation or the ileld by the source, is o¢ssen=
tial also, as soon as we want to observe the ecwitted field by means
of a real test body, i.c., by a second oscillator or atoi,

In order to obtain a consistent treatwent oi the iundamental
problem of field propagation in space and tiwe, we have, thereiore,
to couple the iield vibrations with two mechanical oscillators, placed
at a certain distance ifrom each other, the one excited (source) and the
other in the ground state (test body). In order to describe this ini-
tial conriguration, we have to drtermine rirst, as in Wv 2, the proper
vibrations ol the total coupled system and to construct arterwards,
a weve packet, which represents the initial coniiguration, The time
developuent ol this wave packet determines, then, what is accessible
to observation, i.e., the excitation in tiwe or the test btody, as a
~rzunction oi time and the relative distance between source and test
body. Finer details oi .the protlem of field propagation cen be obe-
tain2d only in this way. We can alrecady see Irom our previous consider -
ations, that these details will be difiewvent rrom the ones given by
classical theory and cannot be expressed any longer by meaens oi the
usual classical concepts,

The detailed study of these problems requires, however, the de-
velopment or new mathematical methods and shall not be attempted in
the present paper, ' '

7. Conclusions. We have seen atove, that quantum theory per-
mits us to formulate the protlem oX the emission process during a so-
called quantum transition in an unambiguous way which leads only in
rirst approximation to the classical expressions. So far, we have not
been able to obtain explicit expressions for the higher approximations
and new methods will have to be developed in order to solve equation
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(16) snd the corresponding protlem oi HO 6.

5t111, we can already conclude that the classical exXpressions
(1) and_(Z) caninot b2 valid rigorously. The iield ewitted during a
quantun transition can certainly not ke represeanted by 4 single poie
in the couwplex plane, These cxist, thereiore, in the dowain o:r the
natural line breadth, new and observable physical phenowena, which
are not accounted for by classical theory, One phenomenon in this
sense was okserved several years ago 5 and has, as a matter or fact,
conduced to the pr:xsent theory., It is not impossible that the pheno-
menon observed by Lennuier will be found included in the higher order
approximations oir the present theory, It would be desirable %=a% this
phenomenon be veriiied ty other, independént experiments.

from the rormal point of view, a wain result of the present
theory is that it shows at lsast in one easily accessible special case,
that there is no room in physics ror luproper Ifunctions or distribu-
tions. Quantuw clectrodynauwics uses impropewr runctions as 2ssential.
elementss They will have to ke m»ewoved onc hy one, using physical argu-
ments for :iinding the corresponding vinite expressions. The present
'theory inay be helpiul in cther cases for rinding/these expressions,

The most laportant conclusion or the present theory, however, is
the fact that a quantua theory oi energy transfer hHetween distant sys-
teils has to revise even the aipparently siwple proklew of field propaga-
tion in space and time, beyond the liwmits of classical concepts,

1 6. R. 236, 465 (1953).

2 Strictly spcaking the.nbovo stctement %5 volid only opproximeotely, neglocting
terms of the order of ‘the contribution of negstive froquon0¢os, Sec: G. Beek
Ciencie o Inveatigogion, 6, 573 (1950). : ‘

> Re Lennuier, Ann, de Phys. 2, 233 (1947).



