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ABSTRACT

Exact solutions of the Dirac equations are given for an anisotropic Bianchi V' Iy back-
ground. The direction of propagation of the spinor obeys the geometrical symmetries of
the cosmological model.
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I. Introduction

Recently, there is an increasing interest to study the propagation of neutrinos and
particles of spin 1/2 in curved spacetime. The most studied cosmological background is
the Robertson-Walker one. This is natural since they are the simplest models that explain
a large amount of astronomical datal. We can refer to Parker?, Isham & Nelson®, Ford?,
Audretsch & Schafer®, Kovalyov & Légare®, Barut & Duru” and Villalba & Percoco®.

The interest to study the Klein-Gordon and Dirac equations in anisotropic models
has increased since Hu & Parker'® have shown that the creation of scalar particles in
anisotropic backgrounds can dissipate the anisotropy as the Universe expands.

Although the Universe seems homogeneous and isotropic at present, there are no
observational data guaranteeing the isotropy in the era prior to the recombination. In
fact, there are theoretical arguments that sustain the existence of an anisotropic phase
that approaches an isotropic one?.

Chimento and Mollerach!! have studied the Dirac equations in anisotropic Bianchi /
models (see also Srivastava'?). They posed the problem that, for each value of momentum,
there are only two independent solutions of the Dirac equations. Castagnino et al'® solved
this problem by showing that it is a consequence of the Ansatz the authors have chosen
for the Dirac spinor.

On an other hand, Castagnino et al™ claimed to have proved that there are no solu-
tions of the Dirac equations with one null component for all times in anisotropic metrics.
However, their proof is also based in a particular Ansatz. In the present paper, we give
a counter example of this statment by taking a particular choice of the direction of the
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momentum in a metric similar to the one used by these authors. The same procedure can
be applied to their metric.

The background used in this paper is a Bianchi type V' Iy model, which has been widely
studied from the cosmological point of view. We integrate the Dirac equations for a spinor
propagating in a special direction of the spacetime!?, which allows a simple separation of
variables due to the symmetries of the Bianchi type V Iy model.

In section 2, we establish the Dirac equations with the spinor obeying the Ansatz
(11). In section 3, we present the solutions when m = 0 and, in section 4, we present the
solutions when m # 0. We use the Dirac representation for the v matrices

II. The Dirac Equations

We will study the Dirac equations in a spacetime with the line element given by

t? dy2 621’
2 g2 2 _ 2
ds” = di” — (m _ n)? dx t2(m—|—n)62x t2(m—|—n) d=". (1)

There is a wide class of solutions of the Einstein equations using this metric. Ellis &
MacCallum® have found dust solutions and Collins'® has found perfect fluid solutions
with the equation of state p = (v — 1)u. Dunn & Tupper!” have found exact solutions of
the Finstein-Maxwell equations for fluid matter and electromagnetic field with sources,
admitting a spacelike 4-current with positive electrical conductivity.
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We choose a tetrad basis of 1-forms o%(a = 0,1,2,3), given by

o’ = dt
td
0'1 = <
m —n
dy
2
g - tm—l—nel’ (2)
Td
0'3 = €@ .
tm—l—n

In this basis, the line element is given by

ds* = nyo’o’ (3)
where 74, = diag(+, —, —, —).
The Dirac equations in curved spacetime!®!? are
(v*h* 0, — ATy +iM)¥ =0, (4)

where h*, establish the connection between tetrad indices (Latin indices) and world indices
(Greek indices). The components h*, are obtained from

da" = h", 0" . (5)

The matrices 4 are the Dirac matrices of Minkowski spacetime. I', are given by the
relation:

1
Fa - _1 Fbca’yb’yc + huaa;m (6)

where a, is a vector which we assume equal zero (the spinor has no charge). I'y., are the
Ricci rotation coefficients defined by

do* =T1%. " No® | (7)
and antisymmetric in the first 2 indices: I'ype = —'pqe. For the line element (1), the Ricci
coefficients are given by

1
Loin = 7
m-+n
Loz = loza=— ; (8)
m-—n
L2 = =Tz =—
1
From egs. (6) and (8), we obtain
u m4+n—1/2
Ve = ———— o (9)
The Dirac equations (4) turn out to be:
— et 1/2—m—
(&5 £ a0 4 1D, — 0%, YV2zmzn, ino) =0, (10)
el’
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and it can be solved by separation of variables if we impose the following form for the

solutions

v eiklxtm—l—n—l/Q fI
1) =/ m — -
HE )= V= T (fn) ’

where f; and f;; are two-component spinors that depend on ¢ only. In this case, eq.

reduces to

om0 (1) 0

which has no dependence on space variables. This equation is equivalent to

Oy +iM 0 0  talrem f
0 O 4iM Hlmmmlg f2
0 b og im0 /3
e 0 d—iM /) \fi
The components f; and f; obey the differential equation
1 iM ki m —n)?
(a§+; at+M2+7+%) (f12) =0

and the components f; and f; are given by
it

ki(m —n)

ITII. The Neutrino Solutions

For M =0, eq. (14) reduces to

1 ki(m — n)?

fasz = (O + M) f12

The solutions are given

f —a eikl(m—n)lnt 4 b e—ikl(m—n)lnt 7

where @ and b are constants.
The four independent normalized solutions of the form (11) are

e:l:ikl (m—n)Int

' — eiklxtm—n—l/Q 0

+ _
V= (27)3/2 0
_ezl:ikl (m—n)Int
0
n \/m eikll’tm-lﬂ%—l/? e:l:ikl(m—n) Int
\112 = (27‘_)3/2 eEiki(m—n)Int

0

(11)
(10)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)
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IV. The case M # 0

For M # 0, eq. (14) can be written as

M E 4k (m —n)?
(93+M2+Z7+4+ im ”))Mfm):o. (20)
With the change of variable n = £2i M1, eq. (2) is equivalent to the Whittaker differential
equation?®
1 1 L4 kim—n)?
2 1 —
(an s o + 4 . (Vt fi2)=0. (21)

Therefore, the two independent solutions are

1
ffzzﬁ

Using (2) and the identities of the first derivative of the Whittaker function®, we obtain

Wiet ity (mony (£20M1) (22)

(thky(m — n))il
Vit

The four independent normalized solutions of the form (11) are

fis = W, (£20M1) . (23)

:F%,ikl (m—n

WLt ik, (m—ny) (£20M1)

A:I:\/m tm—l—n—leiklx 0
+ _
Vi = (27 )32 0 (24)
(ikl(m - n))ilw[q:;ikl (m_n)](:tQth)
0
\I}i _ Ai‘ /TN — N tm+n—1elk11’ W[iéyikl (m_n)](j:QlMt) (25)
’ (27‘—)3/2 (Zkl(m - n))il W[:F%ﬂﬁ (m_n)](ﬂ:QlMt)
0

where AT = 1/v/2iM and A~ = iky(m — n)//—2tM. The asymptotic form of (24) and
(25) for large times is

c—iMt
. Jm—m et 0
Ur = (27r)3/2 0 (26)
iklzz’TJr\Zn e~
tki(m—n) M
1 - 122'Mt '
gy = Ymon TR 0 27)
L (27)3/2 0 '
ciM1
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_ 5 _
0
ot _ \/m tm+n—;— ik e—iMt -
N PR thfnon) i .
0
0
— \/m tm—l—n—;— eikll’ _ik12i7]nw—tn eth
2 (27_‘_)3/2 eth (29)
0
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