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ABSTRACT

The classical dynamics of two interacting particles of equal mass and equal or opposite
charge, moving in a plane and a perpendicular magnetic field, is discussed. The simplest
trajectories are similar to those of a single particle in the presence of crossed electric
and magnetic fields (Hall configuration). Such motion occurs over a ribbon that may be
straight (for opposite charges), or bent into a circle (for identical particles).
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I Introduction

Since the discovery of the Quantum Hall Effect there has been much interest in under-
standing the dynamics of electrons confined to move in two dimensions in the presence of
a magnetic field perpendicular to the plane of motion[l]. The confinement is possible at
the interface between two materials, typically a semiconductor and an insulator such as
GaAs and AlGaAs, where a quantum well that traps the particles is formed, forbidding
their motion in the direction perpendicular to the plane of the interface at low energies.
The integral Quantum Hall Effect has been explained using a free electron model while a
proper treatment of the fractional effect requires that the electron-electron interaction be
included[2]. The interacting quantum problem has been treated in the Hartree-Fock]3, 4]
and variational[5, 6] approximations, as well as with numerical methods[7]. It is a difficult
many body problem for which further understanding than that provided by the approx-
imate treatments is needed. The simplest case, that of just two interacting particles in
an additional confining parabolic potential has been treated by Taut[8]. He found exact
analytical solutions for a selected values of the magnetic field. Why other values do not
lend themselves for such solutions is unclear.

In this paper we present a complete solution of the classical two-body problem ignoring
radiation and relativistic effects. Our purpose is to provide information on the trajectories
in order to guide further efforts in the understanding of the quantum effects. Also, there
have been recent experiments involving interesting effects such as the Weiss oscillations[9],
in which electrons behave semiclassically. Although these effects may be explained using
non interacting electrons it is possible that the interaction becomes relevant in the limit
of very dilute electron systems, as is the case in the fractional Quantum Hall effect (low
filling fraction).

In Sec. II we study the case of two identical particles. The problem is separable in
center of mass and relative coordinates. The center of mass moves as a free particle in
the magnetic field, of twice the charge and mass as each constituent of the pair. The
Coulomb repulsion affects the relative motion. We find that this motion is similar to that
of a single particle in crossed electric and magnetic fields (Hall configuration), only that
the rectilinear strip in which this latter motion takes place is bent into a circle (Corbino
geometry). In Section III we discuss the case of two particles of the same mass and
opposite charge. The problem is non-separable, yet becomes one dimensional in a special
case for which we find solutions also similar to those in the Hall configuration over a
rectilinear strip.

IT Identical particles

We consider two identical particles of mass m and charge e in a uniform magnetic field
B. We are interested in the motion over a plane perpendicular to the magnetic field. The
particles interact with the field, and with each other through the Coulomb repulsion. The

dynamics is derived from the lagrangian
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Here 7 (%) is the position vector of particle 1 (2), %Y(r) is the vector potential, and
V(r) = e*/enr, where €, is the dielectric constant of the medium in which the particles
move. The problem is separable if center of mass (CM) and relative coordinates are used.
Let R = (71 + 72)/2 denote the position of the CM R = (r1 +72)/2, and 7 = 75 — 1}
denote the relative position vector. In the symmetric gauge %Y(F) = %é X T we obtain

L= L., + L., where
16

. . 1 . . .
Lem (R, R 0, 0cr) = §M(R2 + R0 ) + §—BR20cm (2)
¢
describes the dynamics of the CM, and
: ) Lo 242 Lq o
Lrel(ra r, 07’6[7 07“61) - §ﬂ(r +r 0761) + §EBT 07’6[ - qQ/ﬁmT (3)

describes the relative motion, all in polar coordinates. From these lagrangians we see that
the CM motion is that of a single particle with charge () = 2e and mass M = 2m in the
presence of a magnetic field B. Tt describes a circle with an angular frequency f = —We,
with w. = eB/mec the cyclotron frequency. The relative motion is in turn that of a particle
with charge ¢ = ¢/2 and mass ¢ = m/2 in the presence of an external magnetic field, and
the electric field produced by a charge () = 2e fixed at the origin.

We will use the dimensionless notation ¢ = R/(p, £ = (d¢/dt)|we, p=r/lp, p=
(dp/dt)/w,., where (5 = (mc?/B?*)'/3 is the the natural classical length scale and w, =
eB/mc is the cyclotron frequency. As units of energy and angular momentum we use
E, = €*/lg and P, = mw.(%, respectively. The lagrangians (2) and (3) do not contain
the azimutal angle. The conjugate momenta

cm écm 1
bg = 252( w + 5) (4)

re 1 érel 1
et = 592( —+3) (5)
are therefore constants of motion. The energies associated with the classical motion are
on =+ (B g )

4 ¢
L., pifl L 1

rel = 7~ - R 7
=+ (= P s )

The form of €., and €, differ by the presence of a Coulomb term in €., making the
relative and CM motion very different.

Integrating Eq.(6) with the aid of Eq.(4) we obtain for the radial coordinate of the
CM, the equation
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€2 — 284/ eom + 5™ cos(fem — o) + pg" =0, (8)

where 0, is a constant of integration. Equation (8) represents a circle of radius /e,
centered at £, = /€ + p§™, so that €., defines the orbit radius while p§” fixes the
position of its center.

The integral of motion for the relative coordinate is obtained from Eqs.(5) and (7).

We get,
rel
P dp'(Le— — Ly
Aerel:4/ P(p 4/)) .
p< /=gt + (16¢ + 8p;) 2 — 160/ /€, — L6}

Here po < p < ps, where ps and p. are the extreme values of the relative coordinate
of the orbit. They are determined by the two real and non-negative solutions of Eq.(7)

(9)

under the condition p = 0. The other two solutions are cy (see Appendix Al). In terms
of these constants we can rewrite Eq.(9) in the form

_ C+—p< rel 4
Abra(p) = 2=2=aes (20" TN (p), 152, 0) + THN(p), 1, )

+2¢<p>—c+l><p<—c_>(2p9 — ) F(AMp), ), (10)

where F'(a,b) and l(a,b,c) are elliptic integrals of the first and third kind, respectively,

and
Alp) = arcsin %, (11)
)= . (12)
_ (p>=p<)(ct—c-)
= (e —ct)pe—c)” (13)

The classical motion of the pair is the composition of the circular CM motion and the
relative motion. The latter is in general non-circular and is not necessarily periodic. A
simplifying property common to pairs of particles of equal mass is however that in the
CM system both particles describe identical orbits with a phase difference of 7.

The simplest possible classical orbit one can obtain for this system is the circle. It
corresponds to a situation in which the Lorentz force and Coulomb repulsion combine to
exactly produce the centripetal acceleration necessary to maintain a circular motion. The
condition is

v? 1
2—=wv— =
P Emp

where v = p|9T€1|/2wc is the dimensionless constant speed of each particle. If the CM is at

(14)

rest the motion in truly circular in the laboratory frame, while only the relative motion
is circular if the CM moves. The constant relative distance may be obtained from our
formalism by noting that Eq. (7) is the sum of a kinetic energy term and the effective
potential
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Vers(p) = ( p —Zp) +—. (15)

Emp

This potential has a minimum at which the relative motion is circular. Setting the deriva-
tive to zero one then obtains Eq. (14) with the aid of Eq. (5). One also obtains for the

distance between the particles,
/ 1
Pm = U+ J02+ —. (16)
€m¥

In ordinary units the radius of the circle is then R, = p,,{p/2. With the aid of Egs. (5)
and (16) one obtains for the frequency of the circular motion in terms of the parameter

Pms

1 1 1 rel
0 —5 13 8o P >0
== % ”l =0 (17)
We 1 1 1 Tel

—77 3 8o P <0

The role of pi? is clear in the non-interacting limit for which there is relative motion
between the particles if p;' < 0 only. Then the center of mass and the particles themselves
describe concentric circles with the same angular frequency —w. and radii /c.,, and
V/€em £ pm /2, respectively. This is shown in Fig. 1(a). When p; > 0 in the same limit
there is no relative motion and the particles and the center of mass describe circles of
the same radius, if they move at all, their centers aligned and a distance p,, /2 appart, as
shown in Fig. 1(b). When the interaction is turned on the motion is more complex. An

vl = 1. The frequency of the small oscillations

example is shown in Fig. 1(c), drawn for pj
about the circular motion is easily obtained and we get w, = 21/1/¢€,,p3 .

The equations of motion are greatly simplified when p;* = 0. The trajectory in the
CM frame is a circular orbit of radius p,, = 2/¢!/? )
CM moves with angular frequency —w. then the frequencies are commensurate and the
orbits are closed. Figure 1(¢) shows the case in which the CM is at rest, and is just a

circle with the particles moving in diametrally opposite points. If the CM is moving then

and frequency 6,.; = —w./2. Since the

one has a situation as shown in Fig. 1(d), obtained by giving the same initial velocity to
both particles.

When the motion is such that the distance between the particles is not constant one
has, always for p;* = 0, that the general integral of motion Eq. (9) is reduced to

2 — — 2, 2
AG = — p< 1 (aresin | 20 =P<) P> =p< | P22 = p<® ) (18)
p>(2ps + p<) plp> —p<) P> p>(2p> + p<)
where II(a, b, ¢) is the elliptic integral of the third kind,
pPc = %(\/gsimg —cos §), (19)

ps = 84/ 25561 cos 3, (20)



-5 - CBPF-NF-013/95

and cosa = —(24/3/2¢,¢1)/€m, with /2 < o < 7.

A general statement about the motion is that it is confined in spite of the Coulomb
repulsion. This may be seen by noting that the effective potential (15) diverges both at
the origin and in the limit p — oo, at the separation (16). Confinement is provided by
the magnetic field.

A special point in the relative motion is the separation at which the parenthesis in

rel

Eq.(15) vanishes, that is, at p, = 2@. Then, the potential is just the Coulomb re-
pulsion. Figure (2) shows the possible orbits in the relative coordinates, which we shall
describe assuming the CM to be at rest. Figure 2(a) is for €,y = 1/€,,p, and is obtained
when the particles are released from rest at an initial separation py. They move instan-
taneously appart and then the Lorentz force curves the trajectories. The orbit is closed
or open depending on whether Eq.(9) is an integral multiple of 27 or not. Figure 2(b) is
for €,¢; > 1/€,,p, and corresponds to equal and opposite initial velocities in the direction
perpendicular to the line joining the particles and directed such that the initial motion is
counterclockwise. Note that the sense of rotation is changed whenever p = p,. Finally,
Fig.2(c) is for €.¢; < 1/€mp, and is obtained, always with the CM at rest, when the initial
motion is as before, but the initial sense of rotation is clockwise. In this case ém does
not change sign. When the CM is moving the above orbits are superposed to the uniform
rotation of the CM. Also, while the the three kinds are possible for p;* > 0, in the case
pi! < 0 they are all, in their relative motion, of the type shown in Fig. 2(b).

The curves in Fig.2 correspond qualitatively to the possible trajectories of a particle
in crossed magnetic and electric fields in the usual Hall configuration [10]. While in the
standard Hall effect the field sources are fixed and the motion is over a straight strip, in
our case they move over a circular strip (Corbino geometry). The observed curvature is
produced by the motion of the field sources.

IIT Particles with opposite charge

Another simple case is that of two particles that differ only in the sign of the charge,
such as a particle and its antiparticle. Consider two particles of mass m and charge e and
—e respectively. As before the motion is limited to a planar surface and a magnetic field
B perpendicular to this plane is present. The particles interact with the magnetic field
and with each other through the Coulomb attraction V(|7y — 72|) = —€?/€,|7y — | As
before we use CM and relative coordinates. In the symmetric gauge the lagrangean is

1 -2 1le

- Lo 1 2 ~ . ~ )
LU, 7) = gME o gpi” + oo (B x o4 B i) + effenr. (21)

Using the dimensionless units defined in Sec. 1 a first constant of motion is

— U xE+ =7 (22)

The CM position gand the relative position vector g are coupled in this equation. In fact,
in contrast to the case of identical particles, now the lagrangean (21) is not separable and
the CM and relative motions are coupled.
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A second constant of motion is the energy, which may be written in terms of relative
coordinates only in the form,

12 1., .., 1
17 +4(p fo) s

Note that information about motion of the CM is contained in this expression through
the constant fg,.

€ =

(23)

Motion is in general quite complex in this case. Simple trajectories are however ob-
tained when the motion of the CM is uniform. Then, according to Eq. (22) the relative
position vector p is also constant and the particles move in parallel straight lines. This
situation corresponds to a Lorentz force that just cancels the Coulomb attraction between
the particles. Defining the effective potential

1 1

vers(p) = Z(P —po)’ — o (24)

it is easy to show that parallel motion occurs at the minimum of this function. Motion
is perpendicular to the line joining the particles, which move separated by the constant
distance

_

3
with the CM speed é = (p,, — po)/2. Here o is given by the relation cosar = 1 — 9/e,, p2.
This parallel motion is not always possible. In fact, for Eq.(24) to have extrema the

condition p, > 3/(26m)1/3 must be fulfilled. Figure 3(a) shows v.ss when this condition
is not met, while relative minimum and maximum are present, while Fig. 3(b) is for the

Pm (1 +2cos %) (25)

case when there is a relative minimum and a relative maximum. The distance to the
origin in this latter case is given by

= (1—|—\/§sin% — cos %)%, (26)

The effective potential (24) is a usefull quantity in general when pj* = 0, in which
case the problem becomes one-dimensional. In polar coordinates this means 0,0 = 0, so
the relative position vector does not change direction in time, though in general its length
changes. The integral of motion is given by

2 P> P>
Ablp) = 2 (Ap),1— 2= ), 27
(p) o T = (Alp) > P) (27)

where po < p < ps. Here p< are the extremes of the orbit in the relative coordinate, c_
is a constant (see Apendix A2) and A(p) is given by Eq.(11) with ¢; = 0. I(a, b, c) is the
elliptic integral of the third kind.

In Fig. 4 we show trajectories when the effective potential is of the form shown in Fig.
3(a), that is, when p, < 3/(2¢,,)"/® and there are no extrema in the potential. In this case
only ps is real and positive, while the other extreme of the orbit is p. = 0. In the figure
the trajectory of only one particle is exhibited, since the other particle performs a motion
that is the mirror image about the axis y = 0. The magnetic field is assumed coming out
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of the paper towards the reader. The particles start their motion placed over the y-axis
at a distance ps, and with the CM at the origin. All motion has a periodic oscillation
with an average drift in the x-direction. We have the following cases:

(i) for € = —1/emp, the motion starts from rest at an initial maximum separation
p> = po. The initial radial motion due to the Coulomb attraction is deflected by
the magnetic field (Fig.4a).

(ii) for € < —1/€mpo, the maximum separation is always greater than p,. The particles
have equal initial velocities in the —x direction (fig. 4b);

(iii) for € > —1/€po, one has ps < p,. It corresponds to particles with equal initial
velocities in the positive sense of the x axis (Fig. 4c).

Neither of these cases allow parallel motion at constant speed. When p, > 3/(26m)1/3
and the potential has a minimum (and a maximum) as in Fig. 3(b), the motion is
qualitatively as described above, only that in case i the derivative of the trajectory is
at all points continuous and in all cases the particles move in non-overlapping parallel
strips (Fig. 5). Also, as discussed above, parallel uniform motion is possible when the
separation is the minimum p,, of the potential.

IV Conclusions

In summary, we have shown that the planar motion of two interacting charged particles
in a perpendicular magnetic field is bounded even when the Coulomb force is repulsive.
We have ignored radiation and relativistic effects, as is usual in the low energy limit
that applies in current day experiments with two dimensional motion at the interface
between a semiconductor and an insulator. When the particles are identical the center of
mass describes a circle with the single particle cyclotron frequency, while in the relative
coordinates the motion is in a bounded circular ribbon. The simplest trajectory is a circle
with the particles always in diametrally opposite points. When the particles have opposite
charges the simplest trajectories are straight parallel lines with uniform motion. More
complex trajectories include a family in which there is constant average parallel drift with
periodic oscillations about this average. It is hoped that the insight that our classification
of orbits provides will be helpfull in the search for a complete solution of the quantized
problem.
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Appendix: Roots of the orbit equation
A1 Identical particles

The equation for the extremes of the orbit is

1
f=p"—8Q2ec+p;")p* + 16—p+ 16p5”. (28)

The roots are [11]

and

Here

where

A2.

1 2 1 1 I ul ljz
1 1 1 I ul ljz
C4 ———\/8(26—|—p€ )—|—U1:|:— 8(26—|—p€ )—U] — ) — — l6p€ . (30)

1/3

1/3 8
Uy = <r+\/q3+r2) + (r— \/q3—|—r2) +§(26+p261)’ (31)

2048 2 2
— 5 (pzelz6 + gpzeﬂ . §63 . 62pzel) T 128/6;7 (32)
256 ;.2 re
q:—T (pel —|—62—|—6p€ l). (33)

Particles of opposite charge

The equation for the extremes of the orbit is

p°> = 2pop® + (p2 —4€)p — 4e. = 0. (34)
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The roots are [11]

P> :f+‘|‘f—‘|‘§Poa (35)

pe = —sfs+ 1)+ 2ot g = 1), (36)
1 2 3t

oo = (et I+ = g - 1), (31)

where fy and f_ are given by

1/3
2 4 I 4 2 4 1 2 4 L N\?
(2 Lan L LY (k) ) e
f:l: (6 —I_gp € 27p0 \/(6 —I_gp € 27p0 36+9p0 ( )

™m ™m
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Figures

Fig.1 Orbits for €' = 1/¢,,p,,. Both particles describe the same orbit. For details see
text.

Fig.2 Orbit for energies (a) ¢ = 1/¢,po, (b) € = 1/€mp, and (¢) ¢ = 1/¢,np,. The
center of mass is at rest.

Fig.3 Effective potential for (a) p, < 3(1/2¢,,)"/* and (b) p, > 3(1/2¢,)"/.
Fig.4 Trajectories for the potential of Fig.3a for (a) ¢" = —1/¢, po,
(b) €' < —1/emp, and (c) € > —1/€,,p,. In each case pj = 0.

rel _

Fig.5 Trajectories for the potential of Fig.3b and (a) € —1/€mpo,
(b) =1/empo < € < eps(pp)s (€) Vess(pm) < €7 < 1/€mpo.
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Fig. 2a
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Fig. 2b
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Fig. 2c
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Fig. 4a
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Fig. 4b
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Fig. 4c
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