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Iiquid heliwm II is studied from frist principless Wo show how
the eentral features of the two fluid model arisce

In provious work™ tho A-transition wes interpreted as the Bosce
Einstein condensation of a non~ideal gas. Wo are concorned herc with loye
er temperatures.- Tho ground stato wave function and the typos of excited
statos availablo at low tempdraturos are studied,

The wave funotion ﬁP, of the ground state is visualized qualitatj
vely. The ‘helium atoms arc nearly hord spheres. The wave funebion is
~ everywhere real and positive and is symmetric fur interchange of the atoms.
It is doscribed by giving the amplitﬁde for various configurations of the
atomss If atoms are in contact or overlapping the funotion vanishes, and
it is largest when thoy are well scparated from one anothor. Thus the atoms
tond to stay apart and to produce a kind of local structure similar in
. donsity distribution to that of a clagsical liquid.

«n inercase of mecn dpnsity over a lergo volumo ropresents an onep
- @y incroase beocuso of the riso of zoro-point energy occesioned by the
decrcase of froe volume., ILong wave sound ean thercfore be earried by the
liquid, and thero are density fluctuations corresponding to the zoro-paint
oscillations of this sound fiold,

(#) Abstract of a paper to bo prosonted at tho Thooretical Ehysioa Conf o
ronco in Tokyo, Soptamber 1953,
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Kcoping the mean separations of the atoms fixed, and the mean den
sity fixed, there are still configurations which differ from one another,
but just in the sense that one can be YWstirred" into the other. Since the
structure is fairly open in the liquid, there is no effective barrier %o
~ such stirrings, and the lowest state corresponds to equal amplitude for
all such configurations.

What are the character and energy of the lowest excited states of
the system? First,there are excitations of the long compressional waves,
phonons of energy "EKO for wave number X, where G is the sound velocity.
The specific heat variation as T3 (below 0+7°k) shows there are no other
states of low energy. Why this is so is seen as follows.

The wave function must not be altered by any change which simply
interchanges the atoms. Yet the excited state must be orthogonal to the
ground state. Starting at any configuration A, and supposing the amplity
de to be positive, one must find a new coﬁfiguration B to which we can
assign a negative amplitude, and which differs from the old configuration
A by just a stirring of the atoms without change of mean density (to omit
phonon states). It is clear that every such configuration is close to the
original one, albeit with some atoms interchanged. So it is hard to find
a configuration to give a negative amplitude which is sufficiently far(in
configuration space)from tte original one of positive amplitude to result
in a low gradient of amplitudc and thus a low energy. The lowest statewill
have B differ as much as possible from A.

Configuration B is furthest from A if all of the atoms in B are
between the sites occupied in A, The transition from positive amplitude
for A to equal negative amplitude for B is as smooth as possible if  tho
amplitude for other intermediate configurations is simply proportional to
the numbor of atoms on A sites minus the number on B sitos. Density f{luce
tuations and overlapping atoms must bo avoided Just as in the ground state.
It is therefore deduced that the wave funotion of the excited states will,
to a good approximation, be of the form

Y =2 @Y (1)

whore ? is the ground state function and £( W )is +1if Ris at an 4
sito and «1 if at a B sito, and the sum is taken over all tho atoms,coor=
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dinates E:-_.

Other chains of reasoning starting from other viowpoints concus
in tho conclusion that (1) is a good approximation to the wave function
with £ (W some function with variations predominately of wave longth o=
qual to tho atomic spacing.

Knowing that (1)is the form of the funetion, wo turn to a mathomg
tical argunent to obtain a dotailed evaluation of the best choices for
£ ( E Jand the energies to which thoy bolongs We shall compute the fxastion
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in terms of £ and find the f's which make it stationary. Measuring enerw
gles above E;, the ground state onergy, the hamiltoniam is

H =~(’¥12/2m)2 Vz (3)
From (1).and (3), using E¥ =0, we find |
BY = 0% 2m) 3 (M PRe (R e2Z Y Ve (R))

Substituting inté (2), noting that ‘| is real and that 2 §f ‘{‘ = V‘?z
and integrating by parts, ono geots

=Lhz/2m)(&5"~{”2 Vit (R RA £ () My 0
Zz TR (B(R) av v

The integral d V is over all configuration of all the atoms. In tho deno=
minator we can first integrate ‘-{2 over all variables except i, Je This
gives a result proportional to the correlation function p(Rl Rj) forthe
ground state (that is 8 p(R - Q') is the probabn.l:.ty per unit volume of
finding an atom at R! if onc is known to be ab { R ) Similarly the nu-
merator is integratod first over all variables but Rl » giving the chanoe
to £ind an atom at Rl, which is constant. Thus (4) reducos to

_ (/20 fom (). 92 () @7
ffp (R2E1) % (R) f(R') & Rd3 R
This is stationary if f satisfics ‘
- (2 /20) QP2 (R) = Efp (R+B) e (@SR
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whore S(K) is the liquid form factor for He at absolute zoxo, tho fourier
transform of the sorrelation function;

S(K) = p(R)exp (LK. R) dBB

The function S(K)can bo obtained directly from Xeray or neutron
scattoring experiments. The behaviour for small K can be obtained theorg
tically from its relation to the zero point density fluctuations of . the
sound fiolde One gets S(K) = hK/ 2mc, so that By =h KG, the encrgy of
a phonons This must check bocause the form (1) for low K is also exactly
the form of the wave function for tho first excited state of the sownd

field, ,
For very high K, S(K) approaches 1 because p( R ) contains a dolta

function at the origin. For intermediate K, S(K) rises to a maximum and
falls away, with perhaps other subsidiary oscillations, as a result o the
local order occasioned by the tendehcy of the atoms to stay apart, This
maximum makes & ring in tho X-ray scattering corresponding to a value of
K of order 2 /@u

Therefore, Ep rises first l;noarly with X, but then falls to a mi
nimum and rises againe. The states available at’'low temperatures are therg
fore either phonons, or else excitations near the minimum of the curve
(whore it has the parabolic form | '

W (5272 ) (K - K)%

Iandau has shown that this is just the kind of an energy curve which will
qualitatively and quantitatively describe the properties of helium II,Tho
kinetic aspects of the two fluid model are also roadily understood start-
ing from this point.

1 - RePs Feynman, Physe. Rove (to be publishéd).-





