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Abstract

We point out the closure of turbulence wave equation in the case of pressureless turbulent
Beltrami 
uid 
ux relevant to physical 
uid turbulence at vanishing viscosity regime. We
remark its usefulness to discover string dynamics in turbulence.
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The main task in the statistical approach to 
uid turbulence is to solve the set of
in�nite hierarchical equations for the random 
uid velocity correlation functions. There
are two schemes to solve these equations: the �rst scheme consists in applying ad hoc
closure approximations without any control ([1]); the second pionered by Hopf, consists
in writing the above in�nite set of equations as a single functional di�erential equation
satisfying some suitable initial-time condition and trying to solve it by several functional
procedures ([2]).

Our aim in this Rappid Communication is to present a closure scheme for the Hopf
functional equation; (called by us of the turbulent wave equation); by considering the
turbulence as a stochastic regime motion of 
uids ensemble dominated by Beltrami 
uxs
de�ned by the condition rot~V (~r; t) = �~V (~r; t) and subject to an external Random Stirring.

Let us start with the statistical Burger equation for Beltrami Flux turbulence in the
one-dimensional case ([3]) with initial condition

@v

@t
+ vvx = ���2v) + fv(x; 0) = g(x) (1)

v(x; 0) = g(x)

where we have used the Beltrami 
ux de�nition and the identity r0t(r0t~V ) =grad div
~V � �V , to replace the 
uid shear stress viscosity term �d2v(x; t)=dx2 by the damping
term ���2U(x; t) and leading, thus to a Brownian 
uid motion picture for turbulence.
One of the most important observable object in the 
uid turbulence is the �xed velocities
measurements at the grid points (xj) and at the common observation time t.

h
NY
j=1

�(v(xj; t)� vj)i (2)

where the average hi is de�ned by the stochastic process of the 
uid velocity induced by
the gaussian random external forces with spatial correlation force.

hf(x; t)f(x0; t0)i = K(x� x0)�(t� t0) (3)

In momentum space, the observable eq. (2) is given by the following grid dependent
characteristic functional (the turbulence wave function)

 ((x1; � � � ; xN); (p1; pN ); t) = hexp(i

NX
k=1

pkv(xk; t))i (4)

The turbulente Hopf-Schr�odinger wave equation in our case is given thus, in the following
closed form as a straightforward application of the analysis of ref.[3].
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Added with the deterministic initial date condition

 (x1; � � � ; xN); (p1; � � � ; pN ); t! 0+) = exp

 
i

NX
`=1

p`g(x`)

!
(6)

In the physical grid on R3 = fx
(a)
k ; a = 1; 2; 3; k = 1; � � � ; Ng, eq. (5) naturally reads
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Hereafter we will present our study of eq. [7] one dimensional case (eq. (5)-eq. (6)). By
introducing the mixed coordinates de�ned by the transformation law.

pj + xj = Uj ; pj � xj = vj: (8)

The turbulent wave equation eqs. (5)-(6) takes the more invariance form similar to a
many-particle Schr�odinger equation in quantum Mechanics.
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and

 ((U1; � � � ; UN ); (v1; � � � vN); 0) = exp
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The above written closed partial di�erential equation is the main result of this paper. At
this point we can implementar perturbative calculations for our turbulent wave equation
by considering a physical a physical slowly varying (even function) correlation function
the form([4]).

K(x) � K(0)�
�0
2
x2 ; jxj <<

�
x(0)

x0

�1=2

� L

0 ; jxj >> L (11)
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Which by its turn leads to the Harmonic and quartic anharmonic potential of the form.

NX
`=1;`0=1

fK(0)(U`U`0 + v`v`0 + U`v`0 + v`U`)
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8
�0(U` + v`)(U`0 + v`0[U

2
` + U2

`0 + v2`0 + v2` � 2U`U`0 � 2v`v`0]

�
(12)

In the important case of the single 
uid velocity average, our turbulent wave equation
takes the following form, after making an analitic continuation v! iv; namely

i
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@t
 (U; v; t) = (L0 + L1) (U; v; t) (13)

With the initial condition

 (U; v; t! 0+) = exp
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Here the Kinetic and perturbation terms are:
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The Harmonic oscilator propagator of the kinetic term eq. (15) is determined in a straight-
forward way and a Feynman diagramatic analysis may be easily implemented for � << 1
the same perturbative procedure used in quantum mechanical problems ([5]). Similar
remarks hold true in the general case eq. (9).

It is worth point out that analogous results are easily obtained in the physical case of
turbulent Beltrami 
ux in the three dimensional case.

Let us comment the case of general turbulent 
ux. In this case, although being impos-
sible to write a closed partial di�erential equation as we did in this paper, we can develop
approximate schemes to solve the full functional Hopf equation (3) by approximating the

uid shear stress tensor by �nite di�erences, namelly:

�
d2v(xj; t)

dx2j
�

�

�j
(�2v(xj; )t+ v(xj+1; t)v(xj�1; t)) (16)

With the grid spacing �j = jxj+1 � xjj.
Finally, we point out the usefulness of stochastic Beltrami 
ux for its reformulation

as dynamics of Random surfaces ([6], [7]) by using the usual Wilson Loop de�ned by a
spatial loop C as a complex parameter to describe collective 
uid motions as usually done
in quantum chromodynamics.

w[c] = hexpf+i

I
c

~V (~r; t)d~rgif (17)
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Its a straightforward consequence of the de�nition of Beltrani 
ux to re-write eq. (7) as
a sum of Random Sheets S bounded by the closed loop C

w[c] =
X
fSg

h expf+i�

Z
S

~V (~r; t):d~Sgi

�
X
fSg

hexpf
X
k

(+i�)(~jk(S) � ~V (~rk; t)gi (18)

where we have de�ned the \occupation time" of the 
uid 
ux over the Random Sheets
S = f~x(�u; �v); 0 � �u1; 0 � �v � 1g

~jk(S) =

Z 1

0

d�v

Z 1

0

d�v
p
g(�v; �v)

�
~x�u � ~x�v
j~x�u � ~x�vj

�
(�u; �v)�(3)(~x(�u; �v)� ~rk) (19)

and the sum over S is de�ned by the closed string propagator de�ned by C.

X
S

=

Z
@S=C

Y
(�u;�v)

d[~x(u; v)
p
det(gab(�u; �v)]exp
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2

Z 1

0

d�u

Z 1

0

d�v
p
det(�u; �v)

�
(20)

with gab(�u; �v) = @a~x(�u; �v)�@b�x(�u; �v) denoting the Riemmanmetric on S by the parametriza-
tion f~x(�u; �v)g.

Note that since the loop C can be the boundary of a set of in�nite surfaces, we have
to sum all such surfaces in eq. (19) in order to obtain a pure loop dependent functional
([6][7]). A exact evaluation of eq. (18) (without the sum over the sheets) can be done, in
principle, by solving the turbulent wave equation eq. (7) with the identi�cation ~pk = ~jk(S)
at R3. It is expected, thus, the area law behavior at large loops C for the collective �eld
eq. (17).

Work in the precise connection of Random Surfaces and turbulence are in progress
and will appear in a more extended paper.
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