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The descriptlon of polerized mtﬁtes‘of particles _vwith
gpin, involves two different problems. fihe firat one concerns the
characterizotion of the polarigzation state of the system and the
discussion of ite formal properties; thisg cen be donc by deseridb -
ing the stetisticel properties of the system, by a density metrix,
according to the von Heumann formaelism. The second problem is that

of -obtaining the density metrix for some gpecific physical situat-

1o
Meny suthors, namely W. Wolfenstein, (1952) heve con-

sidered the nroblem of describing the polerization of spin one par
ticles, such =z ueuterons, specielly when produced by simple react
iong in which hoth the initial and final stotes contain only  two
perticles. Tho stetes of polarization have then a common property,
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that is, the spin vector is dirscted slong a principel azxis of the
second ranlk tensor associated with the densgity metrix.

In this work, we discuss the general situation of po-
larized spin one system, determining the parcmeters whiph speclfy
the pure mutvally orthogonal strtes conteincd in the statistical
mixture és well as the relative esmounts of csch state. ]

Tt is first shown how to cxpress the percentages\of jsle
larization by means of two peresmeters. The ircoherent states ) of
polerization cre next specified by gix perameters. As_the apin

veotors of these stotes are in the same plane, we choose a refe -

rence system such that the x-axis is normal to this plene. hen
for those states there is a constent relation 5 between thoe

xz~component of the second rank tensor end the y-component of ibe
spin, sssociated with them, vhetever mev be the ehéice of the axes

v, z. The spin directions (five paremeters)y plus the number mé~?

proves t& be a comnlete set to characterize the ianherent atates
of polarization. This doesn't hold 1If the average spin i1s direck
ed along a principal axis of the second rnnk Tensor; although many
authors have olrecdy considered such coses, ve elso treat them by

the method develoned in thisg paper Fox the sake of completenesse

I. GEUERAL FORMULATION

The at-te of & system of identical particles, may  be
described stetistically, by a density matrix /p, with unit +tirecs
whosge cigenvelues =ore the percentages of the corrssponding eigen =

functions which cre the pure orthogonal states contained in tha
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statistical mixture. The average value of an observable represent

ed by & matrix O is then given by the trace of the product /DO:

{0y = Tr, (/oo)

I7 the zvetenm g in a well defined state in momentum
space, the polarizatisn sb-te ie described by e density metrix in
spin space, vilich may be expressed as o 1inear combination of
independent operctors whose number coualg the square of the dimen-
gionality of that space.

Following Wolfenstein, we «tert by choosing the ope-
rators Tyy whien transform under rotatiors like the spherical
harmonics YJM' For spin one pearticles ve mey defline them in the

following ways

1 = TOO
z 2 ~ 1 ..1/,.8...1;; ’ T- Y. * (:J)
Se £ = ﬁi < - 3 » ™ 1M

. . 3. 14/87 <O
(8 ei)e m&1= Q5 £ ¢’ = '%"|/:é“ £ Ton Tou®
3 ' M

-

in these relations € i1s any unit vector with com=
ponents 633 S, end Qij arc respectively the cartesisn components
of the spin vector »nd symmetric second renk tensor, which further

on will be used instead of Tyye Tho componcnts of @ are not

iJ
e =
a1l of them independent. Indeed, 1f {45 {;2, £ are ortho=

gonal unit vectors we haves

5T o £ 2 - A i -
)| (se £,) ; Il =0



and conseguently:

. ER 13
}:Qij € b= 9y 0 =0 (2)
It

The T

, S N
orthogonality enl norralizetion conditions:

form a complete set of metrices satisfying the

Jat

Then the densitly matrix mey he written ag:
/ mt
Ty Tpy (3)

In order to express-/cfin terms of (84> and<<qij> we
proceed in the following way: Taking mesn values in equations (1),
muleiplying them by the primitive cones znd integrating over the an

gular variables, we get:

L 2 Y em
2 <Sl/ “’i 3 >-—M-.l (T‘!M/ T-’IM
and . B

(Qy> Oy = QT T

A B 1] 3 M' 2M- M
then we may write:

"w-:-!-u- u-u:!w—ﬁ- o A S
/Q)“ ; + - (egyr 54 % \Qij> Q3 (L)



TT, PERCENTAGES OF THE PURE ORTHUGONAL STATES
1) Genecral Case

The percentages of polerization l.e. the eigenvalucs of

/Q are the roots of the secular equation:

; L= . . T ; .

/ ’ ;| \ ) - .," P h 2 { Y T ) ] \

k/o - -x-:» ,! - ' --*:-** | 1\‘ /() - --mw-J -2 .(.,,,E.,-}! cosW =0 (5)
I N 5 K -

whose coefficents zre the following invoriontss:

! 2 b . A 2 ; ‘..‘n > : ¢ 3
3{TEL) - Tr.{/Q--4l-é I M PR Tr.(fﬁ- j¥) (6)
LB > \ %5/ NG 3 3
The solutiong of equation (5) rro:
by gt W+ 2n w7 o , '
jfj = e [ 1 2 P cos _“"—“j“g;imi y (=71, 2, 3) (7)
n 3 - 2 /
We see thot P con be taken as a positive number and canhot be

larger than one, becruse a1l the roots ﬁ%fare poeitive: P 5;1.‘

Although in general cos() take any value in the interval (- 1,+31)
there are restrictions upon its posgsible values when P >.flw .
Indeed, from the positiveness condition for the eigenvalues jeéthe
first member of cqustion (5) teke o negative value for‘%j= 03 thus

we have:

302 - 2 P2 cos L) < 7 (8)

This condition implles in restriction for the walue of cos ) only
if P> wgr- when the lower 1limit of its intervel of wvariation is

greater than -—1:

-

- ~1 1
cos W =2 = cos [ 3 cos | ==

L 2 Py (9)
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The invarisnts which appear in the expression (7) for
the eigenvalues /%i, afid rre given by (6), may be related to the
observabled <s;> ahd /. j> + To do that we choose the foliOV1ng

representation:
Gy Lo 1 =1 €apo (O |8d | Yy = (10)
; s N "
= L 8 é - W?‘:—{‘-._‘ (‘}ij:; U 1 + Oil 531{)

This corresponds to rvepresent the state veoctors by thelr cartesien

components. The matrix elements of {/9_ “E:ﬁ found from (h) ame then

oo

-

/ _____l__ y . - . u—i“ . l. :.
\% lJO 3 | 1&3/ “Qii P2 G <Sk7) )
Taking (1) into (6) we find by straightforward computation the

following resultss

. P \2 _ 1 ;," 'J ) .
2 (‘“‘";) = i e e Que> Qx> _
. 4 j (12)
P . -
z (‘“‘é“) cos U = = (2 (o) (o = (2 <Q31«:>> CHY
2) Degenerate Cases

A density matrix whose eigenvalues sre not all distinct
rapresents & degenerate state cf the svetewm. Vhen two roots are
equal, the systen is composed of & certcin puare state, the gigen-
state corresponding to the single eigenvalue and of a random mixture

of all states normal to that onej the porewtage of sueh state 1s

equal to its eigenvolue and the tot:l cicunt of the remaining normsl
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states ig equal to twice the double roots The condition for this
to happen is that cos W =+ 7 (if P >w~zw only the positive valuc

is to be considered). The eigenvalues of fj are then:

(1 £ 2P)

\)Ji -

/o = w_w(1 + P) /93 =

Therefore the irreducible equation catisficd by fD

2 N, ; N2
o)t TR pE) e ) e

Substituting in this equations /y as ie given by the expression (h)

P
6]
e

we obtain, ofter some developements:

) . ’ ¢ N
CITIRCINE "%’ Qg * 3 (e ¢sp (-\ik - <31><Sk?) -

fp\ ¢ §)
<o E ik

W3
<°~'ij><sj> =4 “‘%" <Si,>

From these equrtions it results thet i the spin vector (§>. is

(13)

different from zero, the spin direction is a principal axis of the

second rank tensor with corresponding principal vallie i_—gw « On

the other hand if the spin is zero, the first equaﬁion is zn elgen
value equetion for the tensor <Qij> which is also degenerate,l.e.
has cylindrical symmetry sbout the principrl axis corresponding to
the principal velue + 2 "g— « In the normel directions to  that
one, the tensor has a constrnt valve & ~§" .

Particulsrly importent ceses of degeneracy are the to-

taliy polarized stetes and the completely unpolarized one. In the
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first case, two roots vanish and P = 13 the principal values of

‘{\Qij> are found to bes

. / . r————— I e
! 1 F \/ - -~ 2 ! ,1 v/ S 2
- £ VT - @y Ty e - V- KB )
3! 2 k 3 G2 )T > ) (
In the seccond case P = 0, ns the density metrix  re-
duces to /Q= —-—%—- .

IIT. DETIRMINATION OF THE PURE ORTHOGONAL STATES

Now we shall find the eigenstates i)(n> of /O

If the ewpectation values S;Ll and Q:rllj of the ope-
rators s; and Qij for the eilgenfunctions an) s were known,
it was posrible to construct these elgenfunctionsj indeed,  they
would be obtained zg = result of applying some unitary transformat
ions tobthe eigenfunction lX+> belonging to the eigenvelue + 7
of s, (’82 | X +,\/‘ = | X -F"> ). The Tirst onc e —.j' é‘.n Oxy _ would
reduece the modulus of the average spin from one to S, T cos ‘in
leaving unchenged its direction if sin (s,n} 0. The sucessive trang

-

formations would be rotations bringing the coordinate axes to coin

cide with the principal directions of Q;J Thorefore s

c e

. =iy sy -8, s, -lp, s, 18 Q :
an>=e Vn Ze n *x i p:A n xylx+> (15)

where.}&m s O, 9 P, ore the Buler angles for the principal axes

1 .
of Q.'y so oricnted thet the z=axis is slong the spin direction

% X
and® Q5 >q) -
i i3
The determninstion of Sy and 0Tl is undertaken in
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Appendix A3 here we present only the resultss

wtanwT -~
L sin -
b . ]
J J 4
3 . Q" s +s cosWIZAT
Sl’l = - 4 o o} 3
%3 sin W !
S (16)
wtang
i sin o
g ik kJ ki
1J i J 9 < Bij 10
Q. = = oemmem—————ceg Q0 Qo F ~—(s_ S ~s_8§.) -
13 wtrtanm : 13
- QO cOS i sy e e il et ».—--!—- 8
3 2 J
A $ij =
- 2 - .2 N
where: 8o =—=— {s,» and Q. = = Qs
2P ¢! © 2P Q13 7
and oemn s i R i,] .
) =0, % =0 (D
n n

TV, GROMETRIC INTERPRETATION AND SPECIFIC PARAMETERS

Geometric interpretation of these states may be settled
in analogy with Zight polerization. In general, each state | X n>
may be representced by an nllipse on a wnlane normal to the spinl’dtf
rection and orieunted according to 1ts orientation. Such ellipse is

associated with the projectlon of the tensor

@n + —-?-) on thsot plane and the semi=
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axes values computed from (TL) are given by:

. . ,f A/ 2" )
__é,__ = 1. 1947 \\/1 - s, ) (18)
7\ |

The system is then composed of three elliptically  po-
1arized states on cosxisl plenes. Limiting cases are the circularly
polarized states, when s = 1 and the linearly polarized states,
thosgse of spin zero.

While we have already the necassary slements for the dg
termination cf the polarization-ellipses, that is, the charqcter-
istic elements 9&n’ 85 Pps &y oF the pure states, they do not
form an irreducible set of parameters, because of the orthogonaliﬁy
conditions holding between the eigenfuncitions Ix;n> . It is easy
to see that we need only a set of six Independent parameters just
sufficient to fix the elements of the polerization ellipsec.

We shall distinguish two crges:

) ﬁ) General Case: the spin directicon is not s principal
axis of the second rank tensor. o

The vectors si and qz = Qia si determine a plane A
and all the spin vectors §£ are parallel to this plane. However
these vectors don't detormine uniquely the state of the system,sﬂmg

there arc two statesg with the same parameters‘(P, cos W Jand vectars

(8 5 Go) but symmetric tensors in reepect to the axis normal  to

the plane A . -
. Sn
We ghall prove that the unit vectors and the
8

I
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i3 1 ] . L
u s /N
QO qo . . 0 ! q'o
number o B ‘fj*““mf:"m“’ with u ==m:"w“pr form a complete
2 8 / s A
i 0 4 qo! % o %

sat to describe the component states of polarization.

The geometrical meaning of the varamebter -~— can be
: 2
found out with the help of equations (16);5 they gives

u) + 2 n o
I} gin —mt e
I3 j L]
1j 1 3 ij 103
Q e u = — ,,,.-,,;_,,_..,,,_... e m e matesis srme Q q 11 =
n o % gin W o ©
i 1 3
Qo qo e
—k L .
= ( & /AN 8 e u) ToTTTTITISTTTT
1l O [ g /\ q
[8)
1i 1 g - - -
Q s ul=-S(ses AU
n o) 2 n o]

It is easy to understend that this result still holds,

-y

for any vector normal to u replacing So » Then in a reference

system with u as x=axis and axes ¥, 2, arbitrarily chosen,
there is a constant relstion between the ¥z-comnponent of the
second rank tensor and the y-component o the spin, the same one

for the three pure stetes and just ceual to M};_.
z
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On the other hand, observing Fizure 1, we haves

Z
e
A

S11

i
”Yeka
| > 5~ oY
Sy
/ “n
e
AN -
N g
p
S
Fiogure 1
1J i J | X y Sn . @] * . —
% st = T &) s win 2 f
7
- ') *
2\ s « & AN
1 . . n O a1
= oo \[T = 5, sin 2 Ay
z Sn

The second step is performed, taking in mlnd the result ().

Therefore comparing with the preceding computation we gets
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‘i.:.‘ . 2.\.- . .
~\/i SN smazﬁn=-— ?\sn (19)

X
The positions of the axecs corresponding to the principal values Qn

are determined without ambiguity by means of (79) and (7,B) of Ap-

pendix By
. N -+ 7
Since - s, = 0 the spin vectors s, can be dispos
n
ed as to form a triangle. Let Us introduce the auxiliary para=-
meter v, which is the radius of the circumscribed circle about

this triangle. Then we have:

s, =2r sin“Y n (20)

angd s In Appendix B

ntt
is deduced an equation (3,B) which may be written in a suitable

>
where Yn 1s the #nglie between s

form to calculate r, 2s follows:
) . cos ‘ot .
(1+ 2% 17+ TT —Lal_ = (1)
nt sinat)ﬂn‘

All the elements of the polarization ellipses, may be

calculated by means of formulas (18), (79), (20), (271), once are

-

known the directions of the vectors s, end the paremeter 9
. . 2

which may be considered as specific peremeters for the case  just

gtudied.
We chall notice thet eguation (27), implies in some reg
trictions for the varietion intervols of the angles Yy, @and the

value of the par-meter A Indeed, the following conditions must be



fulfilleds
e, . oo ™,
a) All the angles Y n will be greater than.§ :

cos ’y n £ 0

) cos
p) 1+ AZ + U sin® Y n I "‘“":Y — >0 (22)
nt Sin ﬁY-n'

holding for each vaelue of ne But if it holds for the larger angle,

i1t also holds for the others. This condition follows from the fack
that we must have necessarily s < ﬁ. ' ~

2) Snecial Cases: the spin iz nlong a principal axis
of the tensor, or venlishes. B

These strtes constitule & vory important class. Tpe re

sult of simple reactions in which both the initial »nd final stg&m

contain only two perticles, as shown by Lakin and‘Wolfengtein,bdkng

ral

to this class.In’ze”, 7 asither . initial perticles is polarized eand

one resction product is a spin one particle, =uch as a deuteron,

4 ok
then the plane of scattering 1s a plane of gymmetry § hence the

-+ . stk
axial=vectors «sy» and <Qii> <sj> are normal to his plane.

Also, this class includes all degenerate states of a

ey stem.

The fundamental property of these special states, in-

troduced in scuation (171), gives:



s

<Qij>><sj> = ”(;/QA - “%%) <éi) (23)

that is the principel value § of the second renk tensor in  the

spin direction iss
-2 W zam ‘
Q@ = - g cos T (2)
thens

. —; RN
cos i = - COS( 3 cos ! »-2.—9._\

1%
(o)

which shows that in these cases the percentages of polarization ate

directly related to P and Q. The restrictive conditlons for Q

are-:
2P 1 ] ] 2%_____?_\
lQlS"‘“‘“,andifP>m-glq+,_.l>T,_____ o2 . L (25
2 2 61 =% I
Bquation (23) also can be writfens
ﬂij J _ i (W +2nrw
o %0 T T % OFTTTTS

thus taking into account (16) we have:

o=y

=Ossn|+snif=O

*n
that is, one state has spin zero and the others have symmetrical
spin vectors. Turthermore the principal directicns of each tensor
Q;J coincide with those of QiJ » It ig ewsy to see that in such
cases, knowing either of the non z&ro spin stotes, we are able %o

f£ind the other ones. The required psroneters to characterirze the
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three pure states are then the four specific paremeters ’yﬁ 9,5& &
for any of the non zero spin states, already mentioned.

The zero spin state is a linearly polarized one, while
the others are in general elliptically polarized; the two ellipses
are equalibut oriented in opposite senses, and their axes are rotat
ed through a right angle to each other.

Similar situation occurs with light beams since only
states are found which have the gpin dirscted along the propagat —
ion vector. The amcunt of linear polarization in the directlon of

propagation 1s just zero.
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APPENDIX A

Determination of the expectation values of =N and Qij

for the eigenstates |X,>

The density matrix may be wriltlen:

1}
!\/
+
“
e

(1,4)

- where

5D
13
>
N/
PAN
Y



=17
These matrices have the following property:

(2,8)
YA

Summing over the index n, we get the completeness condition:

T

L. Q=T (3,4)

Squaring equatlon (¥,AY nd using (2,4) we find

= / A
PP R, (hy8)
From ccquations (7,A), (2,A), (4,A), we may find ﬁn

in terms of powers of + The solutions of this

system of
equations are:
- "-./0 W) PR n”
T
RPN AR A
Now we use (7) to get
Wraenm
i sin -~ e , -
/C) 2 e e e e ‘j m(/o.. .ﬂ......}‘ l +
Sn 3 3 sin W k 2P 5/
N 5,4
5 7 I W+ 2nwr I ( (5,4)
+ __,,,,___( ﬂ_ __..,.,..,,) cosg - e iy v Ay —— e r— :
2P\ 3. 3 2 |

Using representation (70) this equation can be put into the  form
| efe (11) |3

,\:/y;/j!/?l!’%:\: - (Qia +— ,__ja_-;_ €. Sk)

n
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where sg and Qiajthe expectation values of s and Qij for
i

the eigenstates | X n>‘ sre given bys

Wt 2nw
LL Sin et i bk =
e o —— St S S COS e e b ———
a Z gin W 0 o 0 z
w+ 2nwr . (6,4)
| gin s e ‘
1] 3 ik ki 4. %k k %ij 1]
[ R + - - -
U 3 gin W iQO % u‘(so 5o o Sof)
- QO CO G mremmmetet i g o
-3 2 ,‘
J
i 2 ' 1] "3
. 7 4 N
= e .y oand T et .
with s > P N Y > p ‘\Qla/
It is easy to gee thot:
85y 0 s L8y F0 (T,A) .

which are consecucnce of the completeness condition added to the

feet that each of these operators nas trace zero.
LPPENDIX B

Complenentary relations to the determination of the pg
lerization ellipses by specilic parameters.
Proceeding in a similar fashion as was done to get (79)

we can find, from (716) and (Hi):
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A U B SRS
n sZ, 2 k\ e

: s, AS. | 2
n /\
cos 2 0 - l) T =
n n 3 Sl’l Sng
S S-S
+ —' K l'l "w];l-_)
3 S, Spt
! 3 . AN | Sm /\ S '
= -1 !‘ /[ - SZ cos? gn ] e ..‘rl.,. .,;:._..J.".lu.. -..1.
2 "\ J he Y i \Jn -Jnt 3
Fixing n' and summing for =1L values of the index n,
we gebs _ . . e 18 AL, >
‘ . L v Pt
’ (‘! -~ 1 - g8 cos 2 Ié j ; RN \ = 2
LA L F) S‘f
n -
s gystem of eguations which enables ue to debermine \/l - sra1 cos Zﬂﬁ
Solving this system we find:
T : sin 27Y ' _
\/! - csfl cos 2 B, = 1 - B e 2 (1,B)
1 , 8in Zf)ln‘
is the angle betvee
where '”}fn .lS e 3

Sp1 and s
between (719) end ( ,B) we obtain the main results

ptt ¢ Bliminating 2 4
(yl'f + Aa)si + 1 sinzf),

e .C.O 5 nt

. ww-wwm FI -

| = 0.
nt sin ”)fnl

T 111 Ty B n LA U L e e R e

(2,B)
* Q net Qs & p, represents the principal values of Q

L]

i3
n
®% This srgument doesn' apply to photons, since then the interaction with
matter is linear in the field components.
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%%% The pseudo=scalar character of the spin is a conscquence of the comutatbion
ruless

8185 — 8585 %1 Lyp S
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