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Equations for particles with spin higher than ! have been

3

another type of such equatrions for particles with half integer sping
4

proposed by Dirac - and Fierz 2. Rarita and Schwinger” considered

these equations have been studied by Kusaka and Veinberg 5. Al-
though the later authors have pointed out some difficulties concern
ing the supplementary conditions in second quantisation, Caian91106
has recently reconsidered the R-S equation for spin 3/2 and used it
for describing the p-meson. He has shown that the assumption of
spin 3/2 for the p-meson is consistent with all known experimental
results about properties of the p-meson. This finding makes it im-
portant to re-examine carefully the R-S equation for spin 3/2 in or
der to make further theoretical predictions to be compared with thoee
obtained under the assumption of spin one half 7 and of spin zero
for the p-meson, The comparison with the corresponding experimen-—
tal results could lead to the determinatidn of the p-meson spin,
One such case might be that of the radiative ¥ decayg.This process
is being computed, on the assumption of spin 3/2 for the p-meson,

In the present paper we study the non relativistic -approxima=—

(*) This paper will be published in the Prcceedings of the "Simpcsic de Fisica" ,
Brasil, 1952. :
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tion of the R-S cquation for a charged spin 3/2 particle with mass
m in an clectromagnetic field.s To the approximation whon the deri-
vatives of the field can be neglected it is found that' tho Hamilton=-
ian is of the usual form for a charged particle but with a magnetic
dipole interaction term(e/3m) (§ . M), where ¥ is thc magnetic field
and M the spin operator for 3/2 spin particle (we usc natural units:
n=c¢=1), So we sece that the gyromagnetic factor is 2/3 or that
the intrinsic magnctic moment of such particles (its higher cigen-
value), is e/2m, As this magnetic moment is the same as that for
particles with spin 1/2 or 1, it may bc expected that the intrinsie
megnetic moment of a particle with any spin is given by e¢/2m, This
surmise is being examined,

Rarita-Schwinger cquation for spin 3/2 particles.

A particle with spin 3/2 is described relativistically by a
wave function fa“(i, t) wrere p is a vector index rumning from O to
3 (x° = t) and a a spinor index (¢ = 1, 2, 3, 4). The wave function

Y of such a charged particle satisfies the equation:

(Yg g - m)“n"}‘-— FM g+ v 3 YO (v, + m)y, YH = 0 (1)

where 0 -E—; + ieA_ , A_ being the electromagnetic potential. Re-
peated covarlant and coatravarlant indices mean swmmation from O to
3, Passage from covariant to contravariant tonsors is made with the
help of the metric tensor:

)
gV =0, pgY; gn=g%=g - =1, (2)
Yp are the Dirac matrices:

. — R ‘J '9
©=ip ;¥ =16 5 viy' + ¥ =2 & (3)

Spinor indices are not written, as usual.
The following supplementary conditions are immcdiate consc-
quences of equation (1):

m YU- krftl = -2 3“ II (4)
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ES 1(0/3””%?"“} r e =2 L e B, v P (5)
The charge—current density is given by

Mo pO M L o hwe _ 1 Tep /C
=Y Yy - Yovory T - Y rYe ) (6)

where Y =.kr*yo . It satisfics the conservation cquation

3
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9 xH
Using condition (4) we can write ecquation (1) as
(y° ac - m) YH 4 {%—y“ +%—(Y“YU - v7y") 361 Yv‘fv = 0. (7)
Now we introduce a few operators acting on the vector indi-

ces of the wave function which are helpful for writing these equa-
tions in complete matrix notation, without using explicite vector

indices for the wave function. They are thc operators tP9  wnose
g ,¥ matrix elements arec
o}
(tP9) 5= %% » (my 940y 0 =0, 1,2, 3) (8)
and the metric matrix:
They do satisfy the relations
4PC tp» _ tpﬁ SGH i (10)
¢ tP%T4e = P, (11)
z Yo | =
7 = ¢! gy = 1. (12)
It is also convenient to introduce the cperators:
oY = --:Ii‘—-(‘t}“J - BV B (13a)
Uy 1 v )
e L (WP Yo v ) = -y R (13v)
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We give here the matrices for m“ﬁ

wave function “" is written as

in the representation where the

;;‘1/(’
|yl
L w2
\$3
They arcs
/o 0 o o o 0o 0 0o 0 0 0 ©
mtes. |0 0 -1 O] me3- 10 0 © Oi mi= [0 0 0 i
=0 i 0 O {0 0 0 aif =lo 0 ¢ ©
\ C 0 ¢ 0© : \O C i O; ‘O -i ¢ 0O
. | (14b)
0 i 0 0} 0 0 i O 10 O O %
01 i 0 © o\ 02 (o 0O 0 0}, 11101_[0 0 ¢ 0
- {0 0 0 O (i 0 0 O6f* & T{0 O O O
o ¢ o o \o 0 0 ¢ \i 0 0. ¢
These matrices commute with the Dirac matrices because they act

on different indices of the wave function,

In this notation we can writc equation (7)1 (4).
respectively, as:

O i ~0 m pPA o =
(v Oz = m) Y + ( ";)-‘ Yoo 0" + o 'Yp)'t "f’;\'"f = 0,
po W o po
mt™ y ¥ = 2 %7 o Y ,
2 e wh Yy, 00 _ T A Lpo
(m *";‘val )t Y)Y = =21 c P YO Y,

Moo (oot L PayHiPo 1 Dq 4Pc B
* = elPorty- = ey oy - £ FE 807 vy,

Infinitesimal operators of the Lorcnitz group.

In the coordinates x"
Lorentz transformation,

xF—axth = x4+ get, x?

(5) and (6),

(7a)

(4a)
(5a)

(6a)

are submitted to an infinitesimal

(15)



-5

determined by the infinitesimal "angles™ d@”ﬂ , then a transforma-
tion of the wave function

'\’J»—-—)\V' . S‘f’ . (16)
where g

s = 1 +-%-M“° ) (17)

Wy
makes the exprcssions (4a), (5a), (6a) and (7a) transform in a co-
variant way if

Vit L § Y“g ; (18)

this is a consequence of the commutation relations of the Dirac
matrices 2 and of the commutation relation

-~ gPBg®¥ 3, (19)

[P0, t#7] = L (gOH4PYs gIOLHP L IPgHT
1
This last commutation relation is obtained from (8), (10) and (13).
In the demonstration of the covariance of expressions of the type
(6a), we have furthermore, to use the propertics:
' v¥
pyF¥Tg = v*Y g u*Y" g = mtY

H

. (20)

So we sec that the MMY given by (18) arc the infinitesimal
operators of thc Lorentz Group in this represcntation., Thus the 3=
vootor'ﬁ, whose components are

VRS VB VO VE R VE R V2 (21)

is the operator for the intrinsic angular momentum (spin operator)
for the particle with spin 3/2.

Non relativistic epproximation.

The non relativistic approximation for the R-S equation shculd
involve only the spacc componcnts of Y and only two spinor compo-—
nents, Besides this, a supplementary condition should reduce theso
six components to four independent ones.

In order to obtain this result wec proceed by a method which is
gssentially that of Poldy and Wouthuysenll in order to eliminate the
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"small" spinor components. The time component of Y is eliminated
hy.the supplcmentary conditionl2. In the P-W method the Hamilton-
ian is expressed as a power series in l/m; If we wish to obtain

the non relativistic approximation up to a given power of 1/m the
odd Dirac matrices appearing in terms of lower power arc climinated
by successive canonical transformations. Here we shall keep the
terms only up to the first power of 1/m. For this reason the sup-

plementary conditions (5) can be written as:

W _2de o O H ~ _ 21de (g kK, w k J
Y = ;E‘" FPGY Yo = 2 (ij YO+ o B Y j)ty (22)

(latin indices run from 1 to 3),
We start with cquation (7), but in view of (22) and of the
condition

|3ypf<<m [y ]y i =102, 3, (23)

we write to the considered approximation:

(v93, - m) ¥* + v T # %YO dy) 7, w -0 . (24)

Now we have to terms in 1/m:
0 = » _ 2 ie < X\
Y ’ao Yﬂkl) = m_" (FJk T = Iko By J)\f) . (25)
Taking (25) and (22) successively in (24), we obtain
. . i -
s e s N 2 : L 4 , o B _
(y" o, =m) VY E—(I‘jky + 5P J.)lf’J_o.
Here we use a matrix notation similar to (8), (14) but with

the exclusion of the fourth rows and columns of the vectors and
operators (this should not be confusing in the same way as when in

the passage from Dirac's to Pauli's equation the same notation is
kept for the two component wave functions as for the 2 x 2 matrices
E’). So the 3-vector wave function ¢y satisfies the equation:

.8" _r — - e e =
]'EfgﬁleOQ)ﬂ [mﬁ - er +a « (P + ed) + §§'H e m -~

ef .iknid 5ie » i k]
- E%Y Plptyy + 350 TyoY'y tij]“l). (26)
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Now if, according to Foldy and Wouthuysen, we make the trans-
formation generated by the Hermitian operator

S = - iﬁ'&’-('ﬁ-{-eﬂ)
2m

we obtain (again calling ¢ the new wave function),

i.@i"':[m9+e_& +—}3—('1'6‘+9A'2+ Ly, T+, 7
at 0 2m 2m 3m
e ik o

3m j ¥ '%%ﬁ'FkoYl Ykati‘ -B7. E]lr (27)

J J 32m

The last two terms in (27) are eliminated (to the present
approximation) by the transformatiocn

Y—ﬁe_iTﬁU
p=-88 p iykop & PL.F
6m2 ko ¥ Y 15 4m
S0 we gets
oy B34 eD)? s B F.T 4 glod
—— + tM o
= [mB e A, + 2m.(P + eA)” + = 1 + Qo tlJ]WJ (28)
In (28) the following identity was used:
ik o] - = ij
v I 3 tij = ¢ ¢« He~ Hi cj t

which is easily verified,

Now equation (28) is not Hermitian because Qlcﬂtij'is a
non Hermitian operator. It is easily seen that the supplementary
condition

0 (29)

i

tij 0.‘1”
J
or equivaléntly
g ¥l= 0 - (292)
is compatible with equation (28). So we impose it.
Finally, taking
Y= e imtg
and imposing the condition
o = 9
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consistent with equation (28) we obtain the Schrodinger equation
for 3/2 spin particles:

2 - B + ek)? 7.7
P5EsHoy = [o 4, + (BESN 4 2 HLT] (30)

where ¢ has two spincr and three vector components and
i =3%+3 7, (31)
L4 being given by the Pauli matrices (acting on the spinor compo-
nents of ¢) and M being given by the 3 x 3 matrices:
0 0 O fo 0 O JO ~i O\-
my = (0 0 -i} .3 m, = {0 0 i 3 = (i 0 O .
O i O 0 i O0f

They satisfy the commutation relations
[mi, mj] = imy
for i, j, k, a cyclic permutation of 1, 2, 3, As a consequence the
operator for intrinsic angular momentum M satisfies the relations:
[, , Mj] = 1M
The general procedure for obtaining the Schrodinger cquation to
higher order approximation is more complicated and is the subject
of another paporl3. In that paper it is shown that charged parti-
cles with spin 3/2 have also an intrinsic clectric quadrupole moment,
Regarding the meaning of the supplementary condition (29), we
should say the following:
a) Being a spinor equation, (29a) allows us to eliminate two
of the six components of the spinor-vector (2 x 3) wave function
¢; (i =1, 2, 3; r =1, 2). So we have only four independent compo-
nents as should be the case for spin 3/2 particles.
b) We can ecasily show that

tij [ & T =l—?ﬁ-g
i 3 .
"fSo_conditidh7(29) can be written:
-3 —

Now, as

ﬁ2=ﬁ2+%-“&‘2+?}‘.‘fﬁ'=-_+%:-c.

=12



we have
1\’_{2@:%(1+?.'ﬁl’)@=}f:p.. ; - (33)

Equation (33) expresses the fact that the cigenvalues of the opera-
tor I‘ﬂz are 15/4, as should be for the squarc of spin angular moment
for spin 3/2 particles.
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