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Quantum chromodynamics in two space-time dimensions with
massless fermions is studied using the path-integral approach.
Some aspects of the Roskies gauge are clarified. An -effec-

tive gluonic action for the model is obtained.
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Recently, several attempts have been made to find a -com-
plete solution of two-dimensional guantum chromodynamics with
massless fermions (| 17, [C2], [C3]); shortly denoted by (@:C.D.)y
All these approaches were based on integrating out the fermion
fields of the model and considering an effective gluonic theory
where some interesting phenomena can be easily seen ([ 2], [3).

T this comment, we intend to make some clarifying remarks
on this effective action for massless (Q.C.D.)2

We start our analysis'by considering the generating func-
tional for the model in a Euclidean space-time R? with local
gauge group SU(2) (the generalization for the case SU(N) is
straightforward)

-—l— d xTr(c)(Fz Y (xY Jﬁsz G
ZEJﬁ,n,fﬂ = v]'_'G Je 4g?

(J""* Dje" (J'dzxchccu)w +np +In)(x) ) (1)

where ﬁ(Gu) = iyu(au-—iGp) denotes the Dirac operator in the
presence of the external gauge field Gu and thé tensor field

strength is given by F

ay = 88, TG+ ]:Gu,Gv] ]

The hermitean y-matrices we are using satisfy the (Riclidean)

relatioens.

{Yu'yv} =25uv i YUY5‘=i€thv i s =iY071

2
i

01 = ~ %10 (u,v=0,1) (2)
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The functional measures in (1) are normalized to unity and
the fermion measure DYDY is defined in terms of the .eigen-
values of the self-adjoint Dirac operator E(Gu) which insures
automatically its gauge invariance.

Oour plan to study (1) is to implement a convenient ‘change
of variables in the fermionic sector of (1) in order to get
an effective generating functional vhere the fermion fields are
decoupled from the gauge field Gu(Elj,.Ezj) . For this ana-
lysis, we are going to use a general decomposition "of: the
gauge field G, due to Roskies (C1]) and this will beexplained
in the following.

Roskies in Ref. [17], has shown that for any gauge field confiqura
tion G (x), there is a unique unitary matrix (x) takingvalues
in SU(Z) and a hermitean matrix vix)=e Y5$(xntaking value
over the axial gauge group SU{2) (whose Lie algebra is gen-
erated by the hermitean.generators 75?, with T denoting the
usual SU(2)-generators) suqh that:

“1y (%) (AV) {x)

> -1
1\«“6“ (x)3 = v 3, (V0

-1.-1
Lvoe )Lx}au(nv)(x} (3)

The procf of the validity of the decomposition (3} can be
accomplished by considering the j = —iys complexification of
space-time, which is denoted by ¢ (¢ ={z = (xo,xl)l =x_ +
X, z =x, - jX; and (x %, e R*}). In this ¢ space-time, we
can re-write the partial differential eqguation (3) into a

single ordinary differential equation ([[1]):
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G.T =-—2i(BEW)Wf1 (4)

where G is the j-complexification of Gu(@-= Go-+jG1) and W
is an element of st (2,¢) (the associated j-complexificationof
s(2)).

The eguation (4) is just the equation for a holomorphic.
Principal bundle over ¢, and, as is well known from .differ-
ential topology, all such bundles are trivial, which means
that a unique global solution W for {4) exists,

In order to determine expliritly this solution W, we note

that (4) can be easily integrated, leading to the result
—2i£((-;.'?)d;
RICRER)ES 2T (5

where dz = dx - jdx, and the SU(2) path-ordered integral in
(5) is taken over the (infinite) straight segment joining the
(~»)} point té the z = (xo;xl) point.

By introducing the axial gauge field
=(c. &).7 (6)

we can re~-write Eg. (5) in the more transparent form:

(x_,x.) (x_ %)
. <R AP 1 0’71 s
_2 G -Td -2 . % .
( i (&, Tax,, yj (xc Frax,’

(7)
where, again, the SU(2) path ordered integral in (7) is taken
over the straight segment joining the (-=) point to the

(xo,xl) point.
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Continuing our study, we can see that the Dirac operator

B(G,) can be re-written in the suitable form ([3], [5])
a1 -1 =1
ﬁ(Gu) =(QV ) (x) (iYuap)(.V 2 ") x) (8)

Here, the matrices Q(x) and Vi(x) are respectively the uni-
tary and hermitean factors of the sL(2,¢) Wu-Yang factor .

T order to decouple the fermion fields from the gauge. field, we fol-
iow Ref. ([1]) by making the variable change.

Px) (R.V) {(x)x (x)

(9)

i

Tix) = X(x) (V.2 ) (x)

which yields the fermionic generating functional

- (| 4®x(X iy, 3, 0x

if.% = [pCxJoCx]9lc Je

+ ACR.VY +XVQ M) (x) (10)

where the guantum aspect of the variable change (9) is taken
into account by considering the associated jacobian JEGIJ]
(C1], C20).
Now, it is important to note that the jacobian J |:Gu] is
given by the ratio
DET (B(G, )

Jgle 7 = (11)
E“j DET(iv,9,))

n order to evaluate the functional fermicnic determinant in (11), we
introduce a family of gauge fields Gl‘;c)(0< 0 < 1) interpolating

continuously the zero field configuration G]_(lCT 0) = 0 to the
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considered configuration Gﬁa'l) =G, in (11) and defined by

the relation (see Hj. (3)).

i‘qu}EU) =-v, (e” ""5;5'r )a (.ﬂ.eUY5$ T (12)

We note that we are assuming implicitly that we are computing
the Jacobian JﬂZGuj in the trivial topological sector of the
manifold of the gauge fields configurations, since Gu is in
the same homotopical class of the zero fiéld configuration.
As a consequence of this fact, we do not taken into account

the zero-modes of the operator ﬂ(Gu) in what follows.

Now, it seems important to remark that to evaluate
DETLﬁ(G;O))) we can consider solely the "reduced" operator.
> - '

E(G(U)) o9v5h.d (iyuau)e°75$" (13)

since B(Géa)) is related to ﬁ(Géo)) by a similarity transforma
tion defined by the unitary'matrix Q{x) (see Bg. (8)). This
result is directly related to the gauge invariance of the
Jacobian JW-G ], i.e. only the axial SU(2) matrixV(x) con-
tributés to J| GJ

I order to evaluate DET(ﬁ(GCU))) we proceed as in (| 3],
|’57]). Using the proper-time method to define the fun¢tional

determinant and making use of the relation:
d (o) sT (o) (o), st *
— . = .‘I .'t
s PG, ) =Y $ B(G,"7) + B(G ")y [} (18)

we get the following ordinary differential equation
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af ()31 2Y . rrm 4 |lazeryCEsD)
EE(I"OG DET(B(G," ")) ) gﬂ&d}[‘; <Tr

N _ (g),2 . :
(v5 (3.3 ) x| TP Y s (15)

where Tr(c’D) denotes the trace over the Dirac and the colox

indices,

The asymptotic expansion of the operator

2 ; . o 2 ;1 . *
<xie—E(B(G£G)))lx>=<!e—é{£—(au'-Lcﬁ )) + %EustFuv(4ﬁﬁa){}lx>

is tabulated (|_6]):

B,

LIM<x|e
.E+0+
= LIM (1 + _E(if}ﬁ; F (-:i.G(U)).)) (x) (16)
gagt+ 4TE 2 T B

Substituting (16) into (15), we get the result

1

. () 7.2 . (0)
E?'_I-TEU\*{JCIOT( d2xTr (¢.TFU\J(-1G1§ ))(x))} a7
JEGuj=e’— [#]

We remark that the result (17) coincides with the result
obtained by Roskies (|_1]), and so the o integration can be

done explicitly producing the expression :

E
__ux-{Iazxc$.§ € )(—=
o] =e " w0 0 T a3
"—'—]'——H(x)} {18)
SINE? | )
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We also note that by considering the vector and axial com-

(o) (o) (0) L. a(9)
(G = J..Vu Euv v ) P
re-obtain the result establlshed in Refs. ([_3]) and (|25])s

ponents of the gauge field G we
Finally, the effective generating functional for the model
where the fermion fields are decoupled from the gauge fiélkds

can be written

S PR (1?2 y(x)d?x

z|§u,3,§] = Ir|_e ]e ﬁz JEG ]

+ >
(3. .6 )(x)d*x _-{a*x(x iy, 9, )%
J L c_[vxvxe MM

v HEDY +X .27 )a)(x)}  (19))

We remark that we have to fix a gauge in (19). This gauge
is not necessarily the Roskie's gauge ([ 1], [2]), which
choice, will imply to consider Q(x) =1L' in (19).

From (18) we see that the analysis of the fermionic cor-
relation functions are reduced to the computation of the in=
" teraction among the SL(2,¢) Wu-Yang factors (7) with the

quantum average defined by the local effective gluonic action
£ e ] = fdszr(c)(Fz ) (x) +£g3|G, ] (20)

4g
For instance, the two point fermionic correlation function

is given by

- {x
<P(x)y(y)> = -2-1— yu___li_ <WOOW ! (y)>

| x-y1]2

EFF (21)
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where < > .. is the quantum average defined by the action
. ' -y..)
(20); W((z1)) = W((z_,z,)) is given by Bi. (7) and 5~ L
of™1 21 Ix_ylz

is the free fermion propagator.
I a forthcoming paper, we use the effective gluonic action
{20) to analyse several phenomena in the two-dimensional mass

tess quantum chromodynamics in the approach of Ref.. | 7].
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