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The cross section for ;A -pair production by gemma rays
is calculated using the Bethe~Heitler formula taking into account
the finite nuclear size. The cross section is shown .z#o be consi

derably smaller than that for a point chafge nucleuse

INTRODUCT TON

In recent yecars, experiments on the pair production of
A -mesons by gamma rays have been performedl with the hope of
further establishing the nature of the +A -mesons The pair ~ cross

section is so small, however, that to date 1T has been possible to
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deternine only the upper limits for 1ts value. These seen to indi-
cate that muclear forces do not play a significant role iIn the in
teraction of AL -nesons with nucleis Estinates gilven by Hougha and
based on purely electrecmagnetic interaction give a value for the
erogs section that is sbout 20 tines smaller than the most recently
determined upper limit.l

Experiments now in progress at Stanfor&? are  bringing
the upper limit of the palr creoss section élose to ﬂgugh's - es-

L

tinate. These experinents attempt to measure the crosgss section

ach /AL AR (1)

-

for obtaining one of the AA -mesons of the palr in a given solid
angle 4 (L and with an energy between & and E + dE. ) _
| It is the purpose of this paper %o present the resulis

of a calculation (in Born approximation) of the cross section (1)
on the basis of a purely electromagnetic -+ . intéractidn of the
sA =meson with the nucleuse This calculation consists in treating
the AA~meson as a heavy, spin-1/2, Dirac particle, and the nucleus
as a static distribution of protonss The inccherent effects of the
individual protons, the excitatlion of higher nuclear energy states,
and nuclear recoil energiles are neglected.5 .
Under these assumptions, the differential cross section

for pair production is given, In Born approximatignz_by the Bethe-
Heitler formula.6 Because of the larger rest - nass pd “bf the
/J, -reson, the AA -palr cross section differs from ~the electron
result by a masg scaling factor »Q'(1/207)2 ,» and by a nuclear form
factor. The nuclear form factor arises because for jA -palr  pro-
duction the recoil nomentum ¢ transferred to the nucleus can be

so large that the assoclated wavelength
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f/'){" ;,ﬁ /a = (1,685 X 10° =¥ em) / (o/ e,

becomes smaller than the nuclear radius. In this case the matrix
element describing the interaction of the pair with the electric field
of the extended nucleus becomes smaller than the point charge matrix
oelement because the regions of space that most contribute to 1t 1 have
dimensions smaller than 3(q

| This reduction of the point charge matrix element,which_can
also be interpreted as due to the interference of the ddfferent
coherent reglons of the nucleus, is described by a nuclear form factor

£ given by

00 _ R
£ (qud) = (r) ,ia . v/h d’r cdar =1, (2)

0 .

where O is proportional to the charge denslty of the nucleus of mass

number A. The cross section is obtained by multiphying the point
charge cross section by £, L

" In cleciron=-pair formation, the deviation of the nuclear form
factor from unity is never appreclable, because most of the contribut
ions to the integratcd cross section come from small recoil momenta
which are much smeller for electrons than for 4 -pairsj for example,

the smallest possible values for g near threshold are

- ? ’
~~{0s96 x 107 ) ¢ for electron pairs, and 20 ﬁ ¢ for meson pairs.
o and 0693 10~ ¥ o,

This corresponds to 9( equal to 1493 >< 10"
respectively, and to fz for & = 27 equal to o 1 and 0.0, rese
pectively.7 As the photon cnergy increases,; the minimum possible re-
coil momentum decreases, and the influence of the form factor becomes

less pronounceds

The actual steps of the calculation of the cross  section
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- (1) are indicated in the Appendix, The procedure consists in inte~ .
grating the Bethe-Heltler forrmula over the variables of one of the
mwesons of the palrs This is most conveniently accomplished by choog
ing q as one of the two variables of integration since the form
factor depends on only q and A. The form factor used is that cor
responding to a uniform charge distribution of radius

—

Ry = 1.20 x 10717 x A3 e, (3)

The integration over ¢ was performed numerically with the aiq of“
an IBM=Card-Programmed Computer to an accuracy of 5 percept. To this
5-percent inaccuracy must be added the error due to the use of the
Born approximation, which is ~ (Z/137)2 (c/v)%s 849

The error due to neglécting the exciltation of the nu-
cleus can be estimated from a sum rule over all the excited states

of the nucleus, which gives
2 .2 2 )
Z2°fgp*26p (L ~£7) (L)
for an upper limit of the cross section. The first term 1-1s the
elastic coherent contribution calculated in this paper, and the se~
cond represents an upper limit on the inelastic contribution. The
relative importance of the second increases as I decreases, and

the cross section approaches that of Z incoherent protons, 2 CIP.

RESULTS

)

In ordor te bring out clearly the effect of the form

factor, a factor T 1s defined by the relatiom

.2
L8 [P B o I (5)
af da M 2 / A c?
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where m is the electron rest massjy A4 1s talken equal to 207m, and

A}.cz = 1054777 Mev; and

_— S p - -
6 = (z /131)r, = 2°X 5.793 X 10 2en?,

where Ty is the classical electron radius. Figure 1 shows T plotted
as a function of the incoming photon energy k for a_fixed angle ?
of lO? between the meson and the photon. The families of _curves
starting at the threshold k = 312.6 Mev and k = Lé3.L Mev correspond
to fixed meson kinetic energies of 1l0l.0 and 251.9 Mev,pgspectively.
Bach curve of a family corresponds to a value of the mass number A,
as indicated in the fisure. For comparison, the curve corresponding
to a point charze nucleus 1s also drawns The ordinate, when ml~-
tiplied by
p x (1/207) X (/27 ) x (1/105.77)

zz‘y; 26036 DA 1072°  onm? /Mev (6)

i}

from Bae (5), represents the cross section (1) in e’ /sterad/Mev,
Figure 2 shows the cross section (1) in em? /sterad/Mev/Q,
where Q is the effechive photony this cross section per photon is
obtained as followst Ege (5) is integrated over the  bremsstrahlung
spectrum N(k)-= N(k,k__ %) from O to I =500 Mev,™® and aividea

by ;o

i
i

( Wik .. ) 0 k() dk .
N 4"';‘ O : -
Cher L1 1- 7Yt : 11,12
The guantity n(h,kﬁa?,z) is the thin-target spectrum” taken for
7 = 1%, The anszle © is again taken to be 10% The ordinate  shows
the resulting cross section ys the atomic charge Z at the abscissa.
The three curvesg indicated are calculated for meson kinetic energies

T.”K of 10Le0y 201.7 and 2519 Mev, respectively.
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Mgure 5 chows the Gependence of the factor
. 500 aOO

7= / T (k) ax (,d= KN(k) dk (79

m".x . ,-'
O 1

on 6 for different clements, where ¥ is defined in Bq.(5),and where
N(k’kmax’z) has the same meaning as for the calculatlon of TFige 2.
When multiplied by Eqe (6), the ordinate is a cross section in
cmz /sterad/Mev/f; « This graph shows the marked increase of the formw
factor effect with thwe ongles. The point-charge case ig again indi~-
cated for comparisorie

For « check of the method, the point charge curve for T
as a function of & wns integrated over the solid angle dflof the
AA ~mesons The result was in satisfactory agreement with the known
values of @(E) aE. 1

The author wishes to eXpress his great appreciation for
the orientation and encouragement received from Dr,‘ D. R, ¥ennie

throughout this worke He 1s also indebted to Professors W. K. K.

Panofsky and L. L. Schiff for many valuable discussionse.
APPENDIX

The Born approximation for the pair-production differ =
ential cross section is given by the Bethe-Heitler forml,lla,lLL and can

be written in the form

. 5 2
gL 1 / Loy
C," - —**‘j";‘” dE'I" adsm. o T B [ ; ‘3{' (8)
g,,a- 2 \ 297 )
P.P 1 i ; o
e SR iy £ (ayh)

4 t

kv o

where k, B, and I _ are the energles of the incident photon and the
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emerging positive and negative mesons, respectively, measured in unibe-
of the meson rest energy :picz ;E;+,E?_ and g are the positive and
negative meson momenta and the nuclear recoll momentum, respectively,
measured in units of p'c ; dfl, refers to the solid angle into which
the /ﬁki%—meson 1s emitted; {I{}'represents the expression ~pppearing

i

in brackets in the formmla given by Heltler™ — 1t is a complicated
function of the now-dimensionless meson and photon variables; f(é,A)
is the form factor given by Ede (2) describing the effect of the

finite size of the mucleus on the palr-production cross section. Tak
ing for f) a uniforn charge density for r <« Ry and zero for » > Rgy
vwhere the value of Ry 1s given by Eq. (3), the expression for the fam

factor as given by (2) becomes

£lays) = (3/q'°) (sing® - gleosqd,

where q!= q(jblc/’%\)RO = g % 0e61133 X< Al/B. For a point charge nu-
cleus, or for zero recoil momentum, f£(q,A) is equal to wunity; other-
wise, it is less than unity.

The cross section (1) is now obtained by integrating Eq.
(8) over the variables of one of the mesons, say the negative one ,
constrained by energy momentum conservation relations that can  bhe

written in the form

k = B, + &,
a4 = a =D

-

. Y p—

-1 -5
where a is the fixed vector given by a =k = p s Equation (9) shows
that for a given value of B_ the marnitude of p_ is fixed, and  for
each of its directions the corresnonding value of q is determined.

The recoll momentum can very bebween q

. == -
min a P and



qmax = a + p_s where “c_f connects a point O to any point on a_sphere
of radius 'P__.centered' at O + ?. A new coordinate system ~ ks  now
chosen with the z axis in the- direction of g, and v;;_ and ?in *T o the
x,2 plane. In this systen ?fand '15?_ have the same azlmuthal engle

—3
‘«?__', and the polar sngle ©_ of p_ can be expressed entirely in

tefms of the magniitude of gy, by making use of the relation

cos 9+) + qa/z ) 3 (10)

8, and \Q + roproscnt the polar end azimuthal coordinates of  the
s . X .
direction of emergernce of th Is I ~megon, measured in a frame - b
which the photon bLeanm is in the z direction. .

Changing the varilables of integration from € and L{)_ to

q and \{)_‘, we can then write

aqy_ = d( cos 8_' ) d\f_‘ = ( ¢/ap) dode ! .

The quantity {H} is now expressed as a function of the new variables
with the help of relations of the type (10), and the integration

over \{9 _V is performed analyticallys

o,

.2
Yo N v 2 2 11
C'izﬁ” = et ;. 9 “""“"") A ""“-}"‘5 Ry dq X £ (a) (1)
2o 207 ak q
/
Snin,
where 27
1 -
R = ——— (b awp_!
- o4 v ,
o . (12)
=M+ H(q™ /2) + ——rp—— { = |7 +3:1) + n +
.Xﬂ]7-2 ‘ :’2 2 -,t \

aﬁ/\*:’ (QE/Z) I C;E /2 )+ 9]; - L ’

I - A e e R 1A A M
A 3

? B X \




and where
X =(¢*/2)[(e?/2)tr])re,
r = 2( i.p, cos 8, - p+2 )
- 0 2
Swd'.’l-).}.?
-
a_lk—p.{_lp
@« =B, -p, cos 9+ )
g =k - p, cocs G+,
P =-2B,% + k[ 1= (a®/k®) ],

g = =pm, w1 -(o® /xe) 1,

. 2.2 . 2
Ro= (1767 /2) v 2B A M
n o= -L%-p "+ BT+ kp, cos®
i {.+ J.l_{__ " L N & + 3
) o e} €y ) B ‘_" 2
M = ( EE-:L)-{: sin” 8+_/ U-{") + 2E+ €L }:RE 1+ (1,;%/(,1 ) ]

- ( bz, _p/a)

W= 1~ (g, Pein?e/al) + 2 e/ota) ~ ( 28/a ) .

For the case of a point nucleus, R/q3 expresses the pro-
bability of occurrence of each of the different possible vrecoll mo-
menta that contribute to the integral cross sections For an extended
nucleus R/q? is multiplied by the form factor, which therefore de-
presses the contributions of the higher momentas, For example, take
k = L9, p, = 242, and € = 10° Then q varies between 0.8 and
5.02, which, for the case of &4 = 27, corresponds to a (form factor)?
of 0.8 and 0.0%, respectively. The quantity (2p+/ak3) (R/QB) goes
from 0«27 as & = 018, to a sharp maximim of 2.9 at q ~ 0475 at
which £2 (0.75) = 0465, and then falls off passing through the values
1.16, Ouiy Osl and ~ 0 for ¢ equal to 1, 2, 3, and 5, respectively.
For these valuss cf q, £ is equal to Oeli7, 0.0L, 0,008, and *w 0,



respectively.

The final integration over q. was performed numerically
for various values of p, and @ suitable for the Stanford expg
riment, ond for verious values of k and A. The results are shown

in Figs. 1=3.
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FIGURE CAPTIONS

FiGe 1. Plot of T yg ke The factor T is proportional to the dif
ferential cross section d ¢'/d (L dB, as defined by Eq.(5)
and &k 1s the incident photon energy measured in Mev. The
two families 6f curves starting at k =7312;6 and QéB.h?@N
correspond to kinetic energiles of the observed meson o?
1010 and 251.9 Mev, respectively. The different curves
in each family correspond to nuclel of different mass
numbers, as indicated. The angle between the observed

soAcsmeson and the photon beam is 10° in each case.

FIGe 2o The differential cross section d «/d "1.4B folded  1into
the bremsstrahlung spectrum of maximum photon energy 500
Mev, as described in the text, plotted s +the charge
number Z. The ordinate is in units cm /sterad/Mev/ .. In
each curve, Tﬁﬁhrepresents the kinetle energy in Mev of
the fixed outcoming meson whose direction with respect to

the incoming photon beam is 10° in each casee

FIGs 3 Dependence of T' on the angle O of the observed meson rg
lative to the incoming photony T! is the factor T folded
into the bremsstrahlung spectrum of maximum energy . 500
Mev, as described in the text, where T 1s defined by Ed.
(5)s The three curves shown refer to the same  kinotic
energy T . = 20LeT Mev of the observed ‘i -mesonj the s}
cBag ol fhe‘recoiling nuclel correspond to zero ;adiugz
and to the sizes obtained from Ede (3) by taking the mass

number A equal to 27 and 63, respectively.
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