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ABSTRACT

We prove that the duality transformation. for a Potts fer-
romagnet on two-rooted planar hierarchical lattices (HL) pre-
serves the thermal eigenvalue. This leads to a relation  be-
tweeﬂ'the correlation length critical exponents v of a HL and
its corresponding dual lattice. Using hyperscaling :» wa show
that their specific heat oritical exponents a« coincide. For a
smaller class of HL-namely of diamond and tress types - we prove

that another transformations also preserves v and a.

Key-words: Critical exponents; Hierarchical lattices; Duality.
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Phase transitions of the g-state Potts model on hierarchical
lattices (HL} have been largely studied with real  sapace re-
normalization group methods because exact calculations can be

(1=3) | More recentiy Hu'®) and da Sil

performed on such lattices
va and Tsallis(7) have cbtained some intriguing results studying
critical properties of Ising and Potts ferromagnets .. on BL's.
Hu(a).exhibits two different HL's (see below, figures la e 1lc)
that present the same thermal eigenvalue A. . da  Silva and
Tsallis(7) have shown that generalized diamond and tress HL's
(see. examples in our fig. 1) have the same correlation length
critical exponents v. We will show that these results are con-
sequence of two HL transformations rathef than singular cases.

(2)

The first one is the duality ; a property of ahy planar HL,

The second is related to a smaller class of HL's, -haimely  the

generalized diamond and tress'ones(7’8); it transforms a

diamond HL into a tress HL and conversely.
In order to show the properties induced by these transforma
tions we will consider a g-state Potts ferromagnet on a HL. The

Hamiltonlian is given by

FE =-ar ] s, . (o;=0,1,...,qD) (1)
<1J> 1 3 :

where the sum is over nearest neighbors sites and §  is: the

kronecker delta. The c-variables are on the sites of the HL and

the coupling constants are associated with the bonds. We . .will

use a very convenient variable, the thermal transmissivity
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¢ = [ -expl-qa/kyD]/[3 + @-Liexp(-q) /k,n] ),

asasnciated with each bond of the HL. Its dual variable ¢ is de-

fined by the relation(g)

S L (2)
= T

The recursive relation of a two-rooted graph corresponding to
the HL-basic cell with length b and aggregation number A(3) is
given by t' = G(t) where G(t) is a ratic of two polynomials of

£¢1%11) The thermal eigenvalue of this HL is given by

3G -
A S = (3)
o,

where t* satisfies t* = G(t¥).

Considering that, for HL's whose basic cells are two-rooted
planar graphs, the function G associated with a HL is related
with the function G associated with the dual HL by the e-

quation(lo)

L -G(1)

G(t) = =
1+ (g-1}G (1)

(4)

we are able to prove the following property.
Property l: The Potts thermal elgenvalues of a two-rooted pla-
nar HL and of its dual lattice coincide.

.The proof is straightforward. ﬁe must take the derivative
of eq. (4) wiﬁh respect to t, then use the chain rule in the

right-hand-side (having in mind that t 1is related with t by
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eq. (2)) and evaluate the derivatives at the fixed point t*.

Considering that * = v (t*) and é(t*):r* we verify that

=1

This leads to the equality between the thermal eigenvalues of

the HL's associated with G and G (dual)

) Y-
where 1 is given by eq. (3) and ) = 31 .
Tk

Conollarny 1l: Being b the basic cell minimum length of a HL and
b the corresponding length of its dual lattice, then eq. (5) can

be written as
_bl/v_= El/v (6)

where v and v are the correlation lengths critical exponents = of
" a HL and its dual lattice respectively..The definition of. in-

trinsic dimension(3)

, namely D = fogA/Zogb, and the fact .that
duality transformation preserves the aggregation number A, permit
us to rewrite eq. (6} as '

o~

| _
- Coroflary 2: Using the hyperscaling relation ﬁm:aHL( ), Dv =

2 -a, we have
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a=a, - (8)

thus Showing that the specif heat crikical exponents of a HL and
of its dual lattice are.the same. We remark that the-r re1ahions
between critical exponents given by eqs. (7) and (8) are vailid
for aff planar HL. Furthermore, if b = b then also v = V.

The second property is related to a smaller class of planar
HL. This class is partitioned in two subclasses namely . the
diamond-like and tress—like HL's. The basic cell of a diamond HL
is constituted by N branches in parallel, each one with bl bonds
in series and the tress basic cell is constituted by b ..clusters
in series, each one with ﬁ bonds in_parallel. For example in
figure 1 the basic cells (la) and (lc) generate diamond HL's with
b=2,N=3 and b=3, N=2 respectively, and (1b) and (1d) ge-
nerate tress HL's with b =3, N =2. and b =2, N =3 respectively.

The expression for GD(GT).of the diamond (tress) HL, for any b

L ..L 1 _-tb }N
b
dlg-lit t9)

x S
1 +(q—l)[ 1-t b:l
1 +(g-1)t

: T e - oo e , '
. H -
Gy (&, b, W) = .l *(g-1) (10)

1+ (g1 l:_l;t_:l
1l+{g-1l}t] _

N, is given by:

: GD(tfb{N)

|
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It is easy to verify by equations (9) and (10) that there is a

relation between GD and'GT given by

Gyplo by N) = [G (£,b,0)]" | (11)

where w = tb. Thus, the diamond and tress HL can be . connected

by two transformations, the diamond-tress (TDTy given by

. - b _ b |
Typ Gy (t,b,N) > [6,(tsb/N)]° = G (£7/bsN) (12)

)

and its inverse (tress-diamond TTD

. o . /b _ /b 3
Typ Gy (tib/N) ——> [G  (t,b/N)] G, (£777 b, N) o (13)

where ﬁhe equalities in (12) and (13) follow from eq. (1ll).

Clearly, T and,TT are related to the diamond-tress - transfor-.

DT D
mations proposed by Ottavi and Albinet‘a).
Property 2: A diamond-like and a tress-like HL with the same b
and N share the same Potts correlation length critical exponent
Ve ‘ |

Also this proof is straightforwardm We take the derivative
of eq. 11 with respect to t and evaluate this derivative at
the critical point t*, Having in mind that w* =u(t*) = t*° this
leads to A, = Ap e As b is the same for diamond and tress HL
connected by T this implies that Vp = vy
Cornollanry: As. the diamond and tress HL connected by_TDT(or TTH

have ‘the same b this implies that their intrinsic dimensionalities
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are the same. By using hyperscaling it follows that their specific
heat critical expoments are the same; aT = aD;

It is worthwhile to note that if b # N (D # 2) then  tress
HL is not the dual of a diamond HL. Also, if b =N(D =2) then
%ﬂ t;ansformation turns out to be the duality transformation.

For diamond and tress HL's the conjugation of the transforma
tions defined by equations. (4) and {11) , namely E e TDT, L oon-
nects four HL's as illustrated in figure 1.

In conclusion, the HL's connected by T share the same @
and their correlation length critical exponents are related by
have both a and v equal.

T
Achnowfedgements: We would like to thank C. Tsallis for.fruitful

Dv ='Dv ; the HL's connected by T/

discussions and useful suggestions.
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CAPTIONS

Fig. 1l: Diamond ((a} and (c)) and tress ((b) and (d4)) HL basic
cells connected by the transformations 5, Tdt and Ttd

(0 and @ denote the roots and internal sites respective

ly).
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