
Strongest gravitational waves from neutrino oscillations at supernova core bounce

Herman J. Mosquera Cuesta1;2;3 and Karen Fiuza4
1Centro Brasileiro de Pesquisas F��sicas, Laborat�orio de Cosmologia e F��sica Experimental de Altas Energias

Rua Dr. Xavier Sigaud 150, Cep 22290-180, Urca, Rio de Janeiro, RJ, Brazil | e-mail: hermanjc@cbpf.br
2Abdus Salam International Centre for Theoretical Physics, Strada Costiera 11, Miramare 34014, Trieste, Italy

3Centro Latino-Americano de F��sica, Avenida Wenceslau Braz 71, CEP 22290-140 Fundos, Botafogo, Rio de Janeiro, RJ,

Brazil
4Instituto de F��sica - Universidade Federal do Rio Grande do Sul, Agronomia, Avenida Bento Gon�calves 9500, Caixa Postal

15051, Porto Alegre, RS, Brazil ::: k�uza@if.ufrgs.br

(March 29, 2004)

Resonant active-to-active (�a ! �a), as well as active-to-sterile (�a ! �s) neutrino (�) oscilla-
tions can take place during the core bounce of a supernova collapse. Besides, over this phase, weak
magnetism increases antineutrino (��) mean free paths, and thus its luminosity. Because the oscilla-
tion feeds mass-energy into the target � species, the large mass-squared di�erence between species
(�a ! �s) implies a huge amount of energy to be given o� as gravitational waves (LGWs � 1049 erg
s�1), due to anisotropic but coherent � ow over the oscillation length. This asymmetric �-ux is
driven by both the spin-magnetic and the universal spin-rotation coupling. The novel contribution
of this paper stems from 1) the new computation of the anisotropy parameter � � 0:1�0:01, and 2)
the use of the tight constraints from neutrino experiments as SNO and KamLAND, and the cosmic
probe WMAP, to compute the gravitational-wave emission during neutrino oscillations in supernovae
core collapse and bounce. We show that the mass of the sterile neutrino �s that can be resonantly
produced during the avor conversions makes it a good candidate for dark matter as suggested by
Fuller et al. (2003). The new spacetime strain thus estimated is still several orders of magnitude
larger than those from � difussion (convection and cooling) or quadrupole moments of neutron star
matter. This new feature turns these bursts the more promissing supernova gravitational-wave
signal that may be detected by observatories as LIGO, VIRGO, etc., for distances far out to the
VIRGO cluster of galaxies.

PACS 04.30.Db, 04.40.Dg, 04.50.+h

I. INTRODUCTION

Supernovae neutrinos and gravity waves.| That out-
owing neutrinos (�s) from a supernova (SN) generate
gravitational waves (GWs) was �rstly pointed out by
Epstein (1978). However, over the �rst � 10 millisec-
onds (ms) (Mayle, Wilson & Schramm 1987; Walker &
Schramm 1987) after the SN core bounce the central den-
sity gets so high that no radiation nor even �s can escape,
they are thus frozen-in and strongly coupled to the neu-
tron matter (N0) as described by the Lagrangean (see
Kusenko & Postma 2002 for this dynamics)

LintN0$� =
GFp
2

�
�N0�(1� 5)N0

� �
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; (1)

with the � �eld ( ) satisfying the time-dependent
Dirac equation�
i0@0 + i�@� + �(t)v�

�

�
1� 5
2

�
�m�

�
 = 0: (2)

At this phase the whole proto-neutron star (PNS)
dynamics is dominated by gravity alone, and can
be appropriately described by the general relativistic
Oppenheimer-Volko� equation for both the N0 + � uid
(see Mosquera Cuesta 2002). As discussed by Mayle,
Wilson & Schramm (1987); and Walker & Schramm

(1987), it is over this early transient that most � avor
conversions are expected to resonantly take place and
consequently the super strong GWs burst from the oscil-
lation process to be released. GWs from this decoupling
has been suggested to likely be the ultimate process re-
sponsible for the neat kick given to a nascent pulsar dur-
ing the SN collapse (Mosquera Cuesta 2000; 2002).
The contention of this paper is a) to pave, in the

framework of general relativity (GR), the pathway to this
fundamental astrophysical process of generation of GWs
from � oscillations in a PNS. b) to demonstrate, by taking
into account experimental and observational constraints,
that � oscillations during SN core bounce do produce
GWs of the sort predicted by Einstein's GR theory, and
more crucial yet, c) to stress that these bursts are the
more likely SN GWs-signals to be detected by interfer-
ometric observatories as LIGO, VIRGO, GEO-600, etc.
We speculate that such a signal perhaps might have been
detected during the SN1987a event, despite the low sen-
sitivity of the detectors at the time. Some claims in this
direction were presented by Aglietta, Amaldi, Pizzella,
et al. [2], and related papers.



CBPF-NF-007/04 2

II. THE MECHANISM FOR GENERATING GWS

DURING NEUTRINO OSCILLATIONS

To start with, let us recall how the production of GWs
during � oscillations proceeds by considering the case of
oscillations between active and sterile neutrinos in the
supernova core. The essential point here is that oscilla-
tions into sterile neutrinos change dramatically the en-
ergy and momentum (linear and angular) con�guration
of the system: neutrinos plus neutron matter inside the
PNS (check Eq.(2)). In particular, avor conversions into
sterile neutrinos drive a large mass and energy loss from
the PNS because once they are produced they freely es-
cape from the star. The reason: they do not interact
with any ordinary matter around, i.e., they do couple
to active � species but neither to Z0 nor to W� vec-
tor bosons. This means that oscillations into steriles, in
dense matter, take place over longer oscillation lengths,
compared to �a ! �a, and the steriles encounter in�-
nite mean free paths thereafter. Physically, the poten-
tial, Vs(x), for sterile neutrinos in dense matter is zero.
In addition, their probability of reconversion, still inside
the star, into active species is quite small (see discussion
below). This outow translates into a noticeable modi-
�cation of the PNS mass and energy quadrupole distri-
bution, which as discussed below is dominated from the
very beginning by rotational and magnetic �eld e�ects.
Since most steriles neutrinos escape along the direc-

tions de�ned by the dipole �eld and angular momen-
tum vectors (see Fig.2), then the � outow is at least
quadrupolar in nature. This produces a super strong
gravitational-wave burst once the avor conversions take
place, the energy of which stems from the energy and mo-
mentum of the total number of neutrinos participating in
the oscillation process�. Further, the gravitational-wave
signal generated this way must exhibit a waveform with
a Christodolou's memory (Mosquera Cuesta 2002).
The remaining con�guration of the star must also re-

ect this loss. Hence, its own matter and energy distribu-
tion becomes also quadrupolar. Because this quadrupole
con�guration (the matter and energy still trapped inside
the just-born neutron star) keeps changing over the time
scale for which most of the oscillations take place, then
GWs must be emitted from the star over that transient.
At the end, the probability of conversion and the � ux
anisotropy parameter (�, see below) determine both how
much energy partakes in the process and the degree of
asymmetry during the emission. Both characteristics are
determine next.

�The attentive reader must regard that neutrinos carry away
almost all of the binding energy of the just-born neutron star,
i.e., �E� � 3 � 1053 erg.

FIG. 1. The mechanism for � conversions. Firstly, the
state of a system, �s in the PNS, is de�ned by the energy
EA for the time interval tB � tA. After the avor transitions
that system is represented by a reduced energy EB over time
tD � tC . The total energy transferred to the new species is
�E�a$�s

�a$�a � EA � EB, and thus the � luminosity over the
transient is given by L� =

EA�EB
tC�tB .

The case for oscillations among active species is a bit
di�erent, the key feature being that mass and energy is
relocated from one region to another inside the PNS, es-
pecially because of the weak magnetism of antineutrinos
that allows them to have larger mean free paths (and
thus oscillation lengths) (Horowitz 2002). In addition,
oscillations of electron neutrinos into muon or tauon neu-
trinos leave these last species outside their own neutri-
nospheres, and hence they are in principle free to stream
away. These neutral-current interacting � species must
be the very �rst constituents of the � burst from any
supernova since most �es are essentially trapped. This
must also generate GWs during that sort of avor con-
versions, although their speci�c strength (strain) must be
a bit lower compared to conversions into sterile neutrinos
where almost all the � species may participate, and the
large �m2 in the process.
Since the sterile neutrinos escape the core over a time

scale of a few ms, the number of neutrinos escaping
and their angular distribution is sensitive to the in-
stantaneous distribution of neutrino production sites.
Since thermalization cannot occur over such short times
(�T thermal � 0:5 s), and since the neutrino production
rate is sensitive to the local temperature at the produc-
tion site, the inhomogeneities during the collapse phase
get reected in the inhomogeneities in the escaping neu-
trino uxes and their distributions. Because of both the
� spin-magnetic �eld ( ~B) and � spin-angular momen-

tum ( ~J) coupling the asymmetries in these distributions
can give rise to quadrupole moments, which must gener-
ate gravitational waves as suggested by Mosquera Cuesta
(2000; 2002), and dipole moments which can explain the
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origin of pulsar kicks (Kusenko & Segr�e 1997; Fuller et
al. 2003).
Fixed by the probability of oscillation, P �a!�s

�a!�a , the
fraction of neutrinos that can escape in the �rst few mil-
liseconds is, however, small. Firstly, the neutrinos have
to be produced roughly within one mean free path from
their resonance surface. Secondly, since in the case of
�a ! �s oscillations ms is the heaviest neutrino species,
the sign of the e�ective potential A(x) (see discussion
below) and the resonance condition indicates that only
�es and the antineutrinos ��� and ��� can undergo resonant
conversions. In Section IV we address all these issues and
determine this fundamental property of the mechanism
for producing GWs from � avor conversions.

III. ANISOTROPIC NEUTRINO OUTFLOW:

ORIGIN AND COMPUTATION

To provide a physical foundation for the procedure in-
troduced here to determine the neutrino asymmetry pa-

rameter, �, which measures how large is the deviation of
the � ux from a spherical one, we recall next two funda-
mental e�ects that run into action once a PNS is form-
ing after the supernova collapse. We stress that other
physical process such as convection, thermalization, etc.,
are not relevant over the time scale under consideration:
�Tosc � 3�10 ms after the SN core bounce. Those e�ects
take a more longer time (� 30�100 ms) to start to domi-
nate the physics of the PNS, and therefore do not modify
in a sensitive manner the picture described belowy. In-
deed, if � thermalization, for instance, already took place,

yAt this point, a note of warning regarding the time scale
we are using for the present calculations is of worth. This is
specially so in the light of the very recent paper by Loveridge
[24], where a very important extension of our original idea,
introduced in Refs. [28], is detailedly provided. In his com-
putation of the gravitational radiation emission from an o�-
centered avor-changing � beam Loveridge used a time scale
of �T ��burst

� 10 s, apparently based on the duration of the
�-burst from SN1987A.
The great novelty in Loveridge's paper is the prediction of
a periodic GWs signal from the avor-changing � beam ec-
centrically outowing from the just-born pulsar. This GWs
signal would have characteristics that make it observable by
both LIGO and LISA GWs interferometers. Interestingly
in itself, various arguments favouring evidence for regularly
pulsed neutrino emission from SN1987a in the period range
between (8.9-11.2) s were given by Harwit, et al. [18] and
by Saha and Chattopadhyay [35]. However, Fischer checked
systematically for periodicities between (5-15) ms in the �
burst from SN1987A [13]. He disclaimed all those hypotesis
by showing that the multitude of medriocre period �ts seemed
to be rather typical for events distributed randomly instead
of periodically [13]. Thus no signi�cant periodicity exists in

then the oscillations are severely precluded since oscilla-
tions bene�t of the existence of energy, matter density
and entropy gradients inside the PNS (Bilenky, Giunti
and Grimus 1999; Akhmedov 1999), which are \washed
out" once thermalization onsets.

scale. As claimed above, this time scale must be related to
the oscillation length (not the system's response time scale)
over which most of the conversions must take place. More-
over, oscillations of massive neutrinos are damped when the
propagation distance is greater than the coherence length

Lcoh = �osc

�
E

�E

�
: (3)

Here E and �E are, respectively, the � energy and en-
ergy spread determined by the production and detection con-
ditions. In a supernova, the neutrinos nonforward scatter
in continuous energy distributions so that �E ' E, and
hence the coherence length is nearly the oscillation length [32],
which �xes the time scale �Tosc we call for henceforth. Yet, in
the early phases of a SN the neutrino ux is so large that the
weak-interaction potential created by the neutrinos is com-
patible to that of the baryon matter around. Thus, neutrinos
can be thought of as a dominant background medium that
acts as a coherent superposition of avor states that drives
the conversions in a nonlinear way. In other words, the oscil-
lations become \synchronized", which means that all modes
oscillate collectively with the same frequency [36,33]. Such
a frequency should be related to the oscillation or coherence
length, and through it to the oscillation time scale. Thus, this
last behaviour adds to our argument in favour of a shorter
time scale for the overall oscillations to take place. So, the
�Tosc . 10 ms is well-fundamented. Besides, a time scale
that long as Loveridge's � 10 s strongly disagree with Spruit
and Phinney constraint on the overall time scale: � 0:32 s,
for the kick driving mechanism [38].

the arrival time of the neutrinos from SN1987A as detected
by Kamiokande II and IMB detectors. Nonetheless, any ev-
idence for such a regular � signal in a forthcoming (future)
supernova might decidedly favor Loveridge's GWs mechanism
from � oscillations in nascent pulsars.
As it stands, however, Loveridge's mechanism is decidedly
di�erent from ours in several respects. Firstly, we do not in-
voke an o�-centered rotating � beam for producing the GWs
emission from the � oscillations. In our mechanism the neu-
trino outow is simultaneously acted upon by both the pul-
sar centered magnetic �eld and angular momentum vectors,
as we describe below. Thus, the �-spin coupling to both vec-
tors turns out to be the source of the, at least, quadrupolar
� outow and GWs emission during the avor conversions.
Secondly, as a consequence of this � escape from the star the
resulting GWs signal, in principle, is not periodic, as opposed
to Loveridge's. Indeed, the GWs signal will look much like
the one computed by Burrows and Hayes [7], including the
appearance of a Christodoulou's memory in the waveform.
Thirdly, as discussed next, the overall time scale for the pro-
cess to take place in our mechanism is about three orders of
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TABLE I. Time scales (in ms) called for in this paper.

Supernova � Neutrino Supernova Supernova

Thermalizat. Oscillations Deleptonizat. Core-Bounce
�T thermal

� �T �
osc �TPNS

delept �TPNS
bounce

� 500 � 3� 10 � 10 � 20

A. Why no room for �-driven convection over �Tosc

In order to back the dismissal in our discussion on
neutrino oscillations of the e�ects of convection inside
the proto-neutron star, we would like to take advantage
of some arguments presented in the state-of-the-art of
the subject by Janka, Kifonidis & Rampp (JKR, 2001),
who provided detailed analysis about convection inside
the nascent neutron star. In particular, these authors
showed that the growth time scale of convective instabil-
ities (�cv) in the neutrino-heated region (adjacent layers
outside the just-born neutron star, of relevance for suc-
cessful supernova explosions) depends on the gradients of
entropy and lepton number through the growth rate of

magnitude shorter compared to one assumed by Loveridge.
The � oscillation time scale and the duration of the GWs
emission are both crucial features of both the mechanisms
above discussed. In this regards, we advise that a very ex-
tensive set of references (here we just quote a few of them)
showed that the � signal from SN1987A exhibits a peculiar
time pro�le [37,3,9]. According to Refs. [37,3,9], the � burst
observed from SN1987A is bunched into three clusters around
(0.0-0.107) s, (1.541-1.728) s, (9.219-12.349) s. In particular,
Cowsik [9] claimed that during the very early phase the lighter
of the neutrinos arrived and by �T � 0:1 s all of the neutrinos
above the IMB threshold of 20 MeV had already gone past
and thus were not seen by this � detector. Therefore, if one
stands on these pieces of evidence it is clear that the largest
portion of the total �s from SN1987A were emitted over a time
scale smaller than 100 ms. This last time scale is an order of
magnitude larger than the one we are favouring here, one
which is taken from most of the theoretical analysis and nu-
merical simulations of supernova core collapse and � emission
(see for instance Refs. 10,11,12 in Sato and Suzuki [37]; and
also Burrows and Lattimer [6]; and Refs. [43,25]). A possible
explanation of such a di�erence may be that a large portion
of the released electron �s undergone avor conversions into
sterile �s over a time scale much shorter than 100 ms, a reason
of why they went undetected.
In brief, although from the observational point of view, we
may agree that the (� 10 s) � emission time scale assumed
by Loveridge [24] appears a reasonable one, we think of it is
not a very realistic one to picture out the � avor conver-
sion mechanism inside the nascent neutron star, specially if
one takes into account that the � oscillation process implies a
very short time scale: the resonance or coherence length time

Ledoux convection, �L, as

�cv ' ln(100)

�L
(4)

' 4:6

"
g

�

�
@�

@s

�
Ye;P

ds

dr
+

�
@�

@Ye

�
s;P

dYe
dr

#�1=2
;

or equivalently

�cv ' 20 ms

�
Rs

Rg
� 1

�1=2 R3=2
g;7p
M1

; (5)

where M1 = 1M�, and Rs and Rg de�ne the shock
and gain radius, respectively, and Rg;7 is a function of
the gain radius, the temperature inside the star, and
the neutrino luminosity and energy. Here the estimates
were obtained for g = GM=R2

g, (@�=@s)P � ��=s, and
ds=dr � � 1

2
s

(Rs�Rg)
(see JKR 2001, for further details).

Numerical simulations demonstrate that convection in-
side the proto-neutron star does start as early as a few
tens of milliseconds after core bounce. It develops in both
(i) unstable surface-near regions, i.e., in layers around the
neutrinosphere where density is � � 1012 g cm�3, and
(ii) deeper layers of density � � 1012 g cm�3), where
a negative lepton number gradient appears. Despite of
this piece of evidence, the time scale de�ned by Eq.(5)
is relatively long compared to both the estimated time
interval for the deleptonization process to take place:
�Tdelept � 10 ms, i.e., time over which most electron
neutrinos are produced (Mayle, Wilson & Schramm 1987;
Walker & Schramm 1987), and the core bounce time
scale: �Tbounce � 20 ms; where the large part of the neu-
trino luminosity associated with other avors is produced
through processes like bremsstrahlung, neutrino-neutrino
and neutrino-nucleon scattering within less than 5 ms
(Mayle, Wilson & Schramm 1987; Walker & Schramm
1987; JKR 2001, and references therein). Indeed, from
the convective regions below the neutrinosphere neutron
�ngers dig into the star and reach its center in about
one second. Then they propagate outwards to englobe
almost all the exploding star. Under the physical condi-
tions dominant over the �rst 10-20 ms after core bounce
one expect most neutrino oscillations of all avors to take
place at that time. Thence, convective e�ects are not rel-
evant during a time scale that short. As such, it cannot
modify in a signi�cant fashion our analysis regarding the
mechanism for the generation of gravitational waves from
neutrino oscillations, here highlighted.
Moreover, JKR (2001) stressed the \desastrous" rôle of

rotation for convection. A high rotation velocity of the
just-born neutron star reduces dramatically the e�ects
of convection because of the suppression of the neutrino-
nucleon interaction due to nucleon correlations in the nu-
clear medium composing the proto-neutron star. Phys-
ically, rotation leads to a suppression of convective mo-
tions near the rotation axis because of a stabilizing strat-
i�cation of the star matter speci�c angular momentum.
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In passing, we stress that a similar e�ect is also expected
from the action of a background magnetic �eld. Both
e�ects, rotation and magnetic �eld, then appear to be
more crucial for the physics of neutrino interactions in-
side the newly-born neutron star, and for the production
of GWs during the oscillation transient. Thus we address
both of them next.

B. �-rotation interaction

That gravity couples to neutrinos is well-known since
Dirac. The very �rst work, as far as we are aware of, to
show that the particle spin and PNS rotation couples
gravitationally, a universal feature (Soares & Tiomno
1996), was that of Unruh (1973). It was shown that
a consistent minimal-coupling generalization to a curved
background (a Kerr spacetime in that case) of the � equa-
tions is possible, and that it leads to equations separable
for the radial and angular components, though coupled.
For a massless � �eld (compare to Eq.(2)), and standard
Minkowski space Dirac matrices A, the Dirac equation
derived by Unruh reads

A
�

@

@xA
� �A

�
 = 0 ; (6)

where the Dirac A matrices relate to the Kerr space-
time metric through

AB + BA = 2gABKerr : (7)

Eq.(7) shows that the A matrices satisfy the Cli�ord's
algebra. Further, the spin-aÆne connections �A in Eq.(6)
are uniquely determined by the relations

�A
B � B�A =

@B

@xA
+ ��A

B� ; and tr(�A) = 0 :

(8)

From the �-number current, JA(x) = � (x)A (x), it
was shown that the �-number density is always positive
and given as (�g)1=2J t(x) = (�g)1=2 � (x)t (x) (see Un-
ruh 1973 for details). The complete analysis of the cou-
pling shows that the � �eld in this background is not su-
perradiant, as opposed to the case of the classical �elds
studied previously.
Vilenkin (1978) extended the above analysis and

showed that, upon admitting helicity (L) to be a good

quantum number, the angular distribution Fjm(�) of the
thermal fermion gas of �s (L = +1) and ��s (L = �1) in
the mode (j;m), with the function Fjm(�) satisfying the
normalization condition 2�

R �
0 Fjm(�) sin �d� = 1, leads

to an asymmetric � emission (see illustration in Fig.2)
from a Kerr black hole (BH), of speci�c angular momen-
tum a � J=M , described by

dN

dtd!d�
=

1

8�2
M2!2

P
�(1� La cos �)n

e[
2�
k
(!� 1

2

BH)] + 1

o : (9)

Eq.(9) shows that more ��s are emitted in the direction
parallel to the BH's spin, whilst more �s escape in the an-
tiparallel direction.z Further, for other weak-interacting
particles emitted from the BH parity is not conserved

(Vilenkin 1978). More fundamental yet, Vilenkin (1978)
work demonstrates that the same physics must be valid
for any other rotating star. In other words, the � spin
coupling to rotation, in a gravitational background, is a
universal feature, regardless which the spacetime source
can be. Here onwards we shall take advantage of this
feature for the case of neutrino emission from a rotating
NS, and suggest that the basic quadrupole nature of the
� emission from the PNS stems in part from this space-
time e�ect. The other fundamental e�ect we address
right next.

Pulsar
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FIG. 2. A schematic representation of the �-ux distri-
bution (hatched regions) in a nascent pulsar. The at least
quadrupolar distribution is evident and stems from the neu-
trino spin-magnetic and spin-rotation couplings.

zNotice that this behaviour is also manifest in the case of the
magnetic �eld �-spin coupling discussed below. Therefore,
these e�ects a�ect the oscillation probability, as we discuss
later on.
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TABLE II. Parameters of the PNS used for in this paper.

Radius Mass Density �-sphere Ang. Mom.
RPNS MPNS �PNS R�

PNS a

� 80 km � 1:3 M� 3� 1011 g

cm3 � 35� 60 km � 0:9� 1
2� 1014 g

cm3

C. �-B �eld interaction

That the electromagnetic properties of �s are modi�ed
due to its interaction with a background matter distri-
bution is a well-known fact. This is reected in the addi-
tional contribution to its self-energy stemming from the
� spin-to-magnetic �eld coupling ( ~B � ~k�). In the case of
�� ! �e oscillations, for instance, the geometry of the
�-sphere is dramatically deformed by ~B (see Fig.2), an
e�ect that strongly depends upon the relative pointing
directions of both ~B and � momentum ~k� . The mag-
netic coupling distorts the �� -surface (\sphere") in such
a way that it is no more concentric with the �e-sphere (see
Fig.1 and 2 in Kusenko 1999). Therefore, �� s escaping

paralelly-pointing to the ~B �eld have a lower temperature
than those owing away in the opposite (anti-parallel) di-
rection.
At the same time, the � spin coupling to rotation,

Eq.(9) (Vilenkin 1978), drives also an e�ective momen-
tum (and thus energy ux) asymmetry along the angular

momentum direction ~J , as shown in Fig.2. For a rela-
tive orientation �( ~B $ ~J) 6= 0 between ~B and ~J , i. e.,
a canonical pulsar, this combined action on the escap-
ing �s of a rotating background spacetime plus magnetic
�eld makes their �-sphere a decidedly distorted surface.
More precisely, the volumetric region obtained by rotat-
ing around the hatched regions in Fig.2, becomes at least
a quadrupolar outowing energy distribution. This is the
source of the strong GWs bursts in this mechanism when
the oscillations ensue. It also justi�es the large value of
the anisotropy parameter � used in Eq.(14) below (see
also Burrows & Hayes 1996).

D. The anisotropy parameter

Based on the concommitant action of both e�ects:
the �-spin coupling to both the magnetic �eld and rota-
tion described previously, one can determine the � ow
anisotropy in a novel, self-consistent fashion by de�ning
� as the ratio of the total volume �lled by the distorted
�-spheres to that of the proto-neutron star (PNS), as
one can infer from Fig.2. The �e-sphere radius of a non-
magnetic non-rotating star is obtained from the condi-
tion:

��e(R�e) =

Z 1

R�e

K�e �(r) dr =
2

3
; (10)

where ��e is the optical depth, and K�e the scattering
opacity for electron neutrinos, and � the matter density.
Following Burrows, Hayes & Fryxell (1995) one can take
hereafter R�e � R�e

PNS � R� � 35 km, which is of the
order of magnitude of the oscillation length �� of a typ-
ical supernova �, constituent as well of the atmospheric
�s for which �m2 � 10�3eV2 has been estimated by Su-
perkamiokande � detector (Fukuda et al. 1998)

�� � 31 km

�
E�e

10 MeV

��
10�3 eV2

�m2

�
: (11)

Therefore, resonant conversions between active species
may take place at the position r from the center de�ned
by

r = R�e + Æ0 cos� ; (12)

with � the angle between the �-spin and ~B, i.e., cos� =
(~k�~B)
~k

, and

Æ0 =
e�eB

2�2(dNe=dr)
� 1� 10 km ; (13)

for B � 1014�15 G, respectively. Here e, Ne = YeNn

and �e represent the electron charge, density and chemi-
cal potential, respectively. This de�nes in Fig.2 an ellip-
soidal �gure of equilibrium with semi axes

a = R� + Æ0; and b = R� ; (14)

and volume (after rotating around ~B):

Vellips: =
4

3
�R2

�(R� + Æ0) : (15)

Meanwhile, the �-spin coupling to rotation described
by Eq.(9) generates an asymmetric lemniscate-like plane
curve (see Fig.2)

r = R� (1� L a cos �) ; (16)

which upon a 2� rotation around the star angular mo-
mentum axis generates a volume:

Vlemnisc: =
1

4
(2R�)

2 � 2��y +
1

4
(R�)

2 � 2��y ; (17)

where the quantity �y (and �x) is de�ned as the location
of the centroid of one of the lobes of that plane �gure with
respect to its coordenate center (x,y), and is obtained

from the standard de�nition �y =
R
ydAR
dA

. After a long,

but straightforward, calculation one obtains

�y =

p
�

�2(1=4)
R� ; �x =

4
p
�

�2(1=4)
R� : (18)

Thence, for a PNS as the one modeled by Burrows,
Hayes & Frixell (1995), with parameters as given in Table
II one obtains
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�min =
Vellips: + Vlemnisc:

VPNS
� 0:11� 0:01 ; (19)

a �gure clearly compatible with that one in Burrows &
Hayes (1996). As such, this is essentially a new result of
this paper. The attentive reader must notice in passing
that the de�nition in Eq.(19) does take into account all of
the physics of the neutrino oscillations: luminosity, den-
sity gradients and angular propagation, since Eqs.(12,16)
do gather the relevant information regarding the spatial
con�guration of the � luminosity in as much as is done
in the standard de�nition of � (Burrows & Hayes 1996;
M�uller & Janka 1997)

�(t) � 1

L�(t)

Z
4�

d
0 	(�0; �0)
L�(


0; t)

d
0
: (20)

Indeed, one can get the \avour" of the relationship
between these two de�nitions by noticing that the quan-
tity L�(


0; t) in the integrand of Eq.(20) can be expressed
as L�(


0; t) � L�(t)F (

0), where the function F (
0) con-

tains now all the information regarding the angular dis-
tribution of the neutrino emission. Hence L�(t) can be
factorized out of the integral and dropped from Eq.(20).
This converts Eq.(20) in a relationship among (solid) an-
gular quantities, which clearly can be reduced to a volu-
metric one, similar to the one introduced in Eq.(19), upon
a transformation using the de�nition of solid angle in the
form of Lambert's law: d
 = dA cos �

R2 , and applied to the
sphere representing the PNS. Here �, measured from a
coordinate system centered at the PNS (source coordi-
nate system in M�uller & Janka 1997), plays the role of
the angle between the direction towards the observer and
the direction 
0 of the radiation emission in Eq.(24), and
subsequents, in M�uller & Janka (1997). Therefore, the
novel result here presented is physically consistent with
the standard one for the asymmetry parameter �.

IV. ENLARGED � AND GWS LUMINOSITY

FROM OSCILLATIONS IN DENSE MATTER

� outow from a SN core bounce is a well-known source
of GWs ( Epstein 1978; Burrows & Hayes 1996; M�uller
& Janka 1997; Mosquera Cuesta 2000; 2002). Numeri-
cal simulations (M�uller & Janka 1997) showed that, in
general, the fraction of the total binding energy emit-
ted as GWs by pure � convection is: E�

GW � [10�10-
10�13] M�c

2, for a � total luminosity: L� � 1053 erg s�1.
Unlike GWs produced by � convection (M�uller & Janka

1997), in the production of GWs via � oscillations (Mos-
quera Cuesta 2000; 2002) (�a $ �a or �a $ �s) there
exists two main reasons for expecting a major enhance-
ment in the GWs luminosity during the transition: a)
the conversion itself, which makes the overall luminos-
ity (L�x) of a given �x species to grow by a large factor:

�L�x � 10%Ltotal� , see below. The enhancement stems

from the mass-energy being given to, or drained from,
the new � species into which oscillations take place. This
augment gets reected in the species mass-squared dif-
ference, �m2, and their relative abundances: one species
is number-depleted while the other gets its number en-
hanced. But, even if the energy increase, or give up, is
small, b) the abrupt resonant conversion over the transi-
tion time (see Table I)

�Tosc � �osc
�V��Diff:

� [10�4 � 10�3] s; (21)

also magni�es transiently L�x . Here �osc de�nes the
oscillation length (computed below), and �V��Diff: �
109 cms�1 the convective � di�usion velocity (M�uller
& Janka 1997). In Section IV we estimate the transi-
tion probability: P�a!�a(j~x� ~x0j), P�a!�s(j~x� ~x0j), the
quantity that measures how many �s can indeed oscil-
late. This probability also �xes the total amount of en-
ergy participating in the generation of the GWs through
this mechanism, as shown in Section V.
If avor transitions can indeed take place during su-

pernovae (SNe) core collapse and bounce, then they must
leave some imprints in the SNe neutrino spectrum. Main
observational consequences of neutrino conversions inside
SNe include a) the partial or total disappearance of the
neutronization peak; the moment at which most �es are
produced, b) the interchange of the original spectrum and
the appearance of a hard �e spectrum, together with c)
distorsions of the �e energy spectrum and d) alterations
of the ��e spectrum (Dighe & Smirnov 2000). As discussed
below in Section 4.4, observations of the neutrino burst
from SN1987a have allowed to put some bounds on both
�a ! �a and �a ! �s classes of avor conversions.

A. Resonance, adiabaticity and the role of weak

magnetism

As argued by Mosquera Cuesta (2000; 2002) � oscilla-
tions in vacuum produce no GWs. In the case of active-
to-active � oscillations (essentially the same physical ar-
gument holds also for active-to-sterile � oscillations), the
main reason for this negative result is that this class of
conversions do not increase in a signi�cant �gure the total
number of particles escaping from the proto-neutron star.
In the case of active-to-active � oscillations in dense mat-
ter, the process generates no GWs since the oscillations
develop with the neutrinos having very short mean free
paths, so that they motion outwards can be envisioned
as a standard difussion process.
However, if one takes into account the novel result by

Horowitz (2002) the situation may change dramatically.
According to this author, because of the active antineu-

trino species weak magnetism their e�ective luminosity
can be enlarged as much as 15% compared to the typical
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TABLE III. Matter densities relevant for two-� oscilla-
tions. Notice that �� ! �� oscillations take place as in vac-
uum. The coupling Fermi constant is: G2

F = 5:29�10�44 cm2

MeV�2, or equivalently GF = 10�49 erg cm�3.

�e ! ��;� �e ! �s �� ! �� ��;� ! �s
A

2
p
2GFE

Ne Ne �
1
2
Nn 0 �

1
2
Nn

one they achieve when this e�ect is not taken into consid-
eration during their propagation in dense matter. This
result can be interpreted by stating that the number of
oscillating (and potentially escaping) antineutrinos may
be augmented by a large factor because now they do en-
counter longer mean free paths. Below we take advantage
of this peculiar behaviour of � outow in supernovae in
computing the overall probability of transition between
active species and the GWs emitted in the process.
Wolfenstein (1978; 1979) and Mikheev & Smirnov

(1985) pointed out that the neutrino oscillation pattern
in vacuum can get noticeably modi�ed by the passage of
neutrinos through matter because of the e�ect of coher-
ent forward scattering. Therefore, interaction with mat-
ter, as pictured by Eq.(1), may help in allowing more
�s to escape if resonant conversions into active (Walker
& Schramm 1987) and/or sterile �s (Mosquera Cuesta
2000) occur inside the �-sphere of the active �s.
The description of the two-neutrino oscillations process

in matter follows from the Schr�odinger-like (because the
dynamics is described as a function of the space variable
x instead of the standard time t) di�erential equation
(Bilenky, Giunti & Grimus 1999; Grimus 2003)

i
d

dx

�
a�
a�

�
= Hmat

�

�
a�
a�

�
(22)

=
1

4E

�h
m2
1 +m2

2 + 2
p
2GF (N(��) +N(��))

i� 1 0
0 1

�

+

�
A��m2 cos 2� �m2 cos 2�
�m2 cos 2� �A+�m2 cos 2�

��
a�
a�

��
;

where

A � 2
p
2GFE (N(��)�N(��)) ; (23)

andN(��) � Æ�eNe� 1
2Nn, �; � = e; �; �; s, N(�s) = 0,

and �m2 � m2
2 �m2

1. The eigenfunctions of the matter
e�ective Hamiltonian follow from the relation

Hmat
�  mj = Ej mj ; (24)

where

 m1 =

�
cos �m
� sin �m

�
;  m2 =

�
sin �m
cos �m

�
: (25)

The eigenvalues of Ej and the matter mixing angle �m
are thus given as

E1;2 =
h
m2
1 +m2

2 + 2
p
2GF (N(��) +N(��))

i
�
p
(A��m2 cos 2�)2 + (�m2 sin 2�)2 ; (26)

and

tan 2�m =
tan 2�

1� A
�m2 cos 2�

; (27)

where � is the vacuum mixing angle. By de�ning
Um(x) = ( m1; :::;  mn) as the mixing matrix of n �, and
Æj � �i

R x1
x0
dx0  mj(x

0)y mj(x
0) as the adiabatic phases,

one can compute the oscillation amplitude as

Aadiab
��!�� =

X
j

Um(x1)�j exp

�
�i

�
Æj +

Z x1

x0

dx0Ej(x
0)

��

� U?
m(x0)�j : (28)

Finally, by averaging over neutrino energies, i.e., by

setting
D
exp

�
�i R x1

x0
dx0�E(x0)

�E
av

= 0 (see Bilenky,

Giunti & Grimus 1999), the outcoming transition prob-
ability among active avor-changing species thus reads

P�a!�a(j~x1 � ~x0j) = 1� 1

2
[1 + cos 2�m(x0) cos 2�m(x1)] ;

(29)

where x0 and x1 correspond to the production (emis-
sion) and detection sites, respectively.

B. Active-to-active � oscillations

As stated above, in order to produce an e�ect neutri-
nos must be able to escape the core without thermalizing
with the stellar material. For active neutrino species of
energies � 10 MeV, this is not possible as long as the
matter density is � 1010 g cm�3. Since the production
rate of neutrinos is a steeply increasing function of mat-
ter density (production rate / �n, where � is the matter
density and n > 1), the overwhelming majority of the
neutrinos of all species produced are trapped. This way,
there seems to be no contribution to the GWs amplitude
for neutrino conversions taking place within the active
neutrino avors. In the �rst paper of this series (Mos-
quera Cuesta 2000), this diÆculty was overcome only
by addressing neutrino conversions into sterile species.
Nonetheless, if there were indeed weak magnetism e�ects

(Horowitz 2002), one can rethink conversions within ac-
tive species. In his new result on weak magnetism for an-

tineutrinos in core collapse supernovae, Horowitz (2002)
showed that the antineutrinos (��xs) luminosity could be
noticeably increased because of their longer mean free
paths, and this means that the total energy ux can be
augmented in � 15% for �s of temperature � 10 MeV.
One can verify that longer mean free paths allows for
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a larger oscillation probability, and hence the contribu-
tion to the generation of GWs during avor conversions
within active species becomes nonnegligible compared to
the earlier case (Mosquera Cuesta 2000) where not weak
magnetism e�ects were taken into account.
For active-to-active � avor conversions, for instance:

�e ! ��; �� ; as implied by SNO results, the resonance
must take place at a distance xres from the PNS center
and amid the active �-spheres, whenever the following
relation is satis�ed (see Table III)

�m2 cos 2�m = 2
p
2 GF Ne(xres) k�e ; (30)

notice that we neglected the magnetic �eld contri-
bution. Here k�e = E�e=c is the �e momentum, and
Ne(xres) = Ne� � Ne+ � 1039�40 cm�3 is the electron
number density. Thus the right-hand part of this equa-
tion reduces to

2
p
2GFE�eNe(xres) = 6:9� 104 eV2

�
�

1011g cm�3

�

�
�

E�e

10 MeV

�
: (31)

For densities of order �x=xres � 1010 g cm�3, i.e.,
recalling that �es are produced at the PNS outermost
regions (Walker & Schramm 1987) where the electron
to baryon ratio is Ye � 0:1, the resonance condition if
satis�ed for a mass-squared di�erence of about �m2 �
104 eV2, which implies a neutrino mass of about m� �
102 eV. Neutrino avor conversions in the resonance re-
gion can be strong if the adiabaticity condition is ful-
�lled (Walker & Schramm 1987), i.e., whenever (Bilenky,
Giunti & Grimus 1999; Grimus 2003)

�m2 sin2 2�m
2E� cos 2�m

�
1

�

d�

dx

��1
x=xres

� 1 ; (32)

where xres is the position of the resonance layer. Re-
calling that the typical scale of density variations in the
PNS core is hNe

� (dNe=dr)
�1 � 6 km, this adiabatic

behaviour could be achieved as far as the density and
magnetic �eld remain constant over the oscillation length

�osc �
�
1

�

d�

dx

��1
jxres

� 1�
1
2�

�m2

2k�
sin(2�m)

� � 1 cm

sin(2�m)
;

(33)

of order hNe
, which can be satis�ed for �m2 � 104 eV2

as long as (Kusenko & Segr�e 1999)

sin2 2�m > 10�8 : (34)

Although these � oscillations could be adiabatic for
a wide range of mixing angles and thus a large num-
ber of �s could actually oscillate, a �x mass such as this

is incompatible with both viable solutions to the Solar
Neutrino Problem (SNP) and the most recent cosmolog-
ical constraints on the total mass of all stable neutrino
species that could have left their imprint in the Cosmic
Microwave Background Radiation (CMBR), as inferred
from the observations performed by the satellite WMAP:
m� � 1 eV. Therefore, we dismiss this possibility since
there appears to be no evidence for neutrinos masses in
this parameter range (m�x � 102 eV) inside the PNS
core.
On the other hand, if one takes into account the Kam-

LAND results (Eguchi et al. 2003), which de�nitively
demonstrated that
i) a large mixing angle (LMA) solution of the solar �

problem is favoured: sin2 2� � 0:8,
ii) for a mass-squared di�erence: �m2 � 5:5 � 10�5

eV2 (we use the approximate value �m2 � 10�4 eV2 for
the estimates below),
one can see that resonant conversions with �m2 =

m2
�2 � m2

�1 � 10�4 eV2 would take place in supernova
regions where the density is about � � 10� 30 g cm�3,
which corresponds to the outtermost layers of the ex-
ploding star. Although a large number of � species can
in e�ect participate of the transitions there, i.e, the neu-
trino luminosity can be still a very large quantity, these
regions are of no interest for the gravitational-wave emis-
sion from neutrino oscillations since the overall energy
density at that distance from the star center is relatively
small. This does not mean that no GWs are emitted from
transitions there, it is to mean that their strain is very
small so as to be detectable. As discussed by Dighe &
Smirnov (2000), observations of � oscillations in this pa-
rameter range would provide useful information regard-
ing the SNP, the hierarchy of neutrino masses and the
mixing jUe3j2. Note in passing that oscillations in this
range would imply a mass for the �2 species m�2 � 10�2

eV ( �
10 g cm�3 ), in the case when m�2 > m�1 . This m�2

is compatible with current limits from WMAP (Pierce &
Murayama 2003; Hannestad 2003).
Finally, let us consider oscillations in the parameter

range estimated from CMBR by WMAP observations.
In this case, resonant � transitions would take place in
regions where the density is as high as � � 107�8 g cm �3,
that is, at the supernova mantle or PNS upper layers. At
these densities the oscillation length can be still �osc �
1� 5 km, and thus the conversions can be considered as
adiabatic. Thus the resonance condition can be satis�ed
for �m2 � 1 eV2 as long as sin2 2�m � 10�3.
Hence, by plugging this constraint into Eq.(27), and

recalling that i) at least 6 �-species can participate in

the avor transitions, ii) most �s are emitted having ~k�
parallel to ~B, which implies a further reduction factor of
2, and also iii) most �s are emitted having ~k� parallel

to ~J implying an additional reduction factor of 2, one
can show from Eq.(29) that the fraction of �a species
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that can eventually exchange avor during the �rst few
milliseconds after core bounce turns out to be (Mosquera
Cuesta 2000)

P�a!�a(j~x � ~xresj) � 0:1 % : (35)

Thus, the total energy involved in the oscillation pro-
cess we are considering could be estimated as: Etot

� '
P�a!�a(j~x � ~xresj) � N� k� c (1 + 0:15), with N� the
total number of neutrinos undergoing avor conversions
during the time scale �Tosc. This value leads to a bit
stronger GW burst, as we show in Section V below.
Note in passing that KamLAND ��e experiment sug-

gests P��e!���;� � 40%! (Eguchi, et al. 2003), while LSND
P���!��e � 0:26%. This result from LSND has not been so
far ruled out by any terrestrial experiment, and there is a
large expectation that it could be veri�ed by MiniBoone
at Fermilab.

C. Active-to-sterile � oscillations

On the other hand, if the Liquid Scintillator Neutrino
Detector (LSND) were a true indication of oscillations
(��� $ ��e) (Pierce & Murayama 2003; Hannestad 2003)
with �m2

LSND � 10�1 eV2, then active-to-sterile �a !
�s oscillations could take place during a supernova core
bounce (see Mosquera Cuesta 2002). Such oscillations
would be resonant whenever the resonance condition is
satis�ed. As seeing from Table III this could happen for

p
2GF

�
Ne(x)� 1

2
N0
n(x)

�
� V (x) =

�m2

2E�
cos 2�m :

(36)

Table III also shows that for ��;� $ �s the Ne term is
absent, while in the case of ��s, the potential V (x) changes
by an overall sign. Numerically, for �e $ �s oscillations

V (x) = 7:5� 102
�
eV2

MeV

��
�

1010g cm�3

��
3Ye
2
� 1

2

�
:

(37)

For ��;� $ �s oscillations, the last term in parenthesis
becomes (Ye2 � 1

2 ) � 1.
� conversions in the resonance region prove to be en-

hanced if the adiabaticity condition is ful�lled (Walker
& Schramm 1987). This is the same as requiring the
oscillation probability in Eq.(29) to become P�a!�s =
cos2 2�m � 1. Moreover, after the resonance region the
newly created sterile �s have very a small probability
(< P�s!�a >= 1

2 sin
2 2�m) of oscillating back to active

�s, which could be potentially trapped. It is easy to
check that the resonance condition in Eq.(36) is satis�ed
whenever

1 eV2 � �m2
�a!�4 � 104 eV2 : (38)

Meanwhile, the adiabaticity condition, Eq.(32), holds
if

�m2 sin
2 2�m

cos 2�m
� 10�3eV2

�
E�

10MeV

�
; (39)

since at the PNS core �osc � 1 km (see Eq.(33)).
This is easily satis�ed for �m2 � 104 eV2 as long as
sin2 2�m � 10�7. This limit on the mixing angle is in
agreement with Superkamiokande strong constraints on
�e ! �s mixing (Nunokawa 2001). Thence, we �nd that
a substantial fraction (P�a!�s � 1%) of �s may get con-
verted to sterile �s, and escape the core of the star, if the
sterile � mass (m�4) is such that

1 eV2 � �m2
�a!�4 � 104 eV2 : (40)

By looking at the lower limit for �m2 in Eq.(40) one
can say that such a mass di�erence cannot solve the ob-
served solar � problem and/or being compatible with the
atmospheric � observations, but the possibility of having
three light active �s of massm�1;2;3 � [10�2�10�3] eV ex-
plaining these anomalies and a \heavy" sterile �s of mass
m�4 � 1 eV as required by the LSND experiment remains
to be a viable alternative. On the other hand, if the ster-
ile neutrino could be as massive asm�4 � 1 keV this mass
will make it a very promissing candidate as a constituent
of the universe's dark matter. This last possibility was
recently readdressed by Fuller et al. (2003), who esti-
mated sterile neutrino masses in the range (1-20) keV
and small mixing angle sin2 2� � 10�4 with the electron
neutrino as a potential explanation of pulsar kicks. The
same argument had also been considered by Mosquera
Cuesta (2002); and references therein.
As quoted above, for both classes of � conversions the

number of �s escaping and their angular distribution is
sensitive to the instantaneous distribution of production
sites. These inhomogeneities can give rise to quadrupole
moments that generates GWs (Mosquera Cuesta 2000;
M�uller & Janka 1997), and dipole moments that could
drive the runaway pulsar kicks (Kusenko & Segr�e 1997;
Fuller et al. 2003). Noting that at least 6 �-species can
participate in both types of oscillations and that the in-
teraction with both the magnetic �eld and angular mo-
mentum of the PNS brings with an overall reduction fac-
tor of 4 in the oscillation probability, one can show that
the fraction of �s that can actually undergo avor tran-
sitions in the �rst few milliseconds is (Mosquera Cuesta
2000)

P �a!�a
�a!�s (j~x� ~xres) � 1% (41)

of the total �s number: M� � m�1
p � 1057�, which

corresponds to a total energy exchanged during the tran-
sition

�E�a!�a
�a�!�s � 3� 1051 erg: (42)



CBPF-NF-007/04 11

TABLE IV. Parameter range for GWs emission from �s oscillations in SNe. The symbol DM stands for �s as a Dark Matter
candidate.

�-sphere � Luminosity Oscil. Length � Velocity �m2(�a $ �a) �m2(�a $ �s) �m2(�a $ �s)

R�e
PNS L(� �Diff:) ��osc �V��Diff: (SNO,KamLAND) (WMAP) (�s DM)

� 35 km � 1053 erg s�1 � 1 km � 109 cm s�1 � 10�4 eV2
� 1 eV2

� 104 eV2

Equations (42,21) determine the total luminosity of
the neutrinos participating in the resonant avor conver-
sions. These �gures are called for in the de�nition used
in Eq.(43) below, as the basis to compute the characteris-
tic amplitude of the GWs emitted during the transitions
discussed above.
The attentive reader must notice, however, that the

lower limit in Eq.(38) stems from using the constraint de-
rived from the observations of the CMBR performed by
the satellite WMAP, which suggested that the total mass
of all neutrino species should not be larger than 1 eV. In a
hierarchy where the heaviest � is the sterile �s, this limit
leads to a maximum mass: mmax

�s � 1 eV. The use of
this mass-squared di�erence constraint implies that the
density at the PNS region where the oscillations can take
place is �WMAP

m�
� 108 g cm�3. If the WMAP constraint

on m� stands up also for sterile neutrinos, this would
preclude the mechanism for giving to nascent pulsars the
natal velocities (kicks) from active neutrino avor con-
versions into sterile neutrinos, as claimed by Kusenko &
Segr�e (1997) and Fuller et al. (2003), since in such a case
the transitions would take place in regions far outside
the PNS core from where no inuence could be received
back once the oscillations develop. Nonetheless, the GWs
emission would still take place, as we stressed above.

D. Experimental bounds on supernova � oscillations

Studies of SN physics have also focused on the poten-
tial rôle of oscillations (Walker & Schramm 1987) be-
tween active and sterile �s. In particular, there are lim-
its on the �e $ �s conversion rate inside the SN core
from the detected �e ux from SN1987a (Nunokawa et al.
1997; Nunokawa 2001). According to (Nunokawa et al.

1997; Nunokawa 2001), the time spread and the number
of detected �e events constrain �e $ �s oscillations with:
106 � �m2 � 108eV2 for 10�3 � sin2 2��e!�s � 10�7.
More stringent constraints stem from arguing that if
there were too many \escaping �s", the SN explosion
itself would not take place (Nunokawa et al. 1997;
Nunokawa 2001). Such bounds are, however, model de-
pendent. One should keep in mind that the mecha-
nism through which the explosion takes place is, in fact,
not well established (Buras, Rampp, Janka & Kifonidis
2003). In e�ect, it has been recently claimed that even
after including all the best physics we know today about,

i.e., the state-of-the-art on supernova physics, the numer-
ical models of exploding stars do not explode as they
should (Buras, Rampp, Janka & Kifonidis 2003). There
seems to be a piece of missing physics in those formula-
tions. Thence, there seems to be no hope of achieving
P �a!�a
�a!�s larger than � 1% during � oscillations in super-

novae.

V. GWS ENERGETICS FROM � LUMINOSITY

AND DETECTABILITY

If � oscillations do take place in the SN core, then the
most likely detectable GWs signal should be produced
over the time interval for which the conditions for avor
conversions to occur are kept, i. e., � (10�1 � 10) ms.
This time scale implies GWs frequencies in the band:
fGWs � [10 - 0.1] kHz, centered at 1 kHz, because of
the maximum � production around 1 � 3 ms after core
bounce (see Walker & Schramm 1987). This frequency
range includes the optimal bandwidth for detection by
ground-based observatories. For a 1 ms conversion time
span the � luminosity reads

L� � �E�a�!�s

�Tosc
� 3� 1051erg

1� 10�3s
= 3� 1054

erg

s
: (43)

Hence, the GWs luminosity, LGWs, as a function of
the � luminosity can be obtained from the equation

c3

16�G

����dhdt
����
2

=
1

4�R2
LGWs ; (44)

which relates the GWs ux to the GWs amplitude, h� .
In the case of GWs emission from escaping �s this am-
plitude is computed from the expression (Epstein 1978;
Burrows & Hayes 1996; M�uller & Janka 1997)

hij =
2G

c4R

Z t�R=c

1

dt0 L�(t
0) �(t0) ei 
 ej ; (45)

where ei 
 ej represents the GWs polarization tensor.
To attain order of magnitude estimates one can trans-

form Eq.(45) to get the amplitude of the GWs burst pro-
duced by the non-spherical outgoing front of oscillation-
produced �s as (Mosquera Cuesta 2000; Burrows & Hayes
1996; M�uller & Janka 1997)
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h� =
2G

c4R
(�t� L� � �) (46)

h� ' jAj
�
55kpc

R

��
�T

10�3s

��
L�

3� 1054 ergs

�� �

0:1

�
;

where jAj = 4 � 10�23 Hz�1=2 is the amplitude. x

Equivalently, that amplitude can be reparametrized as

h� ' jAj
�
55kpc

R

��
�EGWs

10�7M�c2

�1=2 �
103Hz

fGWs

�1=2
: (47)

A GWs signal this strong will likely be detected by
the �rst generation of GWs interferometers as LIGO,
VIRGO, etc. Its imprint in the GWs waveform may re-
semble a spike of high amplitude and timewidth of � ms
followed by a Christodoulou's memory (Mosquera Cuesta
2002). From Eq.(47) the GWs luminosity turns out to
be

LGWs � 1050�48
erg

s

�
L�

3� 1054 ergs

�2�
�

0:1� 0:01

�2

;

(48)

while the GWs energy radiated in the process yields

EGWs � LGWs ��Tosc � 1047�45 erg : (49)

This is about 105�3�LDi�:� the luminosity from � dif-
fusion inside the PNS, as estimated earlier (Mosquera
Cuesta 2000; 2002).

VI. CONCLUSION

One can see that if � avor conversions indeed take
place during SN core bounce inasmuch as they take place
in our Sun and Earth (Smirnov 2002), then GWs should
be released during the transition. The GWs signal from
the process is expected to irradiate much more energy
than current mechanisms �gured out to drive the NS dy-
namics at birth do. A luminosity this large (Eq.(44))
would turn these bursts the strongest GWs signal to be
detected from any SN that may come to occur, futurely,
on distances up to the VIRGO cluster, R � [10�20] Mpc.
It is stressed that this signal will still be the stronger one
from a given SN, even in the worst case in which the
probability of � conversion is three orders of magnitude
smaller then the estimated in the present paper. In pro-
viso, we argue that a GWs signal that strong could have

xOne must realize at this point that the high value of the
anisotropy parameter here used is consistently supported by
the discussion regarding the neutrino coupling to rotation and
magnetic �eld presented above.

been detected during SN1987a from the Tarantula Neb-
ula in the Milky Way's satellite galaxy Large Magellanic
Cloud, despite of the low sensitivity of the detectors at
the epoch. In such a case, the GWs burst must have
been correlated in time with the earliest arriving neu-
trino burst constituted of some active species given o�
during the very early oscillation transient where some
�es went into ��s, �� s or �ss. Thenceforth, it could be
of worth to reanalyze the data collected for from that
event taking careful follow up of their arrival times, if
appropriate timing was available at that moment.
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