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Abstract

A de�nition is proposed for the number of electrons � involved in a three-center

bond, based upon the corresponding two-center bond indices. It is seen that the

sign of the three-center index does not depend on �. The number of electrons is

fractionary, ranging from about 1 to somewhat more than 4 in the systems consid-

ered here.
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1 Introduction

The concept of three-center bond is almost contemporary of the Lewis two-center electron

pair bond [1]. A distinction is made between two-electron (2e) and four-electron (4e) three-

center (3c) bonds. H+

3 or diborane are taken as paradigms of 3c-2e bonds and (FHF )�

of 3c-4e bonds [1].

We have introduced a three-center bond index [2] in satisfactory agreement with cer-

tain experimental data. The values obtained have negative sign. Sannigrahi and Kar

[3] a�rm that 3c bond indices have no chemical signi�cance unless they are positive. In

Ref. [4], it is asserted that negative values could be associated to (3c-2e) bonds, while

positive values should indicate (3c-4e) bonds. We show elsewhere that the sign has a

straightforward meaning [5] and here that in MO theory the number of electrons taking

part in such a bond may be seen from a di�erent viewpoint.

Actually, the Lewis model of two electrons in a bond is inconsistent with most of the

MO indices associated with a chemical bond. The original Coulson bond order [6] has been

devised for the � electrons of alternant hydrocarbons; � systems including heteroatoms

led to bond orders which are not comparable with C-C bond orders [7]. Anyway, almost

universal consent assigns for example a bond order of 2 for the C=C bond in ethylene [8],

while under the Lewis octet viewpoint there would be four electrons in this bond. Very

few examples may be found in early literature which throw � population wholly on the

bonds [9, 10]. More recently, a theory considering uctuations in orbital domains [11, 12]

describes these domains along a classical bond with population close to 2 with a small

uctuation from this value. The overwhelming majority of population analysis, of which

Mulliken's [13] is by far the most popular, assigns a bond value of 1, 2 and 3 for single,

double and triple bonds respectively.

When all-valence-electrons calculations were introduced, Ho�mann's EHT (extended

Huckel theory) [14] used Mulliken's population analysis. The other approximation deal-

ing with all-valence-electrons at that time was CNDO (complete neglect of di�erential

overlap) with its alternative INDO (incomplete neglect of di�erential overlap) and, in

particular, the CNDO/2 variation [15]. Mulliken's orbital-orbital population lends itself

to be contracted to an atom-atom population; CNDO orbital-orbital population does not.

In order to compare EH and CNDO/2 results, Wiberg [16] was obliged to devise a new

bond index for CNDO, by the way in a very humble footnote. Trindle [17] proposed for
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it a subdivision into self-charge and active charge analogous to Mulliken's atomic and

overlap populations. MINDO/3 [18] and MNDO [19] came later.

A few years after the work of Wiberg, which did not receive the full deserved attention,

we proposed a bond index which generalized Wiberg's when non-orthogonal bases were

used. Although we used it in all-valence electrons calculations [7, 20], nothing prevented

taking into account the core electrons or enlarging the basis.

Coming back to our three-center index, we are led to seek an answer to the question:

how many electrons are there in a three-center bond?

2 The three-center bond index

We restrict ourselves to the ground state of closed-shell systems, which can be described

through a single-determinant wave function. The �rst-order density matrix is a mixed

tensor [21]

2�b
a = 2

X
i

xiax
ib (1)

where xia(x
ib) are the covariant (contravariant) coe�cients of the i-th occupied MO. This

tensor is represented by a matrix. We may build an orbital-orbital tensor [21]

Iabba = 4�b
a�

a
b (2)

which may also be represented by a matrix; this one is symmetric (otherwise, the tensor

could not be represented by a matrix), while the matrix in (1) is asymmetric for non-

orthogonal bases. In these cases, there exists a convention stating that the covariant

index indicates rows and the contravariant index columns of the corresponding matrix.

Contracting the tensor in (2) we obtain the bond index IAB for the bond (formal or not)

linking atoms A and B [7, 21]

IAB = 4
X
a2A

b2B

�b
a�

a
b (3)

This may be related with the correlation between the uctuations of the charges qA and

qB from their average values [22, 23]:

< (q̂A� < q̂A >)(q̂B� < q̂B >) >= �IAB=2 (4)

q̂A being the charge operator and [22, 23]

< q̂A >= qA = 2
X
a2A

�a
a ; N = 2Tr� (5)
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The idempotency of the � matrix allows us to write [7, 21]

N =
�
1

2

� X
A;B

IAB ; qA =
�
1

2

�0@IAA +
X
B 6=A

IAB

1
A (6)

The charge qA is Mulliken's gross population with a quite di�erent partition into self-

charge and active charge [17].

Similarly [2]

N =
�
1

4

� X
A;B;C

IABC ; IABC = 8
X
a2A

b2B

c2C

�b
a�

c
b�

a
c (7)

Sannigrahi and Kar [3] have made an interesting observation; namely, that a higher-order

bond index cannot generally be determined from a knowledge of lower-order bonds. The

summation in (7) includes the possibility of equal subindices (A;B or C); i.e., terms in

one, two and three centers appear in N . IABC is invariant for any permutation of A;B;C,

cyclic [3] or not. This is easily seen writing the tensor equivalent to (2):

Ibcaabc = Iabccab = Ibacacb (8)

For the contraction to be carried out, the order of the indices is immaterial, as long as it

involves a covariant with a contravariant index; however, it cannot involve the covariant

and contravariant index of the same � matrix, for in this case the three-center ABC index

splits into one-center and two-center indices.

If we write the expression for IABC equivalent to eq. (4) for IAB, we obtain [5]

< (q̂A� < q̂A >)(q̂B� < q̂B >)(q̂C� < q̂C >) >= IABC=2 (9)

IAB uses to be positive (although it is not positive de�nite in non-orthogonal bases). Thus,

eq. (4) means that if qA uctuates in one sense from its average, value, qB uctuates in the

opposite sense. As to IABC, the three uctuations in (9) are not likely to be all in the same

sense; if two are in one sense and one in the opposite sense, either positive or negative val-

ues are to be found, with no evident connection at all with two or four electrons in the

three-center bond.

If we start asking how many electrons are there in a classical bond, we have already

seen that the answer is anything but clearcut. Let us briey mention which are, to our

knowledge, the most recent approaches. Covalent bond orders have been proposed [24],

within the framework of Bader's topological theory of atoms in molecules [25]; they are
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compared with Wiberg indices, stating (incorrectly) that both give zero for so-called non-

interacting pairs of atoms [24]. On the contrary, Wiberg indices and their generalization

emphasize the role of \long bonds" or \secondary bonds" [7, 21, 26, 27]; they are most

important in three-center bonds [2, 3, 4, 28, 29]. A noteworthy sharing index has also

been developed [8] and has been compared with covalent bond orders [30], sharing indices

being half of covalent bond orders in some cases and quite close in value in most of them.

We think that some of the values reported [8, 24, 30] are too low when compared with

those one could expect from chemical intuition. We �nd, for example, that the indices for

LiH should be closer to 1 [29].

Pauling, in his obligatory reference book [31], dedicates a full chapter to one-electron

and specially three-electron bonds. Even if he does not mention explicitly three-center

bonds we shall see that for diborane it is possible to try a link with our formulation.

Mayer [32] has proposed a model for three-center bonds, where a single atomic orbital

is assigned to each of the three centers. This model is used in Refs. [4, 33, 34]. Ref. [33]

deals with IABC as being a (3c-2e) index for the examples chosen. In Ref. [4], Kar states

that qA + qB + qC = 2 for a (3c-2e) bond. It is curious that neither of them takes into

account the partition into active and self-charge.

How many electrons are there in a three-center bond, depends obviously on the model.

As the self-charge is con�ned within the atoms, we would say that in a three-center bond

ABC there are � electrons:

� = IAB + IBC + IAC (10)

We shall see in the next section that � is frequently neither 2 or 4.

3 Results and discussion

Table 1 shows a trend in IHOH and IHH 0 which we have found also in other XHn-type of

compounds (NH3; NH+

4 and CH4). Even if the �fth decimal is obviously not signi�cant,

we have reported the �gures in order to evidence that IXH is maximum and IHH 0
�=

IHXH 0
�= 0 at the equilibrium position. As a consequence, due to eq. (4), the uctuations

of the qH 's around their average values are either zero or not correlated to each other. We

have found this feature only for this type of compounds being thus, it seems, speci�c of

the HH 0 correlation.
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We give in Table 2 the values of � and IABC for CO2 and C3. The Lewis description

would assign four electrons each respectively in the C=O and C=C bonds. We have seen

[2, 21] that these molecules have signi�cant secondary bonds. It is quite striking that,

although � is somewhat higher than four in both of them, their three-center bond indices

di�er in sign.

One of the paradigms of (3c-2e) bonds, H+

3 [1], has the most peculiar characteristic of

being self-consistent \a priori", in the terms of Ref. [35]. That is, any quantity calculated

is independent from the basis used. Thus, � = 1:333 and IABC = 0:296. Only for a model

where atoms retain no charge and give up all to the bonds, the � value can be equal to 2.

The other usual model for a (3c-2e) bond is B2H6 [1]. Pauling [31] assigns to diborane

bond numbers adding to roughly 1.5 for the BHB bond. We have � = 1:540 (1:683) and

IBHB 0:241 (0:276) respectively for IEH (CNDO). In Ref. [3] IBHB is 0.234 (STO-3G),

0.215 (4-31G) and 0.238 (6-31G*); from the values of Ref. [36] we may get � = 1:370

(4-31G). It is thus seen that all values of IABC are in fair agreement and the available

values for � may be placed in the range 1.4-1.7 (not 2).

We have reported in Table 3 � and IABC for a sample of systems. Let us examine,

�rst of all, the paradigm for (3c-4e) bonds, i.e. (FHF )�. Once again, supposing that

uorine furnishes to the system only one electron, this is a (3c-4e) bond if and only if all

the charge involved is active charge. Actually, � for all hydrogen bonds (including other

ones not reported here) is approximately 1, but IABC su�ers larger variations. Even if

we have found that the IABC values for the peptide bond NCO are of the same order of

magnitude than those of strong hydrogen bonds [2], � gives around 3 electrons for it.

For ozone we �nd also � ' 3, although the predominant resonance structures would

ascribe to it six electrons [37].

For nitrous oxide N2O, the values obtained for � are consistent with the previously

obtained bond indices [21] which, in turn, agree with recent studies discarding the classical

hypothesis of a pentavalent nitrogen [38]. The long N�N 0 bond in N2O4 [39] is certainly

related to the low value of INN 0O, 5 to 6 times less than that of IONO reported in Table

3. As to �, it is ' 2 for (NN 0O); accordingly, the very \long bond" NO index is almost

zero.

We have chosen to include (LiH)2 in Table 4, instead of Table 3, because it decid-

edly has not a hydrogen bond as those of Table 3: it has a positive IABC value and � is
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signi�cantly higher. The table shows also � and IABC for ClF3 and SF4, where di�erent

three-center associations are possible. The values for � split into two groups: � > 2

(CNDO, STO-3G*) and a range (1.2-1.7) (IEH, STO-3G, 6-31G*). The CNDO approxi-

mation includes 3d orbitals for the second-row atoms. It is therefore not surprising that

CNDO performs almost as STO-3G*; it is however unexpected that the IEH values are

so close to the STO-3G ones and not too di�erent from those issuing from a 6-31G* cal-

culation. As to the 6-31+G* approximation, chemical intuition looses a reference frame

with the introduction of di�use functions; the very notion of an atom within a molecule

becomes a�ected.

Inspection of the tables leads to the main conclusion that the IABC's order of mag-

nitude and sign are fairly independent from the bases used in the calculations and that

semiempirical methods are as competitive as \ab initio" ones for this kind of concepts.

In short, the number of electrons in a three-center bond is fractionary and ranges from

about 1 to somewhat more than 4.
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TABLE 1 | Bond indices I12, I23 and I123 as functions of the HOH 0 angle for the water

molecule, number 1 labelling oxygen.

Angle (0) I12 I23 I123

70 0.94156 0.03586 0.01078

75 0.95500 0.02386 0.00865

80 0.96461 0.01525 0.00433

85 0.97131 0.00916 0.00256

90 0.97575 0.00498 0.00138

95 0.97842 0.00227 0.00063

100 0.97965 0.00070 0.00020

105 0.97969 0.00005 0.00001

110 0.97869 0.00015 0.00004

115 0.97673 0.00091 0.00027

120 0.97385 0.00228 0.00070

125 0.97006 0.00423 0.00136

130 0.96529 0.00680 0.00227

135 0.95947 0.01002 0.00350

140 0.95255 0.01391 0.00509

145 0.94455 0.01847 0.00710

150 0.93540 0.02376 0.00960
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TABLE 2 | � and IABC for CO2 and C3, calculated following di�erent approximations.

Geometries as in [2] and [21]. aRef. [3].

IEH CNDO STO-3G 4-31Ga 6-31G*a

� IABC � IABC � IABC IABC IABC

CO2 4.459 -0.546 4.134 -0.352 4.326 -0.444

C3 4.474 0.497 4.421 0.456 4.315 0.407 0.359 0.315
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TABLE 3 | � and IABC for a sample of systems, calculated following di�erent

approximations. Geometries as in [2] and [21].

System ABC
IEH CNDO STO-3G STO-6G

� IABC � IABC � IABC � IABC

(FHF )� FHF 1.210 -0.231 1.065 -0.171 1.201 -0.227 1.194 -0.223

(HOHOH)� OHO 1.240 -0.248 1.079 -0.175 1.117 -0.191 1.112 -0.189

(FH)2 FHF 1.037 -0.096 0.946 -0.005 0.961 -0.013 0.954 -0.011

(H2O)2 OHO 1.014 -0.052 0.981 -0.005 0.963 -0.015 0.954 -0.014

Formamide NCO 3.143 -0.224 3.136 -0.161 3.151 -0.184 3.146 -0.183

Gly.Gly NCO 3.081 -0.208 3.022 -0.155 3.090 -0.170 3.087 -0.170

O3 OOO 3.235 -0.278 3.130 -0.286 2.831 -0.346 3.205 -0.326

N2O NNO 4.521 -0.532 4.232 -0.344 4.197 -0.455 4.194 -0.454

N2O4 ONO 3.382 -0.292 3.319 -0.268 3.524 -0.358 3.523 -0.358
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