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Abstract

We describe the set of generalized Poincaré and conformal superalgebras in D = 4,5
and 7 dimensions as two sequences of superalgebraic structures, taking values in the di-
vision algebras R, C and H. The generalized conformal superalgebras are described for
D =4 by OSp(1;8|R), for D =5 by SU(4,4;1) and for D =7 by U,U(8;1|H). The re-
lation with other schemes, in particular the framework of conformal spin (super)algebras
and Jordan (super)algebras is discussed. By extending the division-algebra-valued super-
algebras to octonions we get in ) = 11 an octonionic generalized Poincaré superalgebra,
which we call octonionic M-algebra, describing the octonionic M-theory. It contains 32
real supercharges but, due to the octonionic structure, only 52 real bosonic generators
remain independent in place of the 528 bosonic charges of standard M-algebra. In octo-
nionic M-theory there is a sort of equivalence between the octonionic M2 (supermembrane)
and the octonionic M5 (super-5-brane) sectors. We also define the octonionic generalized

conformal M-superalgebra, with 239 bosonic generators.
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1 Introduction

We shall call generalized space-time supersymmetries the ones which go beyond the stan-
dard HLS scheme [1]. In four dimensions using the framework of local field theory and the
arguments from S-matrix theory it was shown [1, 2] that the bosonic sector B of Poincaré

or conformal superalgebra has the following tensor product structure!:
B = Bgeom S%; Binta (1)

where By, describes space-time Poincaré or conformal algebras and the remaining gen-
erators spanning B;,; are Lorentz scalars. It is easy to show that one can introduce the
standard Poincaré superalgebra, satisfying the relation (1), in any dimension (see e.g. [3]),
but one arrives at a difficulty in trying to impose in any dimension standard conformal
superalgebras. It appears [4, 5, 6] that one can introduce only at D = 3,4 and 6 an
infinite series of standard conformal superalgebras, which can be denoted in a unified way
as U,U(4;n|F)? 6,7 (F=Rfor D=3, F=Cfor D=4and F = H for D = 6). More
explicitly?

D=3: UU4nR) = OSp(n;4R),
D=4: U U4Ln|C) = SU(2,2;n),
D=6: UU4nH) = O0°Sp(8;2n).

It appears that if we wish to use the notion of conformal superalgebra in any dimension
we should extend the standard Poincaré superalgebra (see e.g. [10, 11, 12, 13, 14]).
The best known case is in D = 11, where the generalized Poincaré superalgebra going
beyond the HLS axioms is called the M-algebra and looks as follows (r,s = 1,2,...,32;
v =0,1,...,10):

{QrQs} = Zps = (CTW)ra P + (CTpu)rs 20 4 (CT i) 2007 (2)

where ' = T’y is the D = 11 real Majorana charge conjugation matrix. The generalized
D =11 conformal superalgebra is obtained by adding a second copy of the superalgebra
(2), with the extension of the conformal accelerations sector to the 32 x 32 symmetric

matrices Z,:

(S0, 85} = Zos = (CT ) K 4 (CT ) rs 280 4 (CTy, . pg) Z1045), (3)

!Such a definition can be used also for standard super-de Sitter algebras (for both signs of the radii).

2U4(n|F) describes the antiunitary F-valued matrix group of transformations preserving the F-valued
antiHermitian bilinear form qiTAijqj =inv (4;; = —ANT) where ¢; € F and ¢; — ¢; is the main conju-
gation in F'. For quaternions (F = H) one can show that Uy(n|H) = O(2n; C) NU(n,n) = O*(2n). The
supergroup UyU(n; m|F) describes the F-valued matrix supergroup of graded transformations preserving
the F-valued bilinear form qiTAij q; + 0,10, = inv, where 0 (k = 1,...,m) are F-valued Grassmann
variables. For F = H one gets U,U(n; m|H) = SU(n, n;m) N OSp(2m, 2n|C), which is usually denoted
as OSp*(2n;2m).

3We add here for completeness that for D = b there is a unique “exotic” standard conformal superal-

gebra Fy, with bosonic sector O(5,2) x SU(2) (see e.g. [8, 9]).
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Both sets of generators Z,,, Z,, are Abelian, i.e.
[Z7°57 Ztk] = [ZTsv Ztk] = 0. (4)

It appears that if we introduce the crossed anticommutator, completing the superalgebra
relations

{Qrass} = LT57 (5)

we get from the Jacobi identity that the 1024 generators L, form the GL(32; R) algebra

[15]. Summarizing, the resulting superalgebra admits the following five-grading

Iy Iy Iy L I (6)
er ST LTS QT ZTS‘

The set of generators Z,,, ZNTS, L,s describe the generalized D = 11 conformal alge-
bra Sp(64) (conformal M-algebra) and all the generators from (6) form the superalgebra
OSp(1|64)[16, 17, 19, 20] , known as generalized D = 11 superconformal algebra (confor-
mal M-superalgebra).

The aim of this paper is to propose an analogous construction for the sequence of F-
valued (F=R, C, H, O) generalized superalgebras, with the real superalgebras describing
generalized supersymmetries in D = 4. We shall describe these superalgebras in some
detail in Sect. 2 for D =4 (F=R), 5 (F=C) and 7 (F=H). We obtain the generalized
Poincaré superalgebras with 10 real bosonic generators for D = 4, 16 real bosonic gener-
ators for D = 5 and 28 real bosonic generators for ) = 7 and the corresponding D = 4,
5 and 7 generalized conformal superalgebras U,U(8; 1|F).

In Sect. 3 we shall consider the relation of our proposal to other ways of introducing
generalized supersymmetries, in particular based on Lorentz spin and conformal spin
algebras [21, 22, 23]. It appears that our scheme for D = 7 can be identified with
the one following from the minimal conformal spin algebra, but this is not the case for
D = 4,5. On the other hand our generalized superalgebras can be called minimal in
another sense since the symmetrized product of supercharges (i.e. the anticommutators)
is spanned by the fundamental representation of the respective Clifford algebras (R* x R*
for D =4, C* x C* for D = 5, H* x H* for D = 7)*. The proposal is linked with
the generalized conformal and superconformal algebra description in terms of F-valued
Jordan (super)algebras [26, 27, 11].

In Sect. 4 we shall conjecture that one can use the proposed superalgebras with the
division algebra F given by the octonionic algebra O®. In particular we obtain in place
of the “standard” M-algebra (2) an algebra which we call the octonionic M-algebra with

52 real bosonic generators described by a 4 x 4 octonionic Hermitian matrix. We provide

*The fundamental representation of the Clifford algebra is its faithful representation with minimal
dimension [24, 25].
SFor the extension of U,U(n; m|F) algebra to octonions see also [28, 29].
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two alternative descriptions of the octonionic M-algebra: the first one linear and bilinear
in the octonionic I'-matrices and the second with their five-linear products only. We shall
also introduce an octonionic conformal M-superalgebra with 232 real bosonic generators.

In Sect. 5 we present the final remarks. In particular we list some aspects of our

framework which are postponed to further consideration.

2 The generalized D = 4,5 and 7 supersymmetries
described by F-valued superalgebras (F = R, C,
H)

i) Generalized Poincaré superalgebras.
The standard N =1 D = 4 Poincaré superalgebra has the following complex Hermi-
tian form (A, B =1,2):

{Q4,Qp} = (o)apP",
{QAa QB} =0 {@Av@B} =0, (7)

where o, = (13,0;) describes the linear basis of Hermitian 2 x 2 matrices and Q4 +—

Qi = @A is the complex Hermitian conjugation. One can however also introduce complex

holomorphic D = 4 algebra as follows

{QAvaB} = 07
{Q4,QB} = Zas, {Q4,Qp) = Zp (8)

Such types of superalgebras are the standard ones in the description of D = 4 Fuclidean

supersymmetry (see e.g. [30, 31]). If we introduce the antisymmetric real two-tensor field

1 AB ~AB 7
Ty = 530" Zan = 601 Z i) (9)
one can incorporate both Abelian charges P*, ZI*l in the Majorana form of D = 4

superPoincaré algebra (a,b=1,...,4, y,v =0,1,2,3)
{Qav Qb} = Xab = (CF(4)u)abPM + (CF(4)[M/])abZ[M/]- (10)

We see that replacing in D = 4 the complex-Hermitian structure by a real one we find a
place for six new Abelian tensorial charges. Such superalgebra was recently considered [32,
18, 33] as the D = 4 counterpart of the M-algebra (2) and describes the supersymmetric
theories with domain walls and four-dimensional supermembranes. One can state that
the physical background for the extension (10) of the standard Poincaré superalgebra (7)

is now established. It is the starting point of our construction. In order to describe the
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D =5 and D = 7 extended Poincaré superalgebras we generalize (10) to the F-valued®

Hermitian superalgebras

{Qav QTb} = Zabv Zab — ZbaTy
{Qanb} = 07 (11)

where 7 denotes the principal conjugation in the F-algebra, namely

C: Qo = an + iQalv QaT = an - iQalv
' Zap = X + Y0, Zat = Xa? — Yo',

H: Qo = an + erQa(T)v QaT = an - erQa(T)a

12
Zab — Xabo + eT}/ab(T)a Zab-r = Xabo — eTmb(T). ( )

In order to write the superalgebra (11) in a Dirac matrices basis we shall at first introduce
2 x 2 complex Dirac matrices for the O(3) ~ SU(2) algebra (i.e. the three Pauli matrices
o, r=1,2,3) and 2 x 2 quaternionic matrices for the O(5) ~ SU(2; H) algebra

e s=(2 %) e (3 0) m=(0)) w

where e, are the three quaternionic units. Then we shall consider O(4,1) and O(6,1) as
D = 3 and respectively D = 5 Euclidean conformal algebras and follow the rules (see e.g.
[34]) in order to introduce Dirac’s v matrices for O(p+1, ¢+ 1) by doubling the dimension
of the O(p, ¢) representations. We obtain

i) D = 5.

I 0 o, r,® — 1, 0 T, = 0 1, L (14)
O 0 ’ 0 —12 ’ —12 0

One can describe the complex Hermitian 4 x 4 matrices as linear combination of 16

Hermitian-symmetric matrices FM(S)C@), FW(S)C(5) and iC'®). One sets
{Qu, Q') = Zuy = (1, D0C), P 4 (T, )W) 20 1506z, (15)

where C®) is the O(4,1) complex charge conjugation matrix satisfying the relations

cOl = 0B, (16)
;

Y

In the representation with I',(®) = Fa(S)T (a=1,2,3,4) (see e.g. (14)) and Tox® = —T',(®

we should put C® = I'y®). The maximal covariance algebra of the supercharges is given

°F = C and H; see however Sect. 4 where we consider F = O. We add that an abstract algebra
{A, B} = C of matrices having entries (a;;, b;;, ¢;; respectively) valued in a division algebra F (i.e.
aij = Yo Uij, T, With 7o the identity, and similarly for B, C'), implies the following relations on the real
components i, = ijaﬁ{aija, bjkﬁ}C'am, where Cyp are the structure constants of F.
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by the group G'L(4,C), however distinguished role is played by its subgroup U,(4;C) =
U(2,2), because sixteen generators Z,, from (15) belong to the adjoint representation of
U(2,2).

i2)D=1.

The Hermitian quaternionic representation of the O(6,1) Clifford algebra can be ob-
tained from (14) as follows (p=1,...,5, p =0,1,...,6)

0 X 1 0 0 1
.0 — P (0 — 2 (0 = 2 17
D=y ) me= () = (8 )

e ,1) quaternionic charge conjugation matrix satisfies relations analogous to
The O(6, 1 ionic charg jugati ix O isfi lati log
with quaternionic-Hermitian conjugation. In the representation with 1:'" = I

16) with onic-H " ugati In th . ih .0 F(7)T

=1,2,3,4,5,6) and 'y’ = =17 see e.g. we obtain again = 1'g*".
k=1,2,3,4,5,6) and T, = —1,™" g (17 btain again C'(0 = I',(
w] (k=1,...,7) under
quaternionic conjugation we obtain that (11) for F = H can be decomposed as follows

(p,v=0,1,...,6):

If we consider the symmetry properties of the products C'T',,

.....

{Qav QbT} = Zgp = (C<7)Fu(7))abPM + (C<7)F[W](7))abz[“y]. (18)

The most general covariance group of quaternionic Poincaré algebra (18) is G'L(4,H),
and its distinguished subgroup is U, (4, H) ~ SO*(8) ~ SO(6,2). The 28 bosonic real
generators spanning Z,; in (18) are described by the adjoint representation of U, (4, H).
it) Generalized conformal superalgebras.
Following the procedure of obtaining OSp(1;64) from the M-algebra (2) one can add
a second copy of the F-valued superalgebra (11)

{Su, So} = Zap (19)

and impose the Jacobi identities which imply that the mixed anticommutator {Q,, Sy} =
Ly describes the GL(4|F) Lie algebra generators. One obtains the following five-fold

graded structure

]_2 ]_1 ]0 ]1 ]2

. 20
Zab Sa Lab Qa Zab- ( )

If F = R the set of generators (20) describe the D = 4 generalized conformal superalgebra
OSp(1|8) with its bosonic sector describing the D = 4 generalized conformal algebra.
The construction for D =5 and D = 7 corresponds respectively to F = C and F = H.
iil) D=5
In such a case the generalized conformal superalgebra is complex. The complex gen-
erators Zap, Zap in (20) describe complex Hermitian algebras (see (15)), and Ly, span the
G/ L(4|C) algebra. It can be checked that the complex bosonic algebra with three-grading

I, Iy I

. 21
Xab Lab Xab- ( )
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describes the U, (8, C) = U(4,4) algebra which is our D = 5 generalized conformal algebra.
The five-grading (20) provides SU(4,4;1) as D = 5 generalized conformal superalgebra.

ii2) D=7

This case corresponds to inserting in (20) into the sectors [y and I_5 two copies of
the D = 7 Poincaré superalgebra given by (18). The sector Iy is then described by
GL(4;H) ~ SU*(8) algebra, and the quaternionic three-graded algebra (21) provides
U,(8H) ~ O*(16) as the D = T generalized conformal algebra. The supersymmetric
extension can be obtained by imposing the five-grading (20) and it leads to the D =7
generalized conformal superalgebra U,U(8;1/H).

Summarizing we see that the D = 4, D = 5 and D = 7 generalized conformal
algebras and generalized conformal superalgebras are given respectively by U, (8|F) and
U,U(8;1|F). We obtain the following numbers of additional bosonic generators, which

are present in generalized conformal algebras and conformal superalgebras:

Ua (8;F) U (8;F)xU(1;F)

0(D,2) 0(D,2)
D=4 (F=R) | 21 (10) | 21 (10) 22)
D=5 (F=C) | 42 (16) | 43 (16)
D=7 (F=H) | 81 (28) | 87 (28

where in brackets we provided the number of bosonic generators which appear if we pass
from the standard to the generalized Poincaré superalgebra. These generators can also be
treated as introducing an extended D-dimensional space-time (see e.g. [18, 19, 20]) with

additional tensorial coordinates besides the Minkowski space-time variables. We obtain

standard space-time | extended space-time
D=4 4 4 + 6=10
23
D=5 5 5 + 11 =16 (23)
D=7 7 7T 4+ 21 =28

The field realizations on space-time with additional coordinates can be related with the
representations of infinite-dimensional spin algebras with infinite spin or helicity spectra

[20].

3 Relations with spinor algebras, representations of

Clifford algebras and Jordan algebras

The existence of standard conformal supersymmetries at D = 3.4 and 6 described by the
set of superalgebras U,U(4;n,F) follows from the property that the spinorial coverings
of the conformal algebra O(D,2) are described for D = 3,4,6 by U, (4|F), i.e.

Spin(3,2) = 0(3,2) = Sp(4; R),
Spin(4,2) = 0(4,2) = SU(2,2),
Spin(6,2) = 0(6,2) = U,(4H) = O*(8,C). (24)
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For D =5 and D > 6 the spinorial covering of O(D,2) is not described by a classical Lie
group.

Recently the notion of spin algebra has been introduced [21, 22, 23] in any dimension
generalizing the notion of standard spin covering (24). Let us firstly introduce for the
orthogonal group O(n,m) its fundamental spinorial representation described by an N-
dimensional vector space F, ) with the choice of F (R, C or H) depending on the pair
of numbers (n,m)”. The spin group Spin(n,m) is the F-valued N x N matrix Lie group

of endomorphisms of F(,, ,,) which contains the spinorial covering of O(n,m)®
O(n,m) C Spin(n,m), D =n+m. (25)

In particular one can distinguish the minimal spin group Sping,,(n,m), with minimal
number of real generators. In the standard case D = 3,4 or 6 we have Spin,,(D,2) =
O(D,2), but for D =5 and D > 7 we obtain that dim Spin,,(D,2) > dim O(D,2) =
H(D+1)(D+2). If we supersymmetrize the Sping,,(D,2) algebra we obtziig the minimal
D,2). In D = 3,4 and 6 one gets Spin,,;.(D,2) =

conformal spin superalgebra Sﬁnmm(

U U(4;n|H).
i) D=5.
It can be shown that for D = 5 the fundamental conformal spinors F(4 1) = H* and

(see [21, 22, 23])

SPinmin(5,2) = Ua(4,H) ~ O*(8) ~ 0(6,2), (26)
Spin, . (5,2) = UU(4; n|H). (27)

The formula (26) describes the D = 6 conformal algebra and the relation (27) assigns
as minimal D = 5 spin superalgebra the standard D = 6 conformal superalgebra (see
(2)) with bosonic sector O(6,2) x O(3). In order to interpret U,(4) as D = 5 conformal

spin algebra with D = 5 tensor structure we should perform the dimensional reduction

D =6+ D = 5. The seven generators spanning the coset gg?;; are described by O(5,2)
seven-vector, and after dimensional reduction they will form an O(4, 1) five-vector and two
D =5 scalars. These seven generators will extend the D = 5 conformal algebra O(5,2).
In the supersymmetric case U,U(4;n|H) is used as D = 5 conformal spin superalgebra
and will contain, besides the seven generators from ggg:;;, also three scalar O(3) generators
(U(1|H) ~ SU(2) ~ O(3)) describing the internal symmetry sector®.

¢From the considerations in Sect. 2 follows that our D = 5 generalized conformal alge-

bra SU(4,4) D U,(4; H). Subsequently, for our D = 5 generalized conformal superalgebra
we obtain

SU4,4:2) D U,U(4; 1[H), (28)

"The fundamental spinor representation is determined by the minimal faithful Clifford algebra repre-
sentation of O(n, m) with generators I, = £[I',, T,].

8In [21, 22, 23] Spin(n,m) are real algebras; we assume that Spin(n,m) are F(n m)-valued matrices.
Both descriptions are equivalent.

9This internal sector is usually referred to as describing R-symmetries.
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but U,U(4; 1|H) is not contained in SU(4,4;1) in analogy with the relations between D =
4 standard and generalized conformal superalgebras [35], where OSp(8;2) D SU(2,2;1),
but one cannot embed SU(2,2;1) into OSp(8;1).

It is easy to see that SU(4,4) in comparison with minimal D = 5 conformal spin
algebra SU(4,4) D U,(4;H) contains more additional bosonic generators. In fact the
principle of constructing our generalized supersymmetries in D = 4 and D = 5 are

analogous. In D = 4 we relaxed the restrictions on superalgebra by replacing the complex
structure by a real one, and in D = 5 the quaternionic structure is replaced by the complex
one.

i) D="1.

In D = 7 the situation is different. The fundamental D = 7 conformal spinors are
given by H® and our generalized conformal superalgebra U,U(8;1,H) is identical with

the minimal conformal spin superalgebra
Spinmin(7,2) = U,U(8;1|H) (29)

with bosonic sector containing 123 bosonic generators (36 O(7,2) generators + 84 addi-
tional tensorial generators + 3 generators describing U(1|H) = SU(2) R-symmetry).

In order to compare the minimal conformal fundamental spin algebras [21, 22, 23]
with our generalized conformal algebras let us write for D = 4,5 and 7 the fundamental

Lorentz spin representations and minimal Clifford algebra modules permitting to represent

faithfully O(D — 1, 1) I'-matrices:

min. spin Fp_11 min. Clifford mod. Cp_ypy)
D=4 C? R*
30
D=5 H? Cc? (30)
D=7 H? H?

We see that our generalized Poincaré supercharges (), are described by minimal Clifford
algebra modules C(p_y,1). We also see from (30) why there is a difference between the
conformal spin superalgebra approach with supercharges described by Fip_1,1) and our
proposal for D =4 and D = 5.

We would like to mention here that the sequence of superalgebras (12) as well as the
corresponding conformal algebras (23) and conformal superalgebras (22) can be put in
the framework of Jordanian algebras and Jordanian superalgebras [33,11]. Our goal here
was to assign concrete generalized supersymmetries to the particular F-valued chains of
superalgebras. It should be added, that in the framework of Jordanian (super)algebras one
can also include 3 x 3 octonionic-Hermitian algebra of matrices J5(O), but the extesion of
the generators Z,; to octonionic-valued 4 x 4 Hermitian matrices with 52 real generators
is not included into Jordan superalgebras sequence. Such a superalgebra, with 32 real
supercharges due to the imposed octonionic-Hermitian structure will be called octonionic

M -algebra. In the next section we shall discuss our octonionic-valued superalgebras.
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4 Octonionic M-superalgebras and Octonionic M-

theory

One of the features of the proposed sequence of generalized supersymmetries is the pos-
sibility of extending the F-valued superalgebra structures to octonions. Octonions are
described by eight real numbers (k =1,...,7)

X € O X = Xo —I-thk, (31)

where the seven octonionic units ¢; satisfy the nonassociative algebra
1 m
tily = —o+ §fkl b (32)

The octonions are endowed with the principal involution ¢, = —{;, and unit octonions
describe the unit sphere S7 through XX = 11°,

i) The octonionic Poincaré M-superalgebra (octonionic M-algebra).

;From extending (11) to octonions ° it follows that in D =11 (¢ = 1,...,4)

{QanbT} = Zabv
{Qanb} = {QaTvaT} = 07 (33)

where

Qa - an + Qa(k)tka
Zap = Za® + ZuyWiy, (34)
and Z,, = Z,' = implies that Z,,° = Z,°, Zap® = —Zba(k), i.e. the algebra (33) is

described by 52 bosonic generators. Following (13) one can introduce the octonionic 2 x 2

gamma matrices (k = 1,...,7) realizing the (9,0) signature'!

0 1 10 0 1
* (—tk())’ ® (0 —1)’ ’ (10)’ (35)

and further the following 4 x 4 D = 11 octonionic I', matrices (R =1,...,9)

0 X 1, 0 0 1
F (11) — R F (11) — 2 F (11) = 2 36
n Sp 0 )7 Y 0 -1, ) ° 1, 0 ) 39

100ne can also say that S7 describes the octonionic extension U(1]|O) of U(1); S7 is however not a Lie
group, but rather the so-called soft Lie group [36].
U Equivalently, to construct D = 11 octonionic gamma matrices we could start from the octonionic

realization of Clifford algebra with (1,8) signature. It is worth mentioning that octonionic realizations
of Clifford algebras only exist in specific signatures, such as (0,7), (9,0), (1,8), (10,1), (2,9) etc. They
are related to the nonassociative realizations of D = 1 N-extended supersymmetries (see [37]), which are
beyond the classification of the representations of associative D = 1 N-extended supersymmetries [38],
based on the Clifford algebras over R, C and H.
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with the D = 11 matrix C0V given again by the matrix I'v*") and satisfying relations

analogous to (16) with octonionic principal conjugation. Taking into consideration that

FM(H) for p = 1,...,10 are octonionic-Hermitian and [o("Y is antihermitian, one can write

(33) as follows

(Qa, @1} = (CUVr, D), pr oy (cOVT,, 0D, 7 (37)
;From the multiplication table of the octonions follows that (k,/=1,...,7)

Fk;(l) — F[k(ll)rl](ll) _ fklmrm(11)FS(H)FQ(H)FHJ(H)FH(11), (38)

We see that out of the 21 bilinear products of the first seven matrices (36) only 7 are

independent and they correspond to the generators of %. The remaining 4 x 4 octonionic
2

[-matrices in the antisymmetric products FW(H) = F[M(H)F ]( ) are linearly independent,
(

11
i.e. we get 55 — 14 = 41 generators describing the coset Oé—gl), which plays also the role
of octonionic D = 11 Lorentz algebra. It is easy to see that the maximal number of real
generators on the r.h.s. of (33) is 52 = 11 + 41, i.e. the relation (37) indeed saturates the
octonionic-valued anticommutator {Q,, @'} (a,b=1,2,3,4).

It should also be stressed that in the definition of n > 2 antisymmetric products of
the octonionic I'-matrices (36) one should provide the order of multiplication, because the

Dirac algebra with the basis (36) is non-associative. To be explicit, the antisymmetrized

product of n octonionic matrices A; (1 = 1,2,...,n) is given by
1 -
[A;-Ay-...- A = ol do(=1) (A - Aiy - Asy), (39)
© perm.

where (A - Az...- A,) denotes the symmetric product

(Ay- Ay Ay) = %(.((AlAz)Ag...)An)—l—%(Al(Ag(...An)).). (40)

In such a case one can show that the three-fold product of octonionic I'-matrices C[I'; -
I'; - T'x] provides 75 antihermitian matrices, describing together with C' an arbitrary 4 x 4
octonionic antihermitian matrix. The definition (39), applied to the five-fold products
of octonionic I'-matrices provides their octonionic hermiticity. Further, by explicit calcu-
lation one can show that there are 52 independent real tensorial charges describing the
five-tensor sector of the octonionic M-algebra, i.e. they span arbitrary 4 x 4 octonionic-

hermitian matrices. We thus see that equivalently one can write the octonionic M-algebra

(37) as follows

{QUL? QbT} = CGC[FM et FM5]CbZMmM57 (41)

where out of the 462 real antisymmetric 5-tensorial charges of the standard M-algebra

only 52 are linearly independent, due to the relation

L) = Apross) To 4 Aot 20, Ty, (42)
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with constant c-number coefficients Ay, ,..1", A[Mm%][l’l”] 12,

The relation (42) implies that in D = 11 octonionic M-algebra there is an equivalence
of the octonionic five-superbrane and the octonionic two-superbrane (supermembrane)
sectors. We would like to stress again that!?

a) The octonionic supermembrane is characterized by constrained number of two-
tensorial charges - from 55 to 41. The remaining 14 generators of (3 describe inner
automorphisms of the algebra (32) of octonionic units.

b) If we keep the 11 degrees of freedom corresponding to the momentum sector, the
five-superbrane is also characterized by 41 independent degrees of freedom i.e. 462 degrees
of freedom of standard five-tensor charges in M-theory are restricted very much indeed.
It is interesting to find a geometric interpretation of such a huge reduction of degrees of
freedom.

¢) The D = 11 Lorentz covariance algebra is described also by 41 generators of %2’1).

d) The anti-de-Sitter extension of octonionic M-algebra is described by the octonionic
extension of superalgebra OSp(1;4), which we denote by U,U(4;1]0) (see also [29]).
The octonionic M-algebra is a contraction of U,U(4;1]0O), when the anti-de-Sitter radius
R — oo.

It should be pointed out that the octonionic M-algebra (33), whose superalgebraic
structure for real generators we computed with the prescription in footnote 6, is a Lie
superalgebra.

ii) The octonionic conformal M-algebra.

Let us recall that in the cases F = R, C and H the F-valued supercharges (), as well
as the set of bosonic charges Z,, were carrying the representation of the superalgebra
Us(4; F), describing respectively D = 4, D = 5 and D = 7 standard anti-de-Sitter
algebras. If we introduce the algebra U,(4;0), by means of 4 x 4 octonionic-valued

matrices K, satisfying the relation
K*¥A=—-AK (43)

where A = — AT (or in general A¥ = — A) describes the antisymmetric (or in general case
octonionic-antiHermitian) metric, we obtain the D = 11 de-Sitter-like octonionic algebra
introduced in [27].
The octonionic conformal M-algebra U,(8|O) which we propose as defined by extend-
ing to octonions the scheme described in (21) is graded as follows:
I, Iy Iy

N 44
Zab Langl(4|O) Zab ( )

It contains 232 real generators and we conjecture it has the following properties:

12The relation (38) is a particular case of the formula (42).

135We note that in order to express the octonionic structure as constraints on the 528 real Abelian
tensorial charges describing the generalized supersymmetry of standard M-theory we use the definition
of octonionic-valued anticommutator from footnote 6.
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a) We postulate that using the generators of U,(8|O) one can obtain the realization
of gg%), replacing standard D = 11 conformal algebra.

b) The 128 real generators of GGI(4|O) describe the 4 x 4 octonionic matrix in the
place of the general real GI(32|R) covariance group of standard M-theory with 1024 real
generators.

iii) The octonionic conformal M -superalgebra.

The superextension of U,U(8;1|F) to F = O describes the octonionic conformal M-
super-algebra, with bosonic sector described by U,(8|O) x U(1|O) (232+7=239 real gen-
erators), where the internal sector U(1|O) ~ S7 describes a parallelizable manifold which
only can be described by an extension of the notion of standard Lie algebra - the so
called soft Lie algebras [36]. Some indications suggest that the structure of the octonionic
supergroups U,U(4;1]0) and U,U(8;1|O) in the real basis is that of a (graded) Malcev
(super)algebra [39, 40]. We leave this investigation for future work.

5 Concluding remarks

Our proposal is the extension of Kugo and Townsend [5] relation between division algebras
and standard sequence D = 3,4,6,10 of supersymmetries within the HLS scheme to
the case of generalized supersymmetries in the dimensions 4,5,7 and 11 . The idea
that d-dimensional Minkowski space-time should be extended by additional dimensions,
describing tensorial central charges coordinates, has been proposed already some time ago
(see e.g. [41, 42, 43, 44]). Our framework provides a concrete way of extending standard
space-time framework to dimensions 5 and 7 and ultimately to D = 11.

In this paper we did not develop various aspects of the proposed scheme. Let us only
present a list of them, as problems for possible further considerations.

i) One can ask if the choice of our sequence and its space-time supersymmetry inter-
pretation is unique. Indeed, because U,U(8;1|C) = SU(4,4;1) include D = 6 conformal
symmetries O(6,2), one could also assign our sequences of superalgebras to D = 4,6 and
7. The argument for using the sequence D = 4,5,7 comes from the link with minimal
Clifford algebra realizations (see (33)). The other choice of division superalgebra sequence
can be obtained if we replace the quaternionic structure of D = 6 Poincaré superalgebra

by the real one'?. In such a case one obtains the sequence U,U(16;1|F) as describing

generalized conformal superalgebras in D =6 (OSp(1;16|R)), D =7 (SU(8,8 : 1)) and
D =9 (U U(16;1/H)).

ii) For simplicity we do not consider here more explicitly the extended generalized
symmetries, but such a generalization is obvious. In particular the extended generalized
conformal supersymmetry with N copies of of F-valued supercharges Q,', S,' is given by
the superalgebra U,U(8; N|F), with the internal sector (R—symmetries) U(F) (O(N) for
F=R,U(N)for F=C and U(N;H) = USp(2N) for F = H).

14Tn our case it is replaced by the complex one.
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iii) Our considerations are on purely algebraic level. One should also consider the
representation theory of the generalized (super)symmetry algebras, e.g. express the gen-
erators in terms of oscillators!® and consider the complete set of Casimir’s.

iv) We did not mention here generalized de-Sitter supersymmetries and mentioned
only for F = O anti-de-Sitter symmetries and supersymmetries. The generalized anti-de-
Sitter superalgebras in dimension D should be identified with the generalized conformal
superalgebras in dimension D — 1, i.e. our set of superalgebras U,U(8; 1|F) describes the
generalized anti-de-Sitter algebras in D = 5,6,8 and possibly D = 12 (the last case for
F = O). The discussion of generalized D-dimensional de-Sitter superalgebras, equivalent
to generalized Lorentz superalgebras in dimension D + 1 is similar in principle, however
with differences in technical details (see also [14]).

v) We did not discuss here an important issue of supersymmetric dynamics, covariant
under generalized Poincaré and conformal supersymmetries. We would like only to men-
tion that the preliminary results in such a direction has been already presented [18, 45, 19]
for massless D0-superbranes (supersymmetric particles) mainly in D = 4 with OSp(1;8)
as generalized conformal algebra.
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