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1. Some Useful Formulnc(..]

The basic 1-farms 9A are constructed by means of the

A (-oo}
tetrads &y

A
(1.1) 8%e e 'rgy dAx°

It corresponds to a decoamposition of the ling clement
owd i iy d £y
ts'e 7, 0007, (67)7- (87)7-(67)7- (&)
which defines in each point of the manifeld a2 Cartan moving

fraze of refercnce.

Cartan's first structure equation gives
A F 4
(1.2) L8+ wiynd =0

in which the symbol A mesns Grassman préduct and d is the
exterior differentiation. The Ricci coefficients Y’ relate

the 1-forms @*, to the fundamental & ¢ through the relation

(L.3) Wy = g 8°

The w-forms are set anti-symmetric by impasing

(1.4) dg, = Wi+ Wy 20

(*) Extracted from a forthcoming review paper on the gravitational
interaction of neutrinos.

{*") This section is included here only for completcness.

{***) Capital Latin indices run 0 to 3; they are raised and
Lowered with Minkowski metricy, , 7% = diag(s1.-1.-1.-})



The aecond Cartan atructure oynastlan relates the

oxterior de}lvative of *, with the 2-form curvature 11‘, :
(1.5) _n_“ « dwi e W AWE,

Its relationship with Riemann curvature tensor in tetrad
basis is given by

(1.6) _O.‘a"'f- K‘lco 8°n 8
h The covariant derivative for a spinor ¥ (thus

ninimally coopled with gravitatien) is given by

(1.7 O e Y- 7Y

in which the internal connection ?;, has the fora
! noN

(1.8) Tom=7 Yuwa ¥ 7

M .
in Cartan moving frame, where }' is a (constant) Dirac

satrices.

2, Dirac's Equation in Kasner-Tvpe Universes

In & Xasner-type Universe the fundamental length is

\
given by

(2.1)  dsta A3 af(B)dxto 83(8) dytl e*(t) 43
The fundamental l-forms are given by
8'mdl
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§'s 6(2) dy
8'e c(t)dy



The Ricci coefficients can be calculated by using definicions

(1.2}, (1.3)., and the non-vanishing ones are

. é

rﬂt = :ﬂ ¥ r,u - ?.
(2.3) >
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x.u.l - e

\J:ing (1.8) we can evaluate the internal connections:
(2.4) T,s0
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TheseDirac"s equation

@9 'L F. r(e Yo T, W) o

takes the form

] ¢ &
—_— -0
(2.6) Y+ e
in which wa have assumed ?.'?1:) and defined Vesabe 35 the

volume of the Universe.

-

By varying the metric on the Lagrangian of the spinor
field, we can obtain {sce, for instante Brill et al,, 1957},
the energy-momentum tensor of the field .
@.n T =i [FLOLY+ ¥ Y0¥ -0, Frt) .
A straight forward calculation gives:
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Toe (Fy'¥- ¥ 2'F)
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All other componcnts are null . Now from Dirac's“we can easilr

show that
(2.9) Toen Joga T, = 7,, =0

L Fy LY

ldentically.

Some soecial cases.

{(a) Friedagnn-type:

Set a = b & ¢ = R{t). Then by (2.8) the energy-

-mgmentuz tensor vanishes {dentically,

(2.10) o T¥lzo

;
such ¢laes of peutrina, satisfying Dirac's equation

‘P+f £ %a0
does not create curvature, but it rescts to the gravitatrional
field. Such type of behaviour will be called passon-like
(Erom Novello's paper “A new model of gravitational interactien].
It is also known as ghost-neutrino, by Ray and Davies who

first obrained a solution of this type.

(b} General Kasner-tvpe

Lat us set i _ain
’ ()]
(2.11) . ¥ . f0) X

where ;(.J is an arbitrary constant spinor. Dirac’'s equation



gives

s
2an  fpd £ f=o

fd
Now, let us impose a of the form

h}
(2.13) . (F, ;.,)
1 0

in which ' is the Pauli 2x2 matrix(o . 1) and ¢ is an

arbitrary constant 2~spinor. Then, we find
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If we imposs further

o} * .
(2.15) T, ,

then, for any function a.b and ¢ we have
T.{*1-0

[t seems worthwhile to remark that in both cases (a) and (b)
neutrine current j’b-‘vlix? is not weil . Indeed, for the
latter, the density ! -j' is given by

?(o)

(2,16] !‘ Jlf;‘ rl’t)+

and rfo unless ";‘-:o.

(€) Massive fermions in a general Kasaer-type WUniverse

For a massive fermion 1P . Dirac's equation assumes

the form

(zaa7y y° ("h-‘i -v—"~ F) +im ¥Feo



A direct calculation gives, for the non-null components of the

enargy-momaptum tensor:

Ton Yom F¥
(2.18) T,» :(_- i"-)";‘ (“r °) Y
g ‘('f' ) ¥ (“r.‘.r‘-) Y, E‘")’}' (ﬂr-.or

The non-null components of the contracted Riemann tensor are

‘;_Leu' __:-_‘_+ ':_(-:T*?)

By imposing Einstein's equation
(2.20) ,4?‘ - - ‘u
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From these results we can make the following table:



¥e used the following conventions
o ¢4 . f o af
( ) r=(s23) vee(Vs)

¥ rtye SR

Finally it is important to remark that we have g strong
suggestion of a syametry of Passon-l1ile fermions solutlons in
Bianchi type ! (including the flat-space case} models. That is,

there should be a group acting on {?f which preserves the

condition

7;, (%7 -0

or. equivalentlY, given a passan-lihe fermion solution'?.

there oxists 3 transfarmation

¥ - ":?-:",l

vhich generates other PL  fermion solutions.
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