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Analytical theory of nonlinear generation of magnetoacoustic zonal flows in a rotating plasma is
developed. As the primary modes causing such a generation, a totality of the Alfvén waves are
considered, along with the kinetic, inertial, and rotational. It is shown that in all these cases of the
Alfvén waves the generation is possible if the double plasma rotation frequency exceeds the zonal
flow frequency. © 2007 American Institute of Physics. [DOL: 10.1063/1.2755941]

I. INTRODUCTION

Collective phenomena in a rotating magnetized media,
related to the magnetorotational instability (MRI),' are one
of the central topics of recent studies in the physics of liquid
metals,*'° magnetic geodynamics,]l as well as in astrophys-
ics and plasma physics.lz_20 The main massive of analytical
investigations in this topic is addressed to the linear theory of
MRI. In contrast to them, the goal of the present paper is the
analysis of nonlinear phenomena in rotating magnetized me-
dia taking the magnetized plasma as the example of such
media. As a first step in this analysis we consider generation
of zonal flows related to the magnetoacoustic oscillation
branches by the Alfvén waves.

Generation of zonal flows (in other terminology, convec-
tive cells) by Alfvén waves was the topic of a rather wide
number of papers, see Refs. 21-24. As it is known for the
problem of zonal flow generation, only dispersive Alfvén
waves are of interest. Characteristic varieties of such waves
are the kinetic Alfvén waves (KAW),*' ™ relevant to plasma
with B>M,/M; and the inertial Alfvén waves (IAW),** re-
alized for B<M,/M;, where (3 is the ratio of plasma pressure
to the magnetic field pressure, M, and M, are the electron
and ion mass, respectively. Both of these varieties of Alfvén
waves are considered in our paper. The study of linear waves
in a rotating plasma predicts one more variety of dispersive
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Alfvén waves, the rotational Alfvén waves (RAW), which
are also included in our paper as a possible reason of gen-
eration of magnetoacoustic zonal flows.

There are two nonlinear mechanisms of zonal flow gen-
eration related, respectively, to the so-called vector and sca-
lar nonlinearities.”*~° However, as it is well-known in the
case of nonrotating plasma, the scalar nonlinearity does not
enter the plasma dynamic equations describing the Alfvén
waves. Due to this fact, studying zonal flow generation by
these waves, one should deal only with the vector nonlinear-
ity. Using such a nonlinearity presupposes that the waves
should have two projections of the perpendicular wave vec-
tork |, k., and ky, where x is the zonal flow direction, i.e., the
“radial” one, z is direction of the equilibrium magnetic field,
y is the “poloidal” direction. Meanwhile, in the case of ro-
tating plasma there is a linear mixing of the Alfvén and mag-
netoacoustic waves. In its turn, it is known that the nonlinear
dynamics of the magnetoacoustic waves is governed by the
scalar nonlinearity (see, e.g., Ref. 27). Therefore, it is rea-
sonable to suggest that in the rotating plasma a nonlinear
mixing of these waves should be revealed which should lead
to involving the scalar nonlinearity in the Alfvén wave dy-
namics. This allows one to consider the simplest case of
Alfvén waves with k,=0. This idea is the basis of the present
paper. We take these waves to be dependent on x and z and,
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dealing with only the scalar nonlinearity, show that they are
able to generate magnetoacoustic zonal flows.

In Sec. I we represent our basic equations. In Sec. III
we transform them in conformity with the problem of zonal
flow generation introducing the variables characterizing the
primary modes, the zonal flows, and the sidebands. Section
IV addresses the analysis of sideband amplitudes. In Sec. V
we derive the zonal flow dispersion relation. Its analysis is
given in Sec. VI. The results of the paper are discussed in
Sec. VIL

Il. BASIC EQUATIONS

We consider a cold rotating plasma described by the mo-
tion equation
av__1

p—-=-

1
VB +—(B-V)B 1
dt 8 +4’7T( ) (1)

and the continuity equation

ap

V- (pV)=0, )

Here V is the plasma velocity, B is the magnetic field, p is
the plasma mass density, d/dt=dt+(V-V). We are interested
in the solution of these equations in a cylindrical coordinate
system (R, ¢,z), where R, ¢, z are the radial, poloidal, and
longitudinal coordinates, respectively. All the physical values
are assumed to be independent of the poloidal coordinate,
d/d¢p=0. The longitudinal plasma velocity is taken to be
vanishing, V,=0. Then Egs. (1) and (2) lead to

Vg Ve VA 1 0B> B. dBg

R - ’ (3)
ot R R 8mpdR 4mp Iz
av Wy V B, B
_‘é+VR<J+_‘é>= Z _.d_” (4)
o R R/ 4mp o
dp J
—+ —(pVg) =0. 5
Ve (5)

It is assumed that plasma rotates in the poloidal direction
with the angular frequency () dependent on the radial coor-
dinate, Q=Q(R). There is the equilibrium magnetic field B,
directed along the parallel coordinate, By=Be,, where e, is
the unit vector along z.

In order to describe the perturbed magnetic field we use
the Maxwell equation

JB

—=—-¢c[VXE 6

==V XE] ©)
and the Ohm’s law of the form

0.

1 1 B av
E+—[V XB]+ __2{3 : (Vpe +Men0—e)}
c eny B ot

™)

Here E is the electric field, p, is the electron pressure, V, is
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the electron velocity, ng is the equilibrium plasma number
density, e is the ion charge, M, is the electron mass.

Note that Eq. (7) without the last term in its left-hand
side is the standard one-fluid MHD (magnetohydrodynamic)
formula for Ohm’s law. The above terms describe the effects
of parallel electron pressure and parallel electron inertia. The
origin of these terms will be evident if one represents Eq. (7)
in the form of the electron motion equation.

Acting by the operator VX in Eq. (7), we arrive at the
freezing condition of the form

JB

E—[VX[VXB]]—e—nO

B Y
X{VX E{B'<Vpg+Menoj>}}=0. (8)

We also allow the magnetic field to satisfy the Maxwell
equation,

V-B=0. )
Hence one finds

14 B
—~—(RBg) + — =0. 10
RoRr BBR+ (10)

It follows from Eq. (8) that
OBy 0

;—a—Z(VRBZ)=0, (11)
0B, 1 49
f=E&—R(RVRBZ), (12)

oB J J
—¢_ 2 VaBD) + L (ViBy = VB

c d|B, av
+——| =5\B-(Vp,+ M,ny —
enO&R[Bz{ (Vpe 0 g }}
We take the electron pressure in the form p,=nT,,

where T, is the equilibrium electron temperature, n is the
number density satisfied the electron continuity equation

0. (13)

on av,,
— +ny—/—==0. 14
P) oy oz (14)

The electron longitudinal velocity V,, is expressed in terms
of the longitudinal electric current j, by

V. =—Jj.l(eny). (15)

According to Ampere’s law,

jz=_7T__(RB¢)- (16)

lll. TRANSFORMATIONS OF BASIC EQUATIONS
A. Separation of variables

We represent each perturbed function X in the form
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X=X+X+X. (17)
Here X describes the primary modes. It is defined by

X= 2 [Xr exp(ik - r—iwt) +X_ exp(—ik - r+iwt)],
K

(18)
where w and k are the frequencies and wave vectors of the

primary modes, respectively, fi are their amplitudes. It is
assumed that o is a function of k, satisfying the linear dis-
persion relation, w= wy.

The function X describes the zonal flow. It is given by

X =X, exp(— iQypt + ig,x) + ¢ . c. (19)

Here Q) and g, are the oscillation frequency and wave vec-
tor of the zonal flow, X, is its amplitude, c.c. is the complex
conjugate.

The function X describes the secondary small-scale
modes (sidebands)

X=[X, exp(ik, - r—iw,) +X_exp(ik_-r—iw_{)
k

+c.c.], (20)

where w,=Qzp+w, and k,=(g,tk,, £k.).

B. Relations characterizing the primary modes

According to Egs. (3)—(5) and (11)-(16) the primary
modes are described by the equation system

~ ~ B, ~ ~
T iV =20V, = + " (k By — k,B..). 1)
4py
iol,+ =+ KBog )
Fiw — Ve, = — s
P70 k= 41p,) &
FiwBg. T ik.ByVg. =0, (23)
(1 4B, T ik By, - B p oy
Fiw L+ ik, . — ————Bp,. — .,
xS b D07 g R eny T
=0, (24)
Ezt == kxERtlkz’ (25)
Fiwp, *ipok Vre=0, (26)
k k. ~
Tiwi, + 2B, = 0. (27)
re
Here
20 d(R*Q
2 KRR (28)
R dR

Po is the equilibrium plasma mass density, )\§=cz/ wlzje is the
squared collisionless skin length, w,, is the electron plasma
frequency.
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By means of Eq. (27) we express 7, in terms of Ed)x’

ik k. -
T (29)

f[_ = ¥
drew

Using Egs. (29), (15), and (16), Eq. (24) takes the form

V,.— ——Bp,
¥ dInR *

=0, (30)

s

kv’ ~
¥ iw(l +ION2 - =L K2p? | By, T ik.By
w

where p>=T,,/(M;w},) is the squared ion Larmor radius for
the electron temperature, v§=B%/ (47py) is the squared
Alfvén velocity, M; is the ion mass, wg; is the ion cyclotron
frequency.

We assume k,>k,, w<<kv,. It then follows from Egs.
(21)—(23) and (25) that

~ kv? < \B
Vd,t:—ZTA(l—kz—Q)E(b—t, (31
VA 0
~ B 20k, ~
B.=—p.= £i—By,, (32)
Po x@

- 20k, ~

Vee= 2i—5—Bg.. 33
R+ k)cho Pt ( )

Substituting Eq. (31) into Eq. (24), we arrive at the disper-
sion relation for the primary modes

ko2 402
D(w,k) = @? - —2 <1+k)26p§—— =0. (34)
1+ kN2 kv

It is remarkable that the primary mode frequency w cal-
culated by means of Eq. (34) depends on k,. Such a depen-
dence leads to that the radial group velocity of these modes,
V,=dw/ dk,, proves to be nonvanishing. The effect of finite-
ness of V, is crucial for the problem of zonal flow generation
considered.

1. Kinetic Alfvén waves
In the limit A, —0, O>—0, Eq. (34) yields
D(w,k) = o* — kK2vi(1 +k2p2) = 0. (35)

This limit corresponds to the kinetic Alfvén waves (KAW).

2. Inertial Alfvén waves

For prO, 02— 0 one has

2.2

kv
D(w,K) = w* - . :k;‘)\z =0. (36)
X' te

This dispersion relation describes the inertial Alfvén waves
(TAW).

3. Rotational Alfvén waves

At last, taking prO, )\gﬂo, we arrive at
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D(w,k) = 0* - Kv3[1 - 40%/(kv3)]=0. (37)

In this case one deals with the rotational Alfvén waves
(RAW).

C. Zonal flows

Averaging Egs. (3)—(5) and (10)—(13) over the small-
scale oscillations, one has

—iQeVe— ZQV¢, + quvAgo = Fp, (38)

_ 2
=iVt o g —Vg=Fy, (39)
Bg=0, (40)
—iQypB, +iq,ByVg=F,, (41)
—iQyeB 4+ iq(VgBys— V4B =0, (42)
—iQyzpp + iPon‘_/R =H,, (43)

where the angle brackets mean this averaging. Here

By ( 0B, 0B,
Po 47'rpO p JoR pc?R
1 -~ By_\dBg [~ B,.\B
+ 2<<BZ__05)_R+<B2__0[5>_R>9

4mpy po / 2 po /) 92

.S A q
FR=—qu<VRVR>— -
dqr

(44)
FZ == iqx<‘7Réz + VREZ>? (45)
- B,_\dB . B, \oB
Fy,= <( _—°5>—‘é+(31——°ﬁ>—‘2>, (46)
TPy po / oz po /) 02
— 9 . P _IVe IV
H,==\Vp—+Vp—+p—+p— /. 47
p <RaR KR TP ar TP R “7)

1 , B,
( Q‘ZquUA B

— —K2 - Q%F ZQZFFR + ZQF¢) (48)

0

B 1 ( @ B, &2
[ — QpF g+ ——
*T 202, 493505, " P et 50

Substituting Eq. (48) into Eq. (41), we arrive at

R) . (49

(QZF quA Z)EZ = q(; O(ZQZFFR - ZQF(/S)
- Q—(K - O)F. (50)
ZF
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It is remarkable for our problem that a zonal flow is
predicted even in neglecting the primary modes. Such a
zonal flow can be called the spontaneous zonal flow. Accord-
ing to Eq. (50), dispersion relation for spontaneous zonal
flow is the following:

Q%quivi e (51)

Evidently, this spontaneous zonal flow oscillation branch is
nothing but the fast magnetoacoustic waves modified by the
rotation effects. True, since we are interested in the flows
with Q7p=q,V,<q,v,, the term with Q2. in the left-hand
side of (50) will be neglected.

Having allowed for the contributions of nonlinear terms
into Egs. (38)—(42), we can neglect them in the following
calculations of the sidebands. Therefore, assuming K2>Q%F,
below we take

Vy= %qx%, (52)
V= %Z;O (53)
B4=0, (54)
p = poB./By. (55)

Similarly, in the following calculations the term H,, in Eq.
(43) is excessive. The same concerns the nonlinear term in
Eq. (42).

IV. ANALYSIS OF SIDEBAND AMPLITUDES
Basic equations for sideband amplitudes

Using Egs. (3)—(5) and (10)—(15), we arrive at the fol-
lowing set of equations for the sideband amplitudes:

. . . ik.By -
iw Ve = 20V g+ — ik B T 0B, = YR,
TPo
(56)
K> By
— iVt ——Vpe T ——ik By =Y, (57)
Ve 2Q) Re dmp, © ==
—iw.Bg, F ikByVge= YR, (58)
—iw,(1 + k2B, F ikBoV .
. dQ) cTo,
R 1 5+ ° —kkis= Y§¢, (59)
dInR  eng =
—iw.p, + ipkai‘A/Rt =YL, (60)
. Koy A
B.= % fBRt, (61)

Z
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ckik,
—iw A, +—B,. =0. 62
-7 Adre ¢+ (62)
Here

— ik ViVies (63)
Y/t=—iqVyVp, ¥ ik ViV, (64)
leR == ikz(‘_/REZi + EZVRt) 5 (65)

V2= ik BV 4 % ik.VB.. — ik, (VgB 4y + B4Vi.)

+ ik, (VyBrs + BrVs), (66)

- ikx:(ﬁVRi + ﬁt‘_/R) . (67)

(63) and (64), we have allowed for
0B../By. Using Eq. (62), Eq. (59) reduces

Obtaining Egs.

p=poB./By, ps=p
to [cf. Eq. (30)]

2.2

kv X .
- iw+(1 + I\ - ;Ak p?)B(/,J_, ¥ ik, BV g
. dQ
—Bro——=Y5, (68)

Since k, is assumed to be a large parameter, Eq. (56) in
allowing for Eq. (61) yields

ik.B .
Bpo= + ;; 0200V + YY), (69)

VA
It then follows from Eq. (58) that

BR
A i,
Vee=— 22 (ZQV¢+ +Y R) +i

x+UA BO

(70)

Substituting Eq. (70) into Eq. (57) and Eq. (69) into Eq.
(59), we arrive at inhomogeneous equation system for \A/qst
and I§¢i,

K2 ‘) kz 25
w, 1+k2 B V¢ii_0UAB¢i
x+Y A
2 B
K w, YR
:iYY¢——<2——2YYRI = ) (71)
= 20\kvy k.By

1 d0?* \ .
+k,B, 1+k2 2dlnR V(/,t

x=UA

X+\'

k2
+wt(1+k)2¢)\§ A2 2) By,
(1)

KBy dQ
2dinR *

=Yoo ¥ (72)

Since the value 2/ (kfivi) is the small parameter, Eq. (71)

reduces to

Phys. Plasmas 14, 082302 (2007)

N _ kzvi K\~
Voe= + I-2 7B

x+Y A

1 w0 Y®R  YPr
+— iV - — 55 F || (73)
(,Ui - 2Q kinA KZBO

Substituting Eq. (73) into Eq. (72) and allowing for
(dQ?*/d1nR)/ (k2+v 4) and k2/k are also small parameters
yields

By.=Z.D.. (74)
Here [cf. Eq. (73)]
kv, ( , , 407 )
—= A1+ kA , 75
L+ e T 2 75)

xxY A

Di:wi—

1
Z. = m{i(a}iYﬁ‘ﬁ ¥ szOY:‘ﬁ)

2
2KQ ( YBR %YXR) ] . (76)

It will be seen from our following calculations that the val-
ues D, are a small parameter. Therefore, substituting Eq.
(76) into Eq. (73) leads to

N kv? 2\ Z,
Vyum 7 “‘(1 S )—-. 77)
- Byw, k+vA

Similarly, Egs. (58), (60), (61), (69), and (70) yield

~ B Bk +V .

B 0ﬁ+ 0"x+ Y R+
pO W

20k, Z.
= *+ l = —_—. (78)
ks, D,

Now we note that in terms of EZ, E¢i Eqgs. (63)—(66) take
the form

200,¢k k.. B.B,,
Y}_/R: + ZFzz x+ Dz 2¢_, (79)
N qux BO
) _ -
YV¢=izkzvi[§% ';2< +§QZF>]BZ—€¢—+,
qx UAk qx W B()
(80)
2062 k,Qup\B. ~
YfR=_—2Z<1 = ZF)—; . (81)
k q, o /B
QO K2\B. -
YB</>——i(kx &, Zv*‘)—ZB(,,i (82)
X w BO
Using Egs. (79)—(82), Eq. (76) reduces to
Z,=c,——=, (83)
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2.2
c.= 12 5 {au(kXiQZF * kZUA> + kgvjﬁﬁ} .
Tl kLN L T qx w

Here we have neglected the terms small as kf/ k)zc.

V. DERIVATION OF ZONAL FLOW DISPERSION

RELATION

A. Starting form of zonal flow dispersion relation
Using the results of Secs. III and IV, one can show that

B, [ 0B, B, iq, ~
L p—+p— |=—"—(BB,). (85)
4apy \* IR oR 41p)

Equation (85) means that the contributions of the second and
third terms into the right-hand side of Eq. (44) are mutually
cancelled. In addition, allowing for Egs. (32) and (78), the
contribution of the last term into the right-hand side of Eq.
(54) vanishes. As a result, we arrive at

Fy=0, (86)
Fr=—igq{VgVp), (87)
F,=—iq{VgB,+ ViB.). (88)

Turning to Eq. (50), let us estimate the relative role of the
terms with Fp and F, for zonal flow generation. Then we
assume {yp=q,V,, where V,=dw/dk, is the radial group
velocity of the primary modes, and take the estimate

dw/ Jk,= w/k,. Then using Egs. (87) and (88), we obtain

OuFrBy K

ZF 2R 0 _ % (89)
vaAFz kx

Allowing for Eq. (86) and neglecting the terms of order
k?/ kf, Eq. (50) reduces to

(1 - Q%F>F

(v} + &*)B.= : (90)
) Oz
Here we have also taken into account that Q,z<<q,v4.
Using Egs. (32), (33), and (51), we find
~ .~ A0
<VRBZ+ VRBz>: ZILL, (91)
Bokxw
where
Z.B, k Z_B K,
w= ;¢<1+w”>+ 2¢+<1+wx>. (92)
2D\ ko) D\ " ko
Using Eq. (83), we represent Eq. (92) in the form
B, |’B.
_ % A, (93)
B,
where
k _ k.
A= 2C+ (1+ X+w>+ ZC (1+ Xw). (94)
2D\ ko, KD\ ko

Thus, according to Egs. (88), (91), and (93),
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2,2
o i4Q kiq,
: kxa)B(z)

A|B,,[’B.. (95)
Substituting Eq. (95) into Eq. (90), we arrive at the zonal
flow dispersion relation

402 ¢ k(¥ = O

) -
202 + K2 A|B . 2. 96
QZF kow% | ¢+| ( )

qxVa tK=

B. Transformations of zonal flow dispersion
relation

Using Eq. (75) and allowing for smallness of the param-
eters ¢./k,, Qp/ w, we obtain

1 1
—
D, 20(Qzp = q.Vy)
1 02 3 &
X{l F —(—ZF+—Vgﬁ)]. (97)
sz—qug 2(,() 2 kx
Similarly, one has
k.. . Q
1+ X‘w=21<q——£>, (98)
k.w, k, o
1 1( _ 2q,
a=k—§<l+ kx), (99)
1 k. Q k
C.= PN |:k§Ui(1+_X£>+_XQZF:|
1+ N2 4 © ) g,
2N%kq ) ( v’ k)
X152 20 0+ =2+ Q2 1.
< T T w Ty

(100)

Then in the case of the monochromatic primary mode Eq.
(94) reduces to

v 3w
A=-—173 2 e L
w kx(QZF_ qug) (1 + kx)\e ngx

k.V
X [kfv/i(l +—w&) +kxvgw]. (101)
For such A Eq. (96) yields
402K2k2q2f< 02\ 1B,
Oyp—q V)= ——— _ 2MZE _‘f” 102
( 7ZF— 4 g) (qfvi+K2)ki K2 B% ( )
where
k Ve 1+k.V,/ k.V
f=(3+x> 22xg2w22+ 5 |-
o /| 1+kp;—4Q9(kvy) ol +kN\)
(103)
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VI. ANALYSIS OF ZONAL FLOW DISPERSION
RELATION

It is necessary for zonal flow generation that the right-
hand side of Eq. (102) should be negative. One can see that
its sign is determined by signs of the factor f and the differ-
ence 1-0%./ .

One finds from Eq. (35) that in the case of KAW

V,=kvikplo. (104)
Then f takes the form

f=@+4p) (1 +3Kp)/(1+k3p))°. (105)

Instead of this, for AW one has from Eq. (36)

227 42

Vo=~ w(klliA—l]igé)z (106)
In this case

F=0G+2k2D/(1 +i2\2)3. (107)

As last, according to Eq. (37), in the case of RAW
22,13
V,==4Q%/(kw). (108)
Since we are interested in weakly dispersive RAW,

0?/(kK*v%) <1, the factor f does not depend approximately
on dispersion and is given by

f=3.

Thus, for all varieties of the Alfvén waves of interest one
has

(109)

f>0. (110)

Then we conclude that the zonal flow generation by these
waves takes place if K2>Q%F, ie.,
K> gV (111)

X

Taking «*=40?, this condition can be interpreted as the fact
that the generation considered is possible if the double
plasma rotation frequency exceeds the zonal flow frequency.

VII. DISCUSSIONS

We have made a step in the development of analytical
theory of nonlinear phenomena related to the MRI analyzing
generation of magnetoacoustic zonal flows by the Alfvén
waves. Then, in addition to the RAW inherent to the standard
one-fluid MHD approach, we have included in our analysis
the KAW and IAW. This has been attained by adding the
effects of electron pressure and electron inertia into the par-
allel Ohm’s law, see Eq. (7). Thereby, we have modified the
traditional MHD freezing condition by the above effects, see
Eq. (8).

Specificity of our problem is that it is multivariable. This
requires the choice of the basis variables for the primary
modes and the flows. We have suggested that the primary
modes, i.e., the Alfvén waves, can be characterized by the
poloidal projection of the perturbed magnetic field §¢. This
value plays the role of basis variable of the primary modes.
In contrast to this, the generated flows are relevant to the
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magnetoacoustic oscillation branches. Therefore, they can be
characterized by the compressible part of their magnetic field

B.. This value is chosen as the basis variable of the flows.
Then our main massive of calculations has consisted of ob-

taining the sideband amplitudes in terms of §¢ and EZ. The
results of these calculations are given by Egs. (74), (77), and
(78) complemented by Egs. (75), (83), and (84).

Using the expressions for the sideband amplitudes, we
obtain the zonal flow dispersion relation given by Eq. (96)
with the parameter A defined by Eq. (94). In the case of
monochromatic primary modes Eq. (94) reduces to Eq.
(101). By means of Eq. (101) we derive the zonal flow dis-
persion relation of the form Eq. (102) dependent on the fac-
tor f and the difference 1 -3/ x> Then we have shown that
for all varieties of the primary modes considered the factor f
is positive, so that the possibility of zonal flow generation is
determined only by the above difference. Requiring it to be
positive, we arrive at the criterion (111) qualitatively evi-
dencing that the zonal flow generation can take place if
the double plasma rotation frequency exceeds the zonal flow
frequency.

We have restricted ourselves to the simplest case of the
primary modes with k,=0. It seems to be of interest to study
the problem of generation of magnetoacoustic zonal flows by
Alfvén waves with kyiO. Then, in addition to the scalar
nonlinearity, the vector nonlinearity should be involved.
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