ISSN 1063-7761, Journal of Experimental and Theoretical Physics, 2008, Vol. 106, No. 1, pp. 154-165. © Pleiades Publishing, Inc., 2008.

STATISTICAL, NONLINEAR,
AND SOFT MATTER PHYSICS

Contributions to the Theory of Magnetorotational Instability
and Waves in a Rotating Plasma!

A. B. Mikhailovskii« *, J. G. Lominadze® **, A. P. Churikov¢, V. S. Tsypin®f, N. N. Erokhin¢,
N. S. Erokhine, S. V. Konovalov4, E. A. Pashitskii’¢, A. V. Stepanov”, S. V. Vladimirovi,
and R. M. O. Galvao®/

¢ Institute of Nuclear Fusion, Russian Research Centre Kurchatov Institute, Moscow, 123182 Russia
b Georgian National Astrophysical Observatory, Thilisi, 0160 Georgia
¢ Syzran Branch of Samara Technical University, Syzran, Samara oblast, 446001 Russia
4 Brazilian Center for Physics Research, Rio de Janeiro, BR-22290180 Brazil
¢ Space Research Institute, Russian Academy of Sciences, Moscow, 117810 Russia
I Institute of Physics, National Academy of Sciences of Ukraine, Kiev, 03028 Ukraine
& Taras Shevchenko Kiev National University, Kiev, 03022 Ukraine
" Pulkovo Observatory, Russian Academy of Sciences, St. Petersburg, 196140 Russia
i School of Physics, University of Sydney 2006, Sydney, Australia
J Institute of Physics, University of Sao Paulo, Sao Paulo, 05508-900 Brazil
* e-mail: abmikh@list.ru
** e-mail: j.lominadze @astro-ge.org
Received April 11, 2007

Abstract—The one-fluid magnetohydrodynamic (MHD) theory of magnetorotational instability (MRI) in an
ideal plasma is presented. The theory predicts the possibility of MRI for arbitrary 3, where [ is the ratio of the
plasma pressure to the magnetic field pressure. The kinetic theory of MRI in a collisionless plasma is developed.
It is demonstrated that as in the ideal MHD, MRI can occur in such a plasma for arbitrary 3. The mechanism of
MRI is discussed; it is shown that the instability appears because of a perturbed parallel electric field. The elec-
trodynamic description of MRI is formulated under the assumption that the dispersion relation is expressed in
terms of the permittivity tensor; general properties of this tensor are analyzed. It is shown to be separated into
the nonrotational and rotational parts. With this in mind, the first step for incorporation of MRI into the general
theory of plasma instabilities is taken. The rotation effects on Alfvén waves are considered.

PACS numbers: 52.35.Bj, 94.30.cq
DOI: 10.1134/S1063776108010135

1. INTRODUCTION

In 1959, Velikhov [1] demonstrated that a nondissi-
pative Couette flow (the flow of an ideally conducting
liquid between rotating cylinders) can be destabilized
by a vertical magnetic field. A particular case of the
rotation frequency profile (the Velikhov profile,
described in detail below) was studied there. In 1960,
the analysis in [1] was extended to a general rotation
frequency profile in [2]. For a long time after that, this
destabilization effect was almost not claimed. The situ-
ation changed radically in 1991, when paper [3] was
published. It addressed the problem of an anomalous
viscosity in accretion disks, going back to the study in
[4]. (According to the definition in [5], accretion refers
to the accumulation of matter onto a massive central

! The text was submitted by the authors in English.
" Deceased.

body.) The authors of [3] suggested that explaining the
anomalous viscosity in the disks should invoke an insta-
bility resulting in electromagnetic turbulence. The
essence of paper [3] was the idea that the role of such an
instability is played by the instability analyzed in [1, 2].

After [3], this instability was called the magnetorota-
tional instability (MRI). It was a basis for numerous
astrophysical studies forming the astrophysical trend in
the theory of MRI. The original papers of this trend are
[6-35]. The first stage of astrophysical applications of
MRI was summarized in review [5]. At present, MRI has
been mentioned in more than a thousand papers; the
overwhelming majority of these papers belong to the
astrophysical trend. In addition to astrophysics, MRI has
been suggested to be significant for magnetic geodynam-
ics [36]. There are also relatively narrow trends of exper-
imental and theoretical studies of MRI in liquid metals
[37-44] and plasmaphysical theoretical investigations of
this instability in particular equilibria [45-47].
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There are many books and reviews summarizing the
advantages of the theory of plasma instabilities [48—
59]. This theory contains rather broad information on
several types of instabilities in a rotating plasma. The
best known among them is the Rosenbluth-Simon
instability [60]. At the same time, all these books and
reviews contain no information on MRI. This shows
that MRI has not yet been incorporated into the general
theory of plasma instabilities. One of the goals of the
present paper is to do such.

The reasonable question is: why is MRI not yet in
the general theory of plasma instabilities, although it
was discovered almost 50 years ago? The answer is that
papers [1, 2] treated it as a magnetohydrodynamic
(MHD) but not a plasmaphysical phenomenon (e.g., the
Couette flow is not a plasmaphysical notion). In addi-
tion, papers [1, 2], as well as [3], suggested that the con-
sidered liquid is incompressible. Meanwhile, incom-
pressible perturbations are often identified in plasma
theory as corresponding to high-f3 plasmas, where [ is
the ratio of the plasma pressure to the magnetic field
pressure. It has been suggested that such a plasma is the
most interesting for astrophysics, while plasma physics
typically deals with the opposite case of low-[3 plasmas.
That MRI is actually possible for arbitrary [ was
pointed out relatively recently in [61].

The fact that MRI, being one of a variety of electro-
magnetic instabilities, can develop in a low-f3 plasma is
of principal interest for fundamental plasma physics.
There is a broadly shared standpoint in plasma physics
that only electrostatic instabilities are important for low
values of . This is the main reason why MRI is not
included in the general theory of plasma instabilities.

However, such a situation is unsatisfactory for a
number of reasons. First, plasma theory has elaborated
very powerful methods for studying instabilities and
related nonlinear processes. These techniques are not
involved in MRI theory. Second, plasma physics is a
source of ideas for a series of applied branches of phys-
ics including magnetic nuclear fusion and space phys-
ics. Therefore, the absence of plasmaphysical informa-
tion on the MRI theory is detrimental to these areas of
research. In addition, the discussed drawback deprives
the plasma theory predictions of sufficient complete-
ness.

In this paper, we collect the existing results on MRI
necessary to further develop the theory of this instabil-
ity, and complement them by a number of new results.
We then develop the electrodynamic theory of MRI,
thereby incorporating this instability into the general
theory of plasma instabilities.

In addition to the main MRI problem in a rotating
plasma, there is a subsidiary problem of elucidating the
rotation effects on oscillation branches of nonrotating
plasma. We study this problem by considering the rota-
tional effects on Alfvén waves. In other words, our
paper not only addresses MRI processes but also pro-
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vides a more careful investigation of the wave proper-
ties of a rotating plasma.

The general theory of plasma instabilities is sepa-
rated into two main areas: the first can be formulated as
the theory of microinstabilities and the second deals
with stability problems of fusion-oriented magnetic
confinement systems of the tokamak type. The
approaches used by these branches are different. The
approach of the theory of microinstabilities is based on
investigation of the permittivity tensor, while the stabil-
ity analysis in confinement systems is often performed
by means of certain stability criteria, the simplest one
being the Suydam stability criterion (see [54] for
details). The present paper is oriented towards further
development of the theory of microinstabilities. There-
fore, the notion of plasma permittivity is central to our
investigation.

In accordance with the above, papers [1-3] studied
MRI in the scope of the one-fluid MHD approach
invoking the approximation of an incompressible
medium, and therefore their results are valid only for
high B. In Section 2, we follow the same approach but
take plasma compressibility into account. In so doing,
we obtain results valid for arbitrary .

In Section 3, we develop the kinetic theory of MRI
relevant to collisionless plasmas. Section 4 addresses the
explanation of the MRI mechanism. Section 5 is aimed
at the development of the electrodynamic theory of MRI.
This involves introducing and calculating the above per-
mittivity tensor for the rotating plasma, which is the
essence of Section 5. We explain the structure of this ten-
sor and represent the corresponding dispersion relations
allowing us to calculate the oscillation frequency. Sec-
tion 6 is devoted to the analysis of rotation effects on
Alfvén modes. Conclusions are given in Section 7.

2. ONE-FLUID MHD THEORY OF MRI
IN AN IDEAL PLASMA

2.1. Dispersion Relation for MRI

2.1.1. The original one-fluid MHD equations. We
consider an axisymmetric plasma cylinder placed in the
magnetic field

BO = (O’ 05 BO) (21)

directed along its axis. We use the cylindrical coordi-
nates (R, ¢, z) and call ¢ the azimuthal coordinate. For
simplicity, the field B, is assumed to be uniform,
dBy/dR = 0. We suppose that the plasma rotates in the
azimuthal direction such that its equilibrium velocity
V, is given by

VO = (0, Vo, O), (22)
where V, = RQ and Q = Q(R) is the rotation frequency

dependent on the radial coordinate.

To describe the dynamics of the perturbed plasma,
we start from the equation of motion in the form
Vol. 106
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2
av _ _V(,HB_) in(B.V)B, 2.3)

Par sn) " 4
where d/dt =9d/dt+V - Vand p =p,+ 6p, V=V, + 3V,
p =p, + Op, and B = B, + OB are, respectively, the total
mass density, velocity, pressure, and magnetic field, o
denoting the perturbations. Thus, we are dealing with
the perturbed mass density dp, the perturbed plasma
pressure Op, the perturbed velocity 8V, and the per-
turbed magnetic field 6B. The vectors 8V and OB are
represented as

SV = (8V,, 8V, 8V),
B = (8By, 3B,, 3B,).

The function dp is governed by the continuity equation

9

(_-)—tSp +poV-3V = 0.
We assume that the perturbations are independent of

the azimuthal coordinate ¢. The dependence of each

perturbed value &F(r, ) can then be written as

OF = OF(R)exp(— it + ikzR + ik z), (2.5)

where o is the mode frequency and k; and k, are the
perpendicular and parallel projections of the wave vec-
tor. The radial dependence of the functions F(R) is
assumed to be negligibly weak. Approximately, we
then have

2.4)

V-0V = ikg0Vy+ ik V.. (2.6)
Using Eq. (2.5), we reduce Eq. (2.4) to
—i0p +ipy(kgdVi+k OV, = 0. 2.7

The perturbed plasma pressure dp is found by invok-
ing the adiabatic condition

i)
SEL) =0
1" b
dr\p

where I' is the adiabatic exponent. It follows from
Eq. (2.8) that

(2.8)

r
8p = —L2(kyBV e+ kIV). 2.9)

2.1.2. Derivation of the general dispersion relation.
As a consequence of Eq. (2.3), the perturbed velocity
OV is governed by the equation of motion with the com-
ponents

ik pC.
8V, + - (’;C* (kpdV+k.5V.)
) (2.10)
vy
K2 iv2
. A
—zm8V¢+m6VR—B—OkZSB¢ =0, (2.11)
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. 2

k
s (kSV R+ k.BV.) = 0,

—i0,0V,_ +
o

(2.12)

where Vi = BS /4mp, is the squared Alfvén velocity

and cf = I'py/py is the squared sound velocity. The
parameter k2 is introduced by

2 2
2 2Qd(R’Q) o dQ

R dR dInR’

To describe the behavior of the perturbed magnetic
field, we use the freezing condition

(2.13)

0B/dt—Vx[VxB] = 0. (2.14)
Then we find
—i08By — ik.BySV, = 0, (2.15)
. dQ )

Additionally, using the Maxwell equation V - B =0, we
arrive at

OB, = —kzOBylk.. (2.17)
Turning to (2.12), we obtain
5V, = kzlchfsz, (2.18)
o 0
where
o5 = 1-kcl/o’. (2.19)
Using (2.11) and (2.15), we obtain
. 2 2 2
5V, = @(—2‘“—9 +k; a dCfSRJSVR, (2.20)
where
o = 1-kvile’. (2.21)

The superscript “ID” means “ideal” and the subscript

“A” denotes the Alfvén oscillation branches.
Substituting (2.18) and (2.20) in (2.10) and using

(2.15) and (2.16), we obtain the dispersion relation

O Q2| (2.22)
0Oy Olpp
where

o, = o, (2.23)

alz = _(le = _219/0), (224)
_ . 1 dQ’

Ol = Oy _gzd—lnR’ (2.25)
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with

2 2 2 2
D k™vy  kges

OLM = 1— 3 — >

o 0o

(2.26)

and K = ki + kf ; the subscript “M” means “magneto-
acoustic.” We also note that dispersion relation (2.22)
can be represented as

o'alall — o'+ kv dQ’ =0 (2.27)
4 $AdInR T '
Substituting (2.21) and (2.26) in (2.27) yields

(0 —kvplo' -0’k (vy+ )+ kv

2.28)
2 422 20 0 2 dQY (
+((D _kzcs (—(D K +szAm) = 0.
We introduce the dimensionless parameters
1 dQ’
A =1 2.2
( +k2vid1nR]7 ( 9)
2 2
A =21+ 2R 5, K (230
kv R dR k™ vy
Then Eq. (2.28) is represented as
ki ¢
o’ —o'k’vi| 24, - =+
Va
(2.31)

2
+ I {wz(Al - V—;‘AJ + k?viA} - 0.
C

s

In the particular case where § —» oo (cf — o) with

B = 8mpy/B; , Eq. (2.31) becomes

o' —Evi(0’A, + K viA) = 0. (2.32)
Similarly to [3], we introduce
D' =" —k v (2.33)
In terms of ®, Eq. (2.32) is written as
4k aQ’ .
4 2 2 2~2
= —_— = . 2 4
(0+k2(kZVAdlnR Ku)) 0 (2.34)

This is the same as the Balbus—Hawley dispersion rela-
tion [3] for an incompressible medium. It is therefore
reasonable to call Eq. (2.34) or Eq. (2.32) the Balbus—
Hawley dispersion relation.

Dealing with an arbitrary compressibility, Kim and
Ostriker [61] have derived the dispersion relation

(0 kvl -’ k(vi+c) +kicivi]
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= k(0 - v’ (Vi+ ) - KAV (2.35)
2 2 2 2 2. dQ? 2 .22
+[4Q o + (0 —kaA)m}(co _K3D).

It can be seen that Egs. (2.35) and (2.28) are identical.
Therefore, it is reasonable to call Eq. (2.35) or
Eq. (2.28) the Kim—Ostriker dispersion relation.

2.2. Analysis of MRI

2.2.1. General instability criterion. We assume that
A is small. Then Eq. (2.31) reduces to

Ao +ECvRA = 0. (2.36)
We assume that
A >0. (2.37)
It then follows that for
A>0, (2.38)
Eq. (2.36) describes unstable perturbations,
®’ <0, (2.39)

characterized by Re® = 0 and Im® = vy, where 7 is the
growth rate, which, according to [1, 3], is given by

Y2 = KXviA/A,. (2.40)

These unstable modes correspond to MRI. It follows
from condition (2.38) that MRI occurs if the wave vec-
tor is smaller than a critical value,

2

K < ko (241)

where
vaks, = —dQ’/dInR. (2.42)

It is remarkable that Eq. (2.36) is independent of B.
Therefore, both instability criterion (2.38) and growth
rate (2.40) near the stability boundary are valid for an
arbitrary f3.

2.2.2. MRI in the case of the Velikhov rotation fre-
quency profile. It was assumed in [1] that

Q(R) = a+elR’, (2.43)

where a and e are constants. Then (2.29) becomes

gl g) e
AR R 2 AT

Hence, the result in [1] implies that MRI is possible
only if

(2.44)

e>0. (2.45)

The expression (2.42) for the critical wave vector of
unstable modes in this case reduces to

ke = —fez(a - fiz) (2.46)
R vy R
Vol. 106 No. 1 2008
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3. KINETIC THEORY OF MRI
3.1. Kinetic Approach

Turning to the case of a collisionless plasma, we
begin with modifying Eq. (2.3) as [54]

dVv

171 2
pt = —V-p—R[EVB —(B~V)B}, 3.1)
where
p = Ip,+dp (3.2)

is the total pressure tensor, I is the unit tensor, and op is
the perturbed pressure tensor.

According to [54],
V.p=Vp, (3.3)

where p, = p, + 8p,, with §p, being the perpendicular
(with respect to the equilibrium magnetic field) per-
turbed plasma pressure. Then, Eq. (2.10) is modified as

. D kivi . Op
_l(DSVR OCA + +lkR_

2 Po
(3.4)

i V A k
The value dp, is expressed in terms of the perturbed
distribution function &f as
2
Sp, = ij—ithdv, (3.5)
2
where v, is the perpendicular particle velocity, dv is the
volume element in the velocity space, and M is the ion
mass.
According to [52], the function df is equal to

Mvi ® SBZ (3.6)

o = S o kv, B,

where T is the ion equilibrium temperature, f, is the
equilibrium distribution function, and vj is the parallel
particle velocity. Substituting (3.6) in (3.5), we obtain

OB,
Sp. lﬁ”"w( @ ) 3.7

where vy = J/2T/M is the ion thermal velocity and

W(x) = exp(—xz)(l +—ﬁjexp(t )dt) (3.8)

is the plasma dispersion function [50].

As a result, we obtain dispersion relation (2.22)
characterized by the tensor oy (i, kK = 1, 2) given by
Egs. (2.23)—(2.25) with the substitution
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ol e ol (3.9)
where
in k2 2 in
o = 1AL+, (3.10)
(O]

(3.11)

R ()

With the known asymptotic form of the function W(x)
[50], the limit expressions for clj}“ are as follows:

2 1, o> |k|vy,
R

| idme

(3.12)

v, o < |k|vy.
2

By means of Egs. (2.22)—(2.25) and (3.9), we obtain
that MRI in a collisionless plasma is described by the
dispersion relation
k; RV

k|

(coz—kfvj)[w +KCVEA + i fpR Y

XW( )}—403292 - 0.
|k |VT

(3.13)

3.2. Hydrodynamic MRI in Collisionless Plasma
For 0 > |k,|vy in accordance with (3.10) and (3.12),
Eq. (3.13) can be written as
(0 —k2v)(0 + K VAA — kyvy) —40°Q7 = 0.
(3.14)
It hence follows that MRI occurs for

A> kBl (3.15)

In contrast to one-fluid instability condition (2.38), the
perturbations considered are unstable only if the
parameter A exceeds a threshold value.

3.3. Kinetic MRI in Collisionless Plasma
For o < |k |vy, it follows from Eq. (3.13) with
(3.12) taken into account that
kRvAu)

o’ —k o+ EViA+
( VA)( vad i Iklvr) (3.16)
—40°Q% = 0.

For small A, this dispersion relation has a small root
given by

. 2,2
1 |k7| Vak
= ———=—A. (3.17)
Jr viP kx
Vol. 106 No.1 2008
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We can see that the perturbations considered are unsta-
ble under condition (2.38). We have thus shown that
MRI can occur in a collisionless plasma for an arbitrary
B if instability condition (2.38) is satisfied.

4. MECHANISM OF MRI
It follows from the Ohm law,

E+%V><B=O @.1)

that
B-E =0. 4.2)

The equilibrium part of (4.2) shows that there is an
equilibrium electric field Ey, given by

QR
Eor = ———By.

(4.3)
In the presence of such an equilibrium electric field, the
perturbed part of (4.2) means that there is a perturbed
parallel electric field OE. in our problem, determined by

B08EZ + SBREOR = 0 (44)
Hence, we obtain
SE. = QTRSBR. 4.5)

Next, we take the ¢-projection of the Maxwell equa-
tion

d0B

—g;— = —cV x0E (46)
to obtain
5B, = ZSE ’Q‘)’ 885 If 4.7)

where OEy is the radial component of the perturbed
electric field. It follows from (4.5) that

dOE,  dQ
“OR " dInR

Now, we take into account that according to the
Maxwell equation V - 8B = 0 (cf. (2.17)),

190

0B+ Qs (RSBR) (4.8)

RaR(RSBR) —ik.0B,. 4.9)
Then Eq. (4.8) becomes
J0E, dQ _
C—gk— = mSBR— lQRkZSBZ (410)

It follows from Ohm’s law (4.1) that the perturbed
radial electric field is expressed in terms of the per-
turbed velocity and perturbed magnetic field as

SEg = %(BOSV¢+QRSBZ). A.11)
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Substituting (4.10) and (4.11) into (4.7) leads to (2.16).

We have thus shown that the mechanism of MRI is
explained by involving the perturbed parallel electric
field OF..

5. INCORPORATION OF MRI
INTO THE GENERAL THEORY
OF PLASMA INSTABILITIES

5.1. Permittivity of a Rotating Plasma
We use the identity

1 1 2] 1.
4—n[(B-V)B—EVB} = ZixB,

(5.1)
where B and j are the total magnetic field and current

density, respectively. We then find from (2.10) and
(2.11) that

cPo K
cp kyc?
8jy = ———|iOBV| 1 - === |+2Q8V,[. (5.3)
Bo oo
s
It follows from (2.15) and (2.16) that
1 . dQ
8V¢ = —a(man)—lmaBR), (54)
0]
0V, = ——90B;. (5.5)
R kZBQ R
With (5.4) and (5.5), Egs. (5.2) and (5.3) become
Sjx = —PU(_ i8B, + 2Q08By), (5.6)
-0
. wcpy
dj, =
" kB
5.7)
kyc? 2
x|iw| 1- 280 LA g 005, |
0] as ® dlnR

The theory of instabilities in a homogeneous plasma
[52, 55-58] deals with the permittivity tensor €, (i, k =
1, 2, 3) related to the conductivity tensor G; by

€, = 0, +4mic,/o. (5.8)

The conductivity tensor G, is determined by the per-
turbed electric current

6]‘[ = GikaEk. (59)
Therefore,
8j = 2 (e,-8,)0E (5.10)
Ji = dyg ik T Qi k- .
Vol. 106 No.1 2008
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Next, we take into account that in the general case,
SE = SE'" + 3E?, (5.11)

where SEV and SE® are the electromagnetic and elec-
trostatic parts of the perturbed electric field, respec-
tively. The field SE( is governed by the Maxwell equa-
tion (cf. (4.6))

ag_B = —v . SE™. (5.12)
Then we have

SER’ = 0dB,/ck,, (5.13)

SE, = —wdBy/ck.. (5.14)

The field 3E® is defined by the perturbed electro-
static potential 0¥ via

SE® = _V§W. (5.15)

Because we have restricted ourselves to the case k =
(kg, 0, k.), it follows from (5.15) that

SE® = (—iky8¥, 0, —ik 8W). (5.16)
With (5.11) and (5.13)—(5.15), Eq. (5.10) yields
2
. (O)
djr = Amick, ———(&,,0B, 81283R)— 810&[’ (5.17)
o
o2
dj. = 41t ok, ——(€3,0B, — €3,8B;) - 3305\}' (5.19)
where
€9 = (kgey +k.g13)/k, (5.20)
€0 = (kg€ +k.Ex3)/k, (5.21)
€30 = (kg3 + k. €33)/k. (5.22)

Comparing (5.17) and (5.18) with (5.6) and (5.7) yields
I, k=1,2)

5 1 —2iQ/®
C

€ = 3| 2iQ - ch _idgz (5.23)
VAl To T olo. oldInR

As is known [52, 53], the dispersion relation in the
approximation €33 — oo is of the form

eu-ck/ot e 0. (524

2,2 2
€y €n—Cck/o

Substituting (5.23) here, we arrive at dispersion relation
(2.22).
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We can see from (5.23) that

e, = e +er (i,k=1,2), (5.25)

where e( ' is the nonrotational part of the permittivity
tensor, i.e., the part corresponding to the case of nonro-

tating plasma, while SE,C) is its rotational part.

In the scope of the one-fluid MHD approach consid-
ered in Section 2, in accordance with (5.23), we have

1 0
C
G = e (5.26)
vyl 01-—
W o

and the rotational part of €; (i, k = 1, 2) is given by

2 0 2iQ/w
r C
ef-k) = ;5 g-lg-z _—1— do? | (5.27)
1 o @2dnR

The kinetic approach leads to the same expressions for

0 0 0
el €y, and €}

(0)kin |

€»
p(Okin _ ﬁkRVT ( 0 )

Va

and the following expression for

It can be seen that the elements ef»,:) are independent
of the detailed plasma properties. In this context, each

element e!” is an invariant. In contrast to this, the val-

ues 8, X depend on the detailed plasma properties.

5.2. General Dispersion Relation

To obtain the general dispersion relation, we recall
the Ampere law

V x 0B = 4mndj/c. (5.29)
With (2.17), projections of (5.29) are given by
kdB, = i4ndjgl/c, (5.30)
*8By = —idnk.8j,/c, (5.31)
kgdB, = —i4mdj /c. (5.32)

In addition, the current continuity equation implies that

kR6]R+k28jZ = 0. (5.33)
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Substituting (5.17) and (5.18) in (5.30) and (5.31), we
obtain

2,2 .
k k.k
{e” _< ;JSBq, —£,0Bp— e W = 0, (5.34)
® )
K’ ick
() z
Next, substituting (5.17) and (5.19) in (5.33) yields
ick k
8016B¢ - 8026BR - lcmz 8006? = O, (536)
where
€y = (kg€ +k.85)/k, (5.37)
€ - czkflco2 €
€y €5 — Kl
€5 + czksz/(x)z €5

Then the question arises whether the structures of
(5.40) and (5.41) are identical or plasma rotation sub-
stantially modifies the fundamental plasma properties.
To answer this question, we multiply the first row of

matrix (5.41) by ki /k* and add it to the third row mul-
tiplied by kkg/k*. Similarly, we multiply the first col-

umn of (5.41) by kfe /k* and add it to the third column

multiplied by k_kg/k*>. We then find that matrices (5.40)
and (5.41) are identical.

5.3. The Electrodynamic Theory of MRI Allowing
for Finite Electron Temperature in the Scope
of the MHD Approach

Freezing condition (2.14) is a consequence of
Ohm’s law (4.1). To justify this, we act on Eq. (4.1)
with the operator Vx and use the Maxwell Eq. (5.12).

Evidently, Eq. (4.1) is relevant to a plasma with cold
electrons. In the case of a finite electron temperature, it
is modified as

Vp,

E+1V><B+——— =0,
c en,

(5.42)

where p, is the electron pressure, e is the ion charge,
and n, is the equilibrium number density. It follows that
in the case of a homogeneous plasma, the appearance of
the term with the electron pressure does not lead to
modification of freezing condition (2.14). However, it
contributes to the paralle]l Ohm’s law, leading to

B-Vp,

en

B-E+ = 0.

(5.43)
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€y = (kg€ +kE3)/k, (5.38)
1
€gp = k—z[kiﬁn +kgk (€15 +€5) + k22.833]' (5.39)

Equations (5.34)—(5.36) yield the dispersion rela-
tion

2,2, 2
g -ck/o € €19
2,2, 2 =
€y €y —C kT €y 0. (5.40)
€1 €0 €00

On the other hand, the theory of oscillations of a homo-
geneous nonrotating plasma deals with the general dis-
persion relation of the form

2 2
€3+ kkp/o

€13 = 0. (5.41)
€33 — Ckal®
The perturbed part of (5.43) implies that
ik
SE.+ QROB, + XOP« _ (5.44)
en

We also note that freezing condition (2.14) contains
the electron velocity V, while V entering the parallel
plasma motion Eq. (2.12) is the ion velocity. In other
words, the one-fluid MHD is based on the assumption
that

V.=V, (5.45)
We now allow a difference between 8V, and dV,.:
SV, #8V,.. (5.46)
Generally,
8V, = 8V,.+8j./en,, (5.47)

where 9, is the perturbed parallel electric current.

The perturbed ion parallel motion Eq. (2.12) is mod-
ified as

(5.48)

2

k.kgpc:
8j. = —eng| OV, + LS5V, |.
O 0

We seek the perturbed electron pressure Op, using the
electron adiabatic condition similar to (2.8) with ', =1,
where T, is the electron adiabatic exponent. Then we
obtain

8p, = %)e(kRSVR +k3V,.).

Substituting (5.49) in (5.44) yields

(5.49)
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lO)e
—9

8V, = RSVR E, (5.50)

z7 e

where 7, is the equilibrium electron temperature. With
Eq. (5.50), Eq. (5.48) becomes

enykg

l(,l)e n
8j = 9SE. + %
JZ k T kzaS K
(5.51)
10 QR
%SBR,
kT,

We now use representation (5.11), in so doing introduc-
ing the perturbed electrostatic potential d¥. Then
Eq. (5.51) becomes

O)e ng enykpr®

§j. = oV +
) kT, kiasBo

Comparing (5.6), (5.7), and (5.52) with (5.17)—(5.19)
given

B, (5.52)

(€10, €205 €31) = 0, (5.53)
_ Amicengkg
€3 = —m, (5.54)
4nezn0
€y = T, (5.55)

To use dispersion relation (5.40), it is necessary to
know the values g, €,, and g, defined by Egs. (5.37)-
(5.39). Using (5.23) and (5.53)—(5.55), we obtain

C2 kR
e = S, (5.56)
Va
ik
e = ! Cw(zg ), (5.57)
v S
. (kR 1) (5.58)
k VA ps

where pf =T,/M (Déi is the squared ion Larmor radius
calculated for the electron temperature and g =
eBy/Mc is the ion cyclotron frequency.

5.4. The Heuristic Kinetic Electrodynamic Theory
of MRI Allowing for Finite Electron Temperature
and Effects of the Finite lon Larmor Radius

The idea that the permittivity tensor €, in the rotat-
ing plasma can be represented as the sum of the nonro-

tational efg) and rotational 852) parts (see Eq. (5.25))

makes it possible to suggest a heuristic electrodynamic
theory of MRI allowing for finite electron temperature.
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It is then convenient to use the general dispersion rela-

tion in form (5.41) because the values 8 (z =1,2,

3) are well known. In such a problem statement, the
effects of a finite ion Larmor radius can simultaneously
be taken into account.

From [49], we have

g = £ (I—BkRpl), (5.59)
VA
(O]
€0 = e = DSt (s
VA
2
O _ € Iy «/ﬁ RVT
€n = 2 [ 4ksz |k|
A (5.61)

<P W(Vc |vTH

where p,~2 =T,/M wéi is the squared ion Larmor radius.

The remaining components of the permittivity tensor
are

(0) (0)

g3 =& =0, (5.62)
2

(0) o _ ¢ kg O, ( ) )
€y = —€3) = —— , (5.63)
» » Vi k&) v k] vy

© _ 1 [

e = 1 +idn—2

RO Ay |k ] v

‘ (5.64)
X W(v« rov)}

where d’, = T,/4men, (0 = e, i) is the squared Debye
length. In deriving (5.63) and (5.64), we have assumed

o < |k, | vy, where vy, = /2T ,/M, is the electron ther-
mal velocity and M, is the electron mass.

6. ROTATION EFFECTS ON ALFVEN WAVES
6.1. Dispersion Relation

Alfvén waves in a rotating plasma can be studied by
using the following particular case of dispersion rela-
tion (5.41):

en-ckio’ e ko’
€1 €y — C kO 0 =0, (6.1)
ko 0 £33 — k@
where (cf. (5.25)—(5.27))
Vol. 106 No. 1 2008



CONTRIBUTIONS TO THE THEORY OF MAGNETOROTATIONAL INSTABILITY 163

| 1 =2iQ/m
€ € Cc
[ 811 812 \] — ? 2i0 _—1— dQZ . (62)
21 €22 A o (DzdlnR

and the value €33 is taken from the wave theory of a
homogeneous plasma [52] as

ey = ofkds, (6.3)
where
. ()] (O]
¢ = 1+zﬁz| g vreW(I y VT). (6.4)
Equation (6.1) yields
vy +dQdinR  kop:
mz—kfvi[ P Pl =0, 65)
Vit K I

6.2. Rotational Alfvén Waves

We consider the approximation of an infinite paral-
lel conductivity

Kpile, = 0. (6.6)

Equation (6.5) then becomes

vl 2
S é/ﬁivj(l ! kzifjjlizR)' o
For a weak plasma rotation,

dQ’/dInR < k>va, (6.8)

it follows from Eq. (6.7) that
o = kKvi(1-4QYKvy). (6.9)

The oscillation branches described by (6.9) can be
called the rotational Alfvén waves.

6.3. Kinetic Alfvén Waves in a Rotating Plasma
Let

B>M,/M. (6.10)
Then we can use the approximation

In this case, Eq. (6.5) is transformed to

Kv: +dQ*/dInR
o = kivi[ V*I‘; s ekl (612
va

In the case of a weak plasma rotation with condition
(6.8) satisfied, Eq. (6.12) reduces to (cf. (6.9))
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o = kva(1-4Q v, +k2p2). (6.13)

With the term involving Q2 neglected, this dispersion
relation describes the kinetic Alfvén waves [62]. It can
be seen that the rotational dispersion exceeds the Lar-
mor dispersion for

k2= Qlcd,. (6.14)

Instead of the positive dispersion, we then have Alfvén
waves with the negative dispersion.

6.4. Inertial Alfvén Waves in a Rotating Plasma
We now take

B<M,/M. (6.15)
Then Eq. (6.4) is transformed to
¢ = —kvi/20°. (6.16)
Substituting Eq. (6.16) in Eq. (6.5) yields
Kvy  kva+dQ°/dInR
@ = A LVaTt 617

= 2,2, 2 2 2 2
1 +ck /o, kivi,+x

2 .
where o, = 4mnye?/M, is the squared electron plasma

frequency. With the rotation neglected, this dispersion
relation describes the inertial Alfvén waves [63].

For weak rotation, Q2 < ki vi , and weak electron

2 Eq. (6.17) yields (cf. Egs. (6.9)

o 2
inertia, ¢’k;, < ®,,,

and (6.13))
2 252
k
o = Kvi1- 2L 6.18)
kva O‘)pe

It follows that rotation leads to dispersion of the same
sign as the electron inertia; i.e., they are both negative.
The rotational dispersion exceeds the inertial disper-
sion for

k< Qw, /cv,. (6.19)

The sign of the dispersion then remains unchanged.

7. CONCLUSIONS

We have collected and analyzed the results of the
one-fluid MHD theory of MRI in an ideal plasma. We
have shown that this instability can occur for an arbi-
trary . In general, such a theory has the goal of predict-
ing regularities of MRI in a collisionless plasma. To
verify these predictions, it is necessary to develop the
kinetic theory of MRI. The simplest version of this the-
ory has been formulated in the present paper (see also
[64—-66]). We have also shown that the one-fluid and
kinetic instability criteria are identical and are given by
Eq. (2.38). At the same time, the one-fluid and kinetic
Vol. 106
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growth rates of MRI turn out to be different (cf. (2.40)
and (3.17)). Roughly speaking,

Ykm /YMHD _ B_m- 7.1)
This means that for B > 1, the kinetic growth rate is
small compared with the MHD one, while for § < 1 the
situation is the opposite. This difference is due to the
imaginary term in kinetic dispersion relation (3.13).
Physically, this term describes the gyrorelaxation effect
discovered in [67] and [68]. In the case of a collision-
dominated plasma, this effect is described in terms of
the parallel viscosity [53, 69].

We have discussed the mechanism of MRI and have
explained that it is intrinsically related to the appear-
ance of the parallel perturbed electric field (see
Egs. (4.5) and (4.10)).

To incorporate the notion of MRI into the general
theory of plasma instabilities, we have developed the
electrodynamic theory generalizing the known disper-
sion relation for a homogeneous plasma by including
the rotation effects. Such a generalized dispersion rela-
tion is given by Eq. (5.40). In the approximation of an
infinite parallel conductivity, it reduces to Eq. (5.24).
According to the electrodynamic theory presented,
plasma rotation leads to two modifications of the per-
mittivity tensor entering the dispersion relation. The
first is the appearance of the Velikhov effect in element
€,, and the second is the appearance of the nondiagonal
components €, and &,,, see Eq. (5.27).

We have noted that the rotation effects are additive,
implying that the permittivity tensor can be represented
as the sum of the nonrotational and rotational parts (see
Eq. (5.25)). It is remarkable that the rotational part of
the permittivity tensor has a universal structure inde-
pendent of the detailed plasma properties (see
Eq. (5.27)).

We have taken the effect of a finite electron temper-
ature on MRI into account. In this regard, it is reason-
able to note that the one-fluid MHD approach devel-
oped in [3, 61] is valid only for cold electrons. There-
fore, one of the goals for future studies on MRI is a
generalization of the Balbus—Hawley and Kim-
Ostriker dispersion relations (see Subsections 2.1.3 and
2.1.4) to the case of a finite electron temperature.

Using the fact that the rotational part of the permit-
tivity tensor is invariant, we have developed a heuristic
kinetic electrodynamic theory of MRI with both the
finite electron temperature effects and the effects of a
finite ion Larmor radius taken into account. In the scope
of the present paper, we restricted ourselves to using
this theory for studying the rotation effects on Alfvén
modes. As a result, we have shown that in addition to
the kinetic and inertial Alfvén waves, one more mode,
rotational Alfvén waves, can be realized in a rotating
plasma. At the same time, according to our analysis, the
rotation effects can substantially modify both kinetic
and inertial Alfvén waves, transforming them into rota-
tional Alfvén waves for not too small rotation frequen-

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS

cies. The kinetic and inertial Alfvén waves have been
studied in [63, 70-72] as a possible reason for zonal
flow generation. It is evident from our analysis that the
same role can be played by the rotational Alfvén waves.
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